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Résume

Cette thése s'articule autour de divers aspects des courbes elliptiques supersinguliéres, de leurs anneaux
des endomorphismes et des graphes d'isogénies associés. La structure riche de ces graphes en fait un outil
important pour aborder plusieurs problémes en théorie des nombres. Dans ce document, nous étudions
différentes facettes et propriétés des graphes d'isogénies supersinguliéres et nous exploitons leurs nouvelles
applications cryptographiques. En particulier, nous décrivons les outils théoriques nécessaires pour orienter
les graphes d'isogénies et caractériser leur structure. Nous introduisons une nouvelle catégorie de courbes el-
liptiques supersinguliéres orientées, au moyen d'un plongement d'un ordre d'un corps de nombres quadratique
imaginaire dans I'anneau d'endomorphismes d'une courbes elliptique supersinguliére, et nous obtenons les
propriétés du graphe d'isogénie associé. Nous établissons un modéle de calcul qui permet de décrire une ac-
tion d’un groupe de classes compatible sur ces objets et nous fournissons la description théorique et pratique
de la facon dont cette action fonctionne sur les courbes, les chaines d’isogénies et tout le graphe orienté.
Comme application, nous introduisons un protocole d'échange de clés de Diffie et Hellman a base d'isogénies
supersinguliéres orientées (OSIDH), analogue au protocole Diffie et Hellman supersingulier (SIDH) et qui
généralise le protocole CSIDH.

En parallele, nous développons la version modulaire de notre construction. Nous montrons que |'action
de groupe peut étre effectuée efficacement sur les séquences de points de moduli sur une courbe modulaire
uniguement et qu’elle est plus susceptible d'étre accéléré en imposant une structure de niveau appropriée.
Dans cette direction, nous décrivons une famille de courbes modulaires efficace pour la mise en ceuvre de ces
idées et nous calculons les propriétés du graphe d'isogénies correspondant, a la fois orienté et non-orienté.
Enfin, en utilisant des courbes modulaires avec structure de niveau, nous généralisons |'approche modulaire
au protocole OSIDH et nous améliorons sa complexité.

Mots clés: courbes elliptiques supersinguliéres, anneaux des endomorphismes, graphes d'isogénies, courbes
modulaires, actions de groupes de classes, orientations.



Abstract

This thesis revolves around various aspects of supersingular elliptic curves, their endomorphism rings and
associated isogeny graphs. The rich structure of these graphs makes them an important implement for
approaching several computational problems in number theory. In this document, we study different facets
and properties of supersingular isogeny graphs and exploit their potential new cryptographic applications.
In particular, we describe the theoretical tools necessary to orient isogeny graphs and characterize their
structure. By means of embeddings of quadratic orders in the endomorphism ring of supersingular elliptic
curves, we introduce a new category of oriented elliptic curves and derive properties of the associated isogeny
graphs. We establish a computational model which permits one to describe a compatible class group action
on these objects and provide the theoretical and practical description of how this action works on curves,
chains of isogenies and the entire oriented graph. As an application, we introduce an oriented supersingular
isogeny Diffie-Hellman protocol (OSIDH), analogous to the supersingular isogeny Diffie-Hellman (SIDH)
protocol and generalizing the commutative supersingular isogeny Diffie-Hellman (CSIDH) protocol.

In parallel, we develop an explicit modular version of our construction. We show that the group action
can be carried out effectively solely on the sequences of moduli points on a modular curve and is further
amenable to speedup by imposing a suitable level structure. In this direction, we describe a suitable family
of modular curves and derive the properties of the corresponding covering isogeny graphs, both oriented and
non-oriented. Finally, by introducing the use of modular curves of higher level, we expand and improve the
complexity of the modular approach to the OSIDH protocol.

Keywords: supersingular elliptic curves, endomorphism rings, isogeny graphs, modular curve, class group
actions, orientations.
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Introduction

In this thesis we study the theoretical and practical aspects of supersingular isogeny graphs, which constitute
the main objects of study; we introduce tools to orient them and exploit the potential of the new augmented
graph by developing new cryptographic applications.

Isogeny graphs

Isogeny graphs, whose vertices classify isomorphism classes of elliptic curves and whose edges denote isoge-
nies of a given degree, are combinatorial objects encoding properties of elliptic curves and relations between
them. These graphs represent a powerful tool in theoretical and computational number theory due to their
remarkable properties. They permit one to study elliptic curves not only by themselves but also as part of a
much richer structure where they are put in relation with the others.

Abelian varieties and the isogenies between them have been known and studied since the beginning of
the 19th century thanks to the work of Abel and Jacobi. They showed how to associate an abelian variety
to any algebraic curve and obtain a group law on their set of points. In case of elliptic curves, this abelian
variety — called the Jacobian — is isomorphic to the curve itself and therefore we obtain an additive group
directly on its points. Isogenies are maps that preserves this structure. During the last two centuries many
important contributions to the theory of abelian varieties and isogenies came from great mathematicians
such as Weierstrass, Dedekind, Kronecker, Riemann, Weil, Cartier, Mumford, Serre, Tate and Grothendieck.
Although the idea of isogeny graphs was already present, it was not until the development of computer algebra
and the consequent rise of interest in effective algorithms and methods that their structure became a central
object of investigation.

Isogeny graphs come in two distinct categories: ordinary and supersingular. The latter was first studied
by Mestre [Mes] and Pizer [Piz3] who proved important combinatorial and connectivity properties of these
graphs. In his thesis, Kohel [Koh1] dealt with the ordinary case; he described the ordinary isogeny graphs and
used the information to provide an effective method for computing the endomorphism ring of an ordinary
elliptic curve. In the same document, he also introduced graph theoretic algorithms for the supersingular
endomorphism ring. Fouquet and Morain [FM] eventually expanded on the work of Kohel and introduced
the terminology volcano still in use today to describe an ordinary isogeny graph.

At a first glance, the difference between ordinary and supersingular isogeny graphs is that while the former
have a well determined shape due to the existence of a commutative action on the set of vertices, the latter
normally look less well behaved. However, supersingular graphs are more practical both computationally and
in terms of representation on a computer; in fact, supersingular moduli points, endomorphism rings and
isogenies can all be defined over F and the same desirable property holds on modular curves of higher level,
see Section 3.3. Further, the lack of a canonical way of providing directions on their vertices and their good
mixing properties make supersingular isogeny graphs good candidates for cryptographic applications. One of
the contributions of this document is to provide a way of orienting these graphs by recovering a class group
action on its vertices. The additional structure blurs the distinction between the category of supersingular
and ordinary elliptic curves and their associated isogeny graphs and this permits one to adapt certain CM
methods to supersingular curves. For instance, it is worth noting that a similar notion in the equivalent
category of maximal quaternion orders can be used to extend p-adic canonical lifts from the ordinary [CH]
to the supersingular realm [Bell.

The work of Kohel [Koh1] is an explicit example of how the rich structure of isogeny graphs can provide
algorithms and explicit methods to the study of elliptic curves. Other applications include identifying super-
singular elliptic curves [Sut4, §3.2], endomorphism ring determination [Koh1; BS1], computing Hilbert class
polynomials [Bel+], computing modular polynomials [BLS] and point counting.
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Introduction
Cryptography

Public key encryption schemes are a central idea in modern cryptography. Their introduction resulted
in a drastic change of paradigm in the world of information security so to be defined “a revolution in
cryptography” [DH]. Contrary to symmetric systems, public key cryptography permits secure communication
between parties that have never communicated before making it possible to meet the needs of modern use
of the internet. Indeed, all exchanges taking place on the web, from emails to bank transactions to secure
navigation, require establishing some sort of shared secret between two (or more) entities over a potentially
insecure communication channel in a secure way. Besides that, the continuous and dramatically fast rise of
the internet, the ease of the access to it and the rapid emergence of new technologies relying on it poses new
problems and demands new cryptographic schemes and protocols such as digital signatures, hash functions,
digital identification, multiparty computations etc.

Public key cryptography was first introduced to the public by Whitfield Diffie and Martin Hellman in
1976 [DH]; the idea had been previously conceived by Ellis, Cocks and Williamson at GCHQ, although their
work remained classified until 1997. Public key schemes and algorithms are built upon a certain number of
theoretical problems that are believed to be computationally hard. Number theory has always been a great
source for such problems, the reason being that this branch of mathematics provides optimal examples of
trapdoor one-way public functions. These are functions f : X — Y such that the secret trapdoor permits
efficient inversion of the function but the determination of the trapdoor, or more generally of a preimage
for the function, is supposed to be computationally difficult, i.e., the computational cost to find x from
y = f(x) is assumed to be prohibitively expensive compared to the cost of evaluating f(x).

There are two main classes of hard problems used in classical public key cryptography. The first one
consists in the difficulty of factoring integers: RSA, the first public key encryption system proposed in 1977 by
Rivest, Shamir and Adleman [RSA] is based on this assumption. The second family includes all instances of
the discrete logarithm problem: Diffie-Hellman first key exchange scheme is based on the discrete logarithm
problem in finite fields. Building of their idea, ElIGamal [EIG] converted it to a public key cryptosystem using
the unit group of Z/nZ; ECDH [Kob; Mill] relies on the discrete logarithm problem taking place in the group
of points on an elliptic curve but other less common protocols work in the unit group of number fields or in
the set of solution of Pell's equations.

Public key cryptography relies entirely on computationally hard problems, but the hardness of a mathe-
matical problem depends on the computer model in use. Since their invention, computer science has been
studying classical deterministic Turing machines which treats information as sequences of zeroes and ones
(classical bits), these are called classical computers. However, in 1980, Paul Benioff [Ben] theorized the
construction of a quantum version of the Turing machine which, by contrast, elaborate data allowing su-
perposition of different states; we refer to these as quantum computers. The importance of this change of
paradigm became very clear thanks to the work of Manin [Man1] and Feynman [Fey] who showed that, in
certain computations, quantum computers could outperform classical ones. Oddly enough, number theoret-
ical problems represent a field in which quantum computers have shown great relevance. In 1994, Peter Shor
[Sho] introduced an algorithm that can solve the integer factorization problem and the discrete logarithm
problem on a quantum computer in polynomial time. The work of Shor makes all the cryptographic protocols
now in use vulnerable in the case of the advent of a working quantum computer.

The many important steps forward towards the construction of a stable and reliable quantum computer
of the last decade have increased the need for new cryptographic protocol capable of withstanding the power
of quantum attacks. Despite the fact that a large enough quantum computer is yet to be constructed, the
need for durable security of sensitive data and the necessity of being prepared to future advancements in this
direction have pushed researchers, government institutions and corporations to search for new cryptographic
primitives. In December 2016, the National Institute of Standards and Technology (NIST) launched a
selection process for post-quantum secure protocols [NIST]; aim of this call for application was the selection
of new standards in cryptographic algorithms. In response, there has been a shift to different mathematical
assumptions from the classical ones. To this day most of the new protocols are less efficient, slower or
heavier than the ones they are called to replace; however, the growing demand for security have pushed the
research in a whole new variety of mathematical areas. The hard problems underlying the security of these
schemes can be mainly classified into the following families: lattices (the closest vector problem), codes (the
decoding problem - finding the nearest codeword), multivariate polynomials, isogenies and hash functions.
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Isogeny based cryptography

Isogeny based hard problems make their appearance in 2006 with the work of Charles, Goren and Lauter [CGL]
who proposed a hash function constructed on supersingular isogeny graphs. That same year Rostovtsev and
Stolbunov [RS] published an article in which they described a key exchange protocol based on isogenies
between ordinary elliptic curves. This had already been described by Couveignes in 1996 but never made
public. The construction takes place in a set of elliptic curves on which an action of a certain class group
is defined. The great mathematical construction, however, could not supply a certain degree of inefficiency
even though at the time there was no sub-exponential time attack against it. In 2010, Childs, Jao and
Soukharev [CJS] exploited the fact that this action is commutative to adapt a subexponential-time quantum
algorithm by Kuperberg [Kup1] to the isogeny construction of Rostovtsev, Stolbunov and Couveignes. The
beautiful ordinary isogeny protocol suffers of an intrinsic contradiction: the mathematical property that
makes it so elegant also represent its greater weakness confronted to a quantum computer.

Ordinary elliptic curves behave somehow too well for cryptography. Therefore, De Feo and Jao [DJ]
moved their attention to the supersingular realm and successfully described an isogeny-based cryptosystem
which takes place on a supersingular isogeny graph; this eliminates the commutativity of the class group
action and circumvents the attack of [CJS]. This is known as SIDH, Supersingular Isogeny Diffie-Hellman.
Since then, isogeny based cryptography has started to take a greater and more prominent role and one of
its instantiation, SIKE, made it to the pool of alternates candidates for NIST standardization process; its
relative slowness compared to other post-quantum candidates is partially compensated by the small size of
the keys. Despite the great recent improvements to the SIDH protocol, it still lacks some flexibility and
speed. In particular, commutative group action schemes still seemed useful and amenable of speedups: in
2017 De Feo, Kieffer and Smith [DKS] retrieved the ideas of Couveignes-Rostovtsev-Stolbunov and gave
algorithmic improvements for the key exchange protocol; unfortunately, they had to conclude that, in their
framework, parameter generation was too hard. However, their work laid the foundation for yet another
cryptosystem based on the isogeny graph of a subclass of supersingular elliptic curves by Castryck, Lange,
Martindale, Panny and Renes [Cas+] which took the name of CSIDH, Commutative Supersingular Isogeny
Diffie Hellman. At the time of writing of this document a powerful new attack has been proposed by
Castryck and Decru [CD] and a similar approach has been taken by Maino and Martindale [MM] embedding
the supersingular isogeny graph in a bigger isogeny graph of supersingular abelian surfaces. This attack
breaks all proposed parameters of SIKE. Since then, the attack has been generalized by Robert [Rob]. At
present CSIDH and SIDH variants, such as SQISign [De+], resist these attacks

Leaving security aspects aside, among the other candidates for post quantum algorithms, those based
on isogeny graphs are arguably the ones with the richest underlying mathematical structure. Lying at the
crossroad of purely theoretical research and very practical applications they pose some very interesting
questions both to cryptographers and number theorists. The supersingular isogeny path problem takes place
in a geometric category of supersingular elliptic curves which has a corresponding algebraic side. In fact, in
an equivalent category of left ideals for a quaternion order, there is an analogous path problem. This has
been shown to be polynomial time in practice [KLPT]. This is an analogous situation to the one between the
discrete logarithms problem (DLP) in finite fields (for which the best known algorithms are subexponential)
and the DLP in an additive abelian group (which is trivial). Rather than rendering the supersingular isogeny
path problem polynomial time, this result identifies the supersingular endomorphism ring problem [Koh1]
as a (potentially hard) computational problem. A solution can be used to pull back the quaternion ideal
isogeny path problem to the supersingular isogeny path problem. Nevertheless, the best known solution to
this problem remains exponential.

Relevance and contributions

The first objective of this thesis project is to describe an additional structure of the endomorphism ring
of supersingular elliptic curves. This comes in the form of an embedding of an imaginary quadratic order
which provides a class group action on the set of supersingular curves; the isogeny graphs of curves endowed
with this extra piece of information become an infinite volcano. The study of this new category of enhanced
supersingular elliptic curves provides information on the entire set of curves and permits to define orientations
and directions in an otherwise chaotic graph.

The recovery of a class group action motivates the construction of a computational model in which to
frame an equivalence of categories between ideals, lattices, quadratic forms and CM points. This permits
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one to move from an algebraic to a more geometric point of view depending on the situation. Alongside
with this equivalence of categories we provide the basis to endow these objects with level structure.

The tools for this work will be the study of the moduli spaces and invariant theory of curves, the specific
analysis of the locus of supersingular points, the study of algorithms for efficient isogenies, and the analysis
of equivalent algebraic categories on the quaternion side.

Finally, the project provides the motivation to investigate the possibility of new post-quantum cryptosys-
tem associated to path problems in the new category of oriented supersingular curves. However, we stress
the fact that this thesis, despite revolving around various aspects of cryptography is not about implementing
or optimizing cryptographic algorithms but rather about exploring the mathematical background and provid-
ing tools to understand the structure of the objects in use. The main goal is the construction of a general
framework in which to approach the study of supersingular-isogeny based constructions.

Structure of the Thesis

The general structure of the thesis is as follows. In the first 4 chapters we build a strong and complete
theoretical background necessary to our construction in chapter 5. This consist in a mix of known results,
different interpretations, ad-hoc constructions and

Chapter 1 introduces the necessary background theory to proceed in the understanding of the remaining of
the thesis. In particular we discuss here general properties of elliptic and modular curves.

Chapter 2 surveys some of the main results about the modular curves Xo(N) both from a geometric point
of view and a more algebraic perspective. The Chapter is built to understand how isogenies fit in a modular
tower description and aim towards the last section in which we explain how to construct precomputed models
for squares of isogenies.

Chapter 3 explores the idea of adding different level structures to supersingular isogeny graphs. Sections 3.1
and 3.2 describe well known constructions while in Section 3.3 we introduce new modular towers motivated
by the search for an optimal model to work on in the following chapters.

Chapter 4 investigates the relation between an isogeny and its kernel. We provide a quick survey on different
models for elliptic curves with the corresponding modular description and we study how class groups of
quadratic imaginary fields act on them. In particular, we specialize the work of Satoh [Sat] to the case of
Gaussian and Eisenstein integers.

Chapter 5 represents the core of the thesis. All the previous chapters come together to provide a solid theory
of orientations for supersingular elliptic curves. We describe how to impose a structure on an isogeny graph
by means of isogeny chains and how to carry out an effective class group action, by means of ladders. We
also construct a general computational model for augmented supersingular curves which permits to include
additional level structure.

Most of the ideas presented in this Chapter appeared in [CK1].

Chapter 6 constructs a new cryptographic protocol relying on the idea of orientations. This is an application
of the model described in previous chapters and despite the fact that its complexity remains exponential to
these days, it is very slow and not effective. However, its mathematical interest motivates a generalization
including a modular version of it.

This chapter mainly follows [CK1] and [CK2].

XVii



Chapter 1

Algebraic curves

1.1 Basic definitions

We start by recalling some basic facts on algebraic varieties. Main references will be [Har], [Sil1], [Sha] and

[Gal4].
An affine space A" of dimension n over K is a scheme such that A"(L) = L" for every extension L/K.
We define an algebraic set in A"(K) as the vanishing locus V of a set of polynomialsin S C K[x, ..., Xn):

X=V(S)={PecA"(K)|f(P)=0 forall f € S}
For any extension L of K, the set of L-rational points of X is
X(L)y={PeA"(L)|f(P)=0 forall f € S}

Reversing our point of view, suppose we have an algebraic subset X of A"(K); we define its ideal | as the
polynomial ideal vanishing on X:

I(X)={feKx,..., x,] | f(P) =0 for all P € X(K)}
If X is an algebraic set over K, then X = V/(/(X)). The affine coordinate ring of an algebraic set X is
KIX] = Klxa. - xal /1(X)

Studying the arithmetic of algebraic sets requires additional points, namely those lying at infinity. A projective
space P" of dimension n over K is a projective scheme such that P"(K) = (A"*(K)\ {0}) / ~ where the
equivalence relation is given by (ay, ..., ant1) ~ (Nag, ..., Aant1) for any A € K. This gives a geometric
interpretation of P"(K) as the set of lines through the origin in A™?!. Points in P" are represented by
homogeneous coordinates (xg @ ... : Xp).

In order to adapt the definitions above to the projective realm, we have to keep track of the equivalence
relation defining P"”. We therefore have to introduce homogeneous polynomials as those polynomials f such
that f(Ax, ..., Ax) = N9 F(xg, ..., Xn). A projective algebraic set is now the vanishing locus of a set of
homogeneous polynomials

X =V(S)={P e P"(K)|f(P) =0 for all homogeneous polynomials f € S}

A homogeneous ideal | € K[xp, ..., Xn] will be an ideal generated by homogeneous polynomials and to any

set X C P"(K) we associate its homogeneous ideal
I(X)={f e K[x, ..., Xn] | f is homogeneous and f(P) =0 for all P € X}

The projective coordinate ring of X is K[xo, . . ., Xn]/1(X).
We say that X is defined over K if its ideal is generated by polynomials with coefficients in K and we
denote its set of K-rational points by X(K) = X NP"(K).

Definition. An algebraic set X is K-irreducible if it is defined over K and /(X) is a prime ideal.

1



|. Algebraic curves §1.1. Basic definitions

Definition. A projective K-irreducible algebraic set is called a projective algebraic variety. A curve is a
projective variety of dimension 1.

Definition. Let X be a curve over K. This means that /(X) = (f), i.e., its ideal is generated by a single
polynomial. Let P € X(K) be a point on X and define the partial derivatives 0f /0x; of f as usual.

We say that P is singular if 0f/8x;(P) = 0 for all / and nonsingular (or smooth) otherwise. X is
nonsingular if all its points are nonsingular.

1.1.1 Divisors
Let X be a smooth projective curve over an algebraically closed field K.

Definition. A divisor on X is a formal finite sum

ZHP(P)

pPeX

with integer coefficients np € Z such that np = 0 for all but finitely many points P € X. The set of divisors
of X is denoted Div(X) and, in algebraic terms, it is just the free abelian group on the points of X.

Notation. We use parentheses around points in order to distinguish divisors from exact sums of points on
algebraic varieties.

Definition. A divisor D is called effective, and we write D > 0, if np > 0 for all P. The set of effective
divisors is denoted EDiv(X) and it is the free abelian monoid on the points of X.

With this definition we can endow the set of divisors with a partial order: we say that D; > D, if
D; — D> € EDiv is an effective divisor.

Definition. The degree of a divisor D = > 5. np(P) is the integer defined as the sum of all the coefficients

ne:
deg(D) = Z Np

PeX

The definition above defines a group homomorphism deg : Div(X) — Z which takes positive values when
restricted to EDiv and whose kernel consists of divisors of degree 0; we denote the kernel by

Div®(X) = {D € Div(X) | deg(D) = 0}

Definition. We define the support of a divisor D to be the set of points P € X for which np # 0, denoted
supp(D).

Now let f be a non-zero homogeneous polynomial on X. We construct the divisor of f as follows:

div(f) = > multp(f) (P)

PeZ(f)

where Z(f) denotes the zero locus of f on X and mult is the multiplicity of f at P (see [Gat, Ch. 14]).

Another way of constructing divisors is by considering intersection theory: if Y is another curve not
containing X then we define

XY = > multe(X,Y)(P)
PeXny

where multp(X,Y) is the multiplicity of the intersection.
The resulting divisor is clearly effective; this gives us a way of thinking of effective divisors as divisors encoding
information about the intersection between X and another variety.
From the previous definition we can infer the main construction we will need. Let f be a rational map defined
locally on X. We define the divisor of f as

div(f) =Y vp(F)P

PeX

having as coefficients the valuation of f at P given by the choice of a local uniformizer.
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If f € K(X)* is defined globally, then the associated divisor

div(f) = ) ordp(f) (P)

pPeX

encodes information on the order of vanishing of f at points of X.

Remark. Observe that we have indeed constructed a divisor since every element of K(X)* has only finitely
many zeros and finitely many poles [NX, Cor. 3.3.2].

Similarly, we can define div(w) for any differential w € Q}<. For any point P € X we let t be a uniformizer
at P, i.e., a function with ordp(t) = 1; since Q) is a one dimensional K(X) vector space, w/dt is a well
defined function and we can take ordp(w) to be ordp(w/dt). Then

div(w) =Y ordp(w) (P)

PeX

Definition. A divisor D on X is said to be principal if it comes from a rational function, i.e., it is of the
form div(f) for some f € K(X)*. We denote Prin(X) the set of principal divisors.

Two divisors Dy and D, are said to be linearly equivalent if their difference is a principal divisor; we write
Dy ~ Ds.

Given this equivalence relation we construct the Divisor Class Group (Picard Group) of X as the quotient
Pic(X) = Div(X)/Prin(X)

For a general variety X, what we have defined is called the Weil divisor class group. The Picard group is
more generally defined as the sheaf cohomology group

Pic(X) = HY(X, O%)

isomorphic to the group of isomorphism classes of line bundles on X (the group structure being induced by
the usual tensor product).

If X is normal, we can define a Cartier divisor to be a divisor D which is locally principal meaning that
there exists a cover of X such that, for any open subset in the cover, the restriction of D is principal, i.e.
each point Supp(D) has a neighborhood in which D is principal.

For an irreducible normal variety, the Picard group is isomorphic to the group of Cartier divisors modulo
linear equivalence. This is equal to the Weil divisor class group if X is locally factorial and, in particular, if
X is smooth, see [Har, §l1.6].

Definition. Since Q% is one dimensional over K(X), then the divisors of all differentials belong to the same
equivalence class. We will refer to it as the canonical class. Any divisor coming from a differential is called
canonical divisor (generally denoted Kx).

Theorem 1.1. Let X be a smooth curve over an algebraically closed field K and f € K(X)*. Then
(a) div(f) =0<«= f € K* is a constant function.

(b) deg(div(f)) =0.
This means that the map K(X)* v, Div(X) has image contained in Div®(X) and kernel equal to K*.
Motivated by the previous Theorem, we introduce the following definition.
Definition. Let D € Div(X). We associate to it the set of rational functions (Riemann-Roch space)
L(D) = {f € K(X)* | div(f) + D > 0} u {0}

The set L(D) is a vector space over K of finite dimension, which we will denote by £(D), [Sil1, Th. 11.5.2].
The dimension £(D) grows as we allow the functions to have more poles (without imposing restrictions on
zeroes); more precisely, £(D1) > £(D,) whenever Dy > D,.

3



|. Algebraic curves §1.1. Basic definitions

Theorem 1.2 (Riemann-Roch). Let X be a smooth curve over an algebraically closed field K. Let Kx be
a canonical divisor and g the genus of the curve. For any divisor D € Div(X),

L(D)—4(Kx — D) =deg(D)—g+1
Corollary 1.3 (Riemann). We have the following
(a) &(Kx)=g.
(a) deg(Kx) =2g—2.
(a) /fdeg(D) > 2g — 2, then £(D) =deg(D)+1—g.

Before moving on describing maps between curves, we devote the remaining part of the section to the
study of divisors of rational functions.

Definition. Let f € K(X)* be a rational function. We have already seen that it has a finite number of
zeroes and poles. We define A/(f) the set of zeroes of f and P(f) the set of its poles.

Definition. We introduce the divisor of zeroes of f as

div(flo= Y ordp(f)(P)

PeN(f)

and, analogously, the divisor of poles of f by

div(fe = > —ordp(f)(P)

PEP(f)

These two definitions will play a central role in the construction of explicit models of modular curves in
Chapter 2.
At this stage we limit ourselves to observe that divisors of zeroes and poles of f are intimately related.

Theorem 1.4. For any f € K(X) \ K, deg(div(f)o) = [K(X) : K(f)].

Proof. See [NX, Th. 3.4.2] O

Corollary 1.5. For any non-zero f € K(X)*, deg(div(f)) = 0, implying that deg(div(f)o) = deg(div(f)uo).

Proof. The first part is already in the statement of Theorem 1.1. The second follows from the fact that
div(f) = div(f)o — div(f) e

and both the divisors of zeroes and poles have positive degree by construction. O

1.1.2 Maps on Algebraic Curves

In this section we give a brief look at the theory of maps between curves. The main reference will be [Sill,
§11.2]. We start by stating a fundamental theorem

Theorem 1.6. Let ¢ : X1 — X» be a non-constant rational morphism between projective curves over K.
Then:

(a) The induced map

P K(X2) — K(X1)
f— foq

is a homomorphism fixing K.

(b) The field extension K(X1)/¢*(K(X2)) is finite.
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Definition. Let 9 : X; — X5 be a non-constant map of smooth curves. If 9 is constant, we define the
degree of 9 to be 0. Otherwise, thanks to the previous theorem, we define

deg(¥) = [K(X1) : ¥"K(X2)]

Definition. Let ¢ : X; — X5 be a non-constant map of smooth curves and let P be a point on X;. The
ramification index of 1 at P is defined as

ey(P) = ordp(typ))
for a choice of a uniformizer typy € K(X2) at ¥(P).
Proposition 1.7. With the notation as above, for every point Q € X»,

degyp= D ey(P)

Peyp~1(Q)

Therefore, the degree of the map counts how many points lay over most points of X, counted with their
"multiplicity” (their ramification index).

We have seen that any rational morphism between two curves induces a map between their function
fields. In view of the previous section, a natural question might be how rational maps act on the set of
divisors.

For ¢ : X1 — X5, we construct a map

¥* : Div(X2) — Div(X1)
@Q@r— Y eP)(P)

PeY~1(Q)
and we extend it Z-linearly.
Proposition 1.8. Let ¢ : X1 — X5 be a non-constant map of smooth projective curves.

(a) If D € Div(X>), then deg(9*D) = deg() deg(D).

(@) The pullback ¥* preserves principal divisors, moreover *div(f) = div(¥*f) for any rational function f
on Xo.

1.1.3 The Canonical Embedding

Let Dy be a divisor on X. We define the complete linear system L£(Dg) of Dy as follows: it is the set of
effective divisors which are linearly equivalent to Dy:

L(Dg) = {D € EDiv(X) | D ~ Do}

Since D ~ Dy, by definition we know that D = Dy + div(f) for some rational function f € K(X)*. Hence,
we can identify D with the function it comes from, f. In this case the property of being effective becomes
the condition div(f) > Dy.

We therefore recover the definition of Riemann-Roch space. In some literature, linear systems are indicated
as |Dg| and they are called complete linear series.

Remark. Note that div(f) = div(af) for all @ € K*. For this reason, is more natural to consider the
corresponding projective space |Dg| ~ PDq = (L(Dyp) \ {0}) /K* (sometimes also called linear series).

Definition. The base locus of a divisor D is the set of all closed points x € X such that f(x) = 0 for all
f € PD. It is a proper closed subset of X. In terms of divisors this condition translates into the property
that the point is in the support of all the divisors of the linear system.

We now fix a basis {fo, ..., fypy—1} for L(D); on the complement of the base locus we can define a
morphism
X — PD
x — (f(x)) = (fo(x) : ...« fyp)-1(x))

5
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Definition. If we consider a canonical divisor Kx, the map constructed above is called canonical embedding.

Remark. If X is a curve of genus 0, then the Riemann-Roch Theorem (see Th. 1.2) gives 4(Kx) = 0,
meaning that the canonical linear system is empty. Thus, the canonical map cannot be defined.

Remark. If the genus of X is 1, then the canonical map X — P collapses X to a single point.

Observe that there is a more general way of constructing these objects for a wider class of curves in
terms of global sections of sheaves, see [Har] and [Barb, §1.1].
To any divisor D € Div(X) one can associate the line bundle £(D) defined over any open subset U of X by
the requirement:
HU, L(D)) = {f € K(X)* | div(f)l, + Dy, = 0}

i.e., the line bundle whose global sections are locally controlled by D. As for rational functions, the sections
of L£(D) can have poles only on the support of D.

Remark. Every line bundle Ox on X admits a global section s and, therefore, it can be written as Ox = £(D)
with D = (s) being the divisor corresponding to such a section. This follows from Riemann-Roch Theorem
which provides the dimension of the space of global sections.

As before, one can define two divisors to be linearly equivalent if their difference is a principal divisor.
Next, if D is a divisor, we denote |D| the set of all effective divisors that are linearly equivalent to D; this
set is called the complete linear series of D; by sending global sections f € H°(D) to D + div(f) we get
an isomorphism PH®(D) ~ |D| where the right-hand side corresponds to the projectivization of the vector
space of global sections of the line bundle £(D). More generally, to any linear subspace V C H°(D) we
associate the projective space PV, called linear series.

Definition. If D is a divisor of degree d and V C H°(D) is a linear subspace of dimension r + 1, we define
gy, to be the linear series associated to P(V).

Remark. We can now mimic the construction for rational function to obtain divisors starting from sections
of arbitrary line bundles on X.

For instance, we can consider the cotangent line bundle Q}< of holomorphic differentials on X (called
the canonical line bundle). If w is a section of Q}, we can consider any open cover {U;};c; of X and a local
uniformizer t; for any /. Then

W|u, = g;dt;

hence, div(w) = >, div(gi).
Definition. A linear series g/, is base-point-free if there is no point contained in the supports of all its divisors.

Any base-point free linear series can now be used to construct a map of X into a projective space.

oy X — P(V)*
P— {seV|s(P)=0}

where PV* is the dual projective space. Finally, we extend the map ¢y to any effective divisor D = Z,d:l P;

by
ov(D) = (ov(PL), ..., ov(Pa))

If X has genus g > 2, then we can choose any canonical divisor Kx and the complete linear series |Kx|
gives rise to the canonical map
o X — P91

Recall. The genus g equals the dimension of Q}<.
Lemma 1.9. /f g > 2 and X is not hyperelliptic, then the canonical map is injective.

For genus O curves, Q§< has no non-zero global sections implying that the canonical map is not defined.
If X is a curve of genus 1 the space of global sections of the cotangent bundle Q}< has dimension 1 and,
thus, the canonical map simply reduces X to a point: X — P!

6
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Finally, for curves of genus g > 2 we know that the canonical bundle is always globally generated meaning
that the canonical map X — P91 is a morphism of algebraic varieties defined everywhere. We distinguish
two possibilities: either the canonical map is an embedding or not. The latter occurs if the image is
isomorphic to P! and the map is generically 2-to-1 from which X is a double cover of a rational normal curve
in P91, This happens if and only if X is hyperelliptic. The factorization below is obtained following [Har,
Prop. IV.5.3] for hyperelliptic (right) and non-hyperelliptic curves (left).

YK 224
X —— P91 X

po-1

NS

Pl

1.2 Elliptic curves

An elliptic curve E over K is a non singular projective curve of genus 1 together with a distinguished point
O € E(K). From the Riemann-Roch Theorem there are two rational functions x € £(2(0)) \ K and
y € L(3(0)) \ L(2(O)) such that the triple (x,y,1) is a basis of £(3(0)) and defines a non-constant
rational map to P?(K) [Miln, Ch 1]. Since £(6(O)) = 5, they satisfy a relation in K|[x, y]

Y2+ arixy + asy = x>+ ax® + asx + ag
called Weierstrass equation. Its projectivization
Y2Z 4+ o XYZ+asYZ? = X34+ axX?Z + ayXZ? + ag 23

defines the projective model of E in P2 with O the point at infinity (0:1:0).
Following [Sil1, §lIl.1] we define

b2 = a% + 422 b4 = aiaz + 224 b6 = ag + 436
bg = ajas + 4arag — a1asas + ara; — a; so that 4bg = bybs — b3
and also
c4 = b3 — 24b, Cs = —b3 +36b — 2by — 216b;

If K is a field of characteristic different from 2 and 3, then the substitution

(X,y) — <316(X — 3b2), ﬁ(y — a1 X — 83)>

yields the short model y? = x3 — 27¢c,x — 54cs.

To an elliptic curve E we usually associate 3 invariants [Sil1, §111.1]. The quantity A = —b3bg—8b327b2 +
9bobybs = (c3 —c2)/123 is called the discriminant of the Weierstrass equation and it classifies singular curves
as E is nonsingular if and only if A £ 0. The j invariant of E is j = CS/A. It parametrizes isomorphism
classes of Elliptic curves over K. Note that if K is not algebraically closed there exist twists of elliptic curves
with the same j invariants that are not isomorphic over K. Finally, the differential

dx

w = -—
£ 2y + aix + a3

generates the sheaf of differentials 2 of E and it is called the invariant differential.

1.2.1 Addition laws

Elliptic curves admit a structure of commutative algebraic group where the identity is the distinguished point
O. In order to see this, one could consider the natural map

X — Pic%(X)
P+ (P)—(0)
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which is injective since (P) — (O) is principal if and only if P = O. The Riemann-Roch Theorem permits
one to prove that this is also surjective allowing the identification of E with its Jacobian variety.

The group law coming from this isomorphism is equivalent to the geometric chord and tangent rule on
projective cubic curves introduced by Jacobi.

/ —op
v 7’3<
P &//\

Figure 1.1 — Chord and tangent rule for the Weierstrass cubic

Suppose we have two points P; and P, on E, the line through them intersects the cubic defining E in a
third point P; by Bezout's Theorem and, if P, and P, are rational then the third intersection is also rational.
The addition law on E is defined by the relation P, + P> + P; = O, namely the sum of any three colinear
points (counted with their multiplicity) is O. The sum of P, and P is therefore the third intersection of E
with the line passing through O and P;.

For more details on the chord and tangent rule one may refer to the introduction of [Hus]. The equivalence
between the algebraic group law coming from PicO(E) and the geometric interpretation is Proposition [11.3.4
of [Sil1]. Explicit formulae for point addition can be found in [Sill, p. 111.2.3].

Theorem 1.10. The elliptic curve E admits the structure of a group scheme with O as identity; in particular,
the set of K-rational points of E(K) is an abelian group under the addition law defined below.

(a) The inverse of P = (xg, ¥0) is =P = (X0, —Yo — a1X0 — a3).
(b) The sum of Py = (x1, 1) and P> = (x2, y2) is Ps = (x3, y3) such that
- /fP2 = —P1 then :D3 = 0.

- Otherwise
{X3:>\2+31>\—32—X1—X2Y3:—(>\+31)X3—1/—33
where
yX72 JX“ if Py # P
A= 2;1 and v =y —Xxq
3x 2arx: as — a )
(3X7 +2axx1 + as 1 P = Py

2y1 + arxq + as3)

1.2.2 Kummer line

The negation map [—-1] : E — E mapping a point P to its inverse is an automorphism of E and the quotient
of E modulo {[£1]} is a degree two cover o : E — P! ~ E/{[*1]}.

The Kummer line Kg of E is defined to be the singular projective curve obtained in this way, by quotienting
E by the subgroup of Aut(E) generated by —1. This means that the Kummer line consists of the set of
coordinates invariant under the inversion. In particular, for the Weierstrass elliptic curve, the map to P! can
be defined as the x-map associating to P its x-coordinate.

(X:Y:2Z)—(X:2) where x = X/Z

Since we cannot distinguish between a point and its inverse, the group law on E does not induce an
addition law on Kg. In particular, there exists no map Keg xKg — Kg mapping ((P1), 0(P)) — o(P1+FP%).
The best we could do is to define (a(P1), o(P)) — {o(PL—P), oc(P1+P>)}. However, there exist algorithms

8
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permitting one to construct o(P + Q) once o(P1), o(P>) and o(Py — P») are known. In fact, one could
construct methods to recover any one of o(P1), o(P),o(P. — P2),0(P + Q) when the other three are
known. This kind of operation is called differential addition [CS3].

Example. Let E be the elliptic curve Y2Z = X3 + aXZ? + bZ? in short Weierstrass form. Let us take
PL=(X1:Y1:2Z1)and P, = (X2 : Y5 1 Z2); we define o+ P = P and P, + P, = P;. We note
:DQ:(X()IYOZZO) and P3:(X32Y3,223).

Then o(P1) = (X1 : Z1), 0(P2) = (X2 : 22), 0(Ry) = (Xo : Zo) and o(Ps) = (X5 : Z3).

Algorithm 1. Differential addition on the Kummer curve of a short Weierstrass curve

Input: o(Py) = (X1 :Z1), o(R) = (Xa: Z2), o(F) = (Xo: Zo)
Output: o(P3) = (X3 : Z3) if PL— P # O or X3 =0, Z3 =0 otherwise

1. Compute the addition formula in projective coordinates for X

2. Compute the addition formula in projective coordinates for Z

3 X3 = Zo [(X1Xo — aZ122)? — Ab(Z1Xo 4 X122) 21 Z5)
| Z3 = Xo (Z1Xo — X122)?

Remark. We note that (E x E)/{[£1]} — Kg is well defined as a morphism.

In the same way, we can define pseudo doubling, i.e., a strategy to recover o(2P) knowing o(P). We
note P:=(Xp:Yp: Zp) and 2P = (Xop : Yop : Zap).

3 Algorithm 2. Doubling on the Kummer curve of a short Weierstrass curve

3 Input: o(P) = (Xp: Zp)
1 Qutput: 0(2P) = (Xop : Zop) if P# O or X, =0, Z, = 0 otherwise

1. Compute the doubling formula in projective coordinates for X

Xop = [(Xp — aZ3)? — 4b(2XpZp) Z3]
2. Compute the doubling formula in projective coordinates for Z
Zop = 4 (Zh + aXpzh + bZh)°
3. Return (Xap : Zop).

Remark. Scalar multiplication is well defined on Kg.

1.2.3 Isogenies

An isogeny ¢ : E; — E5 of elliptic curves is a non-constant morphism of curves sending the base point
of E; to the base point of E,. Isogenies respect the group structure of the elliptic curves thus inducing
homomorphisms. An isogeny induces the usual injection of function fields

¢ K(E2) — K(Ey) ffog

9
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We define the degree of ¢ as the degree of this extension: deg¢ = [K(E1) : ¢*K(Ez)] and its separable
and inseparable degrees accordingly. We also say that ¢ is separable, inseparable or purely inseparable if the
associate field extension is.

Proposition 1.11 ([Sil1l, Th. 111.4.10]). If ¢ : E1 — E» is an isogeny of elliptic curves, then
(a) For every point Q € Ey, #¢ 1(Q) = deg. ¢. Further, if P € Eq, then es(P) = deg; ¢.
(b) If ¢ is separable, then the associated field extension is Galois and deg ¢ = # ker ¢.

The second statement is actually much stronger than numerical equality; separable isogenies are com-
pletely determined (up to isomorphism) by their kernels: for every finite subgroup G of E there exist a unique
elliptic curve E/G up to isomorphism and a separable isogeny ¢g : E — E/G with kernel G [Sil1, Prop.
1.4.12].

We say that two curves E; and E5 are isogenous if there exists an isogeny between them and we indicate
by Hom(E1, E>) the set of isogenies between them together with the zero morphism. Note that the group
structure on E, induces an abelian group structure on Hom(Ey, E5). We let End(E) = Hom(E, E) denote
the set of isogenies from E to itself, called endomorphisms, and Aut(E) be the subset of invertible elements
in End(E), called automorphisms. The set of endomorphisms has a ring structure given by addition and
composition and it is therefore referred to as the endomorphism ring of E.

The addition law on an elliptic curve is a morphism of varieties E x E — E which induces morphisms

[m:E— E
P [mP=P+.. +P

associating to a point P the sum of P to itself m times. This allows one to define an injective ring
homomorphism
7Z — End(E)

which induces a Z-module structure on End(E).
Multiplication-by-m maps are separable isogenies of degree m? [Sil1, Cor 111.5.4/111.6.4] and their kernels
are called the m-torsion subgroups of E: they consist of points of order m and are denoted

E[m ={P € E|[m]P =0}

Theorem 1.12. Let ¢ : E; — E, be a non-constant isogeny of degree m. Then there exists a unique
isogeny ¢ : E, — Ey, called the dual isogeny, such that

podp=1[m: Er — E, pop=1[m: E1 — E;
The dual isogeny permits one to show that the degree map
deg : Hom(Ey, E5) — Z
defines a positive definite quadratic form [Sill, Cor. I11.6.3] and the associated bilinear form
® : Hom(E1, E») x Hom(Eq, E2) — Z (6. %) — Y + Yo

makes HomO(El, E,) = Hom(E1, E2) ® Q into a positive definite quadratic space.
Remark. Here we are identifying Z with its image in End(E1).
As a consequence, we obtain a description of the m-torsion subgroup of E.

Lemma 1.13 ([Sill, Cor. 111.6.4]). Let E be an elliptic curve and m an integer different from 0. If
char(K) = 0 or char(K) = p with (p, m) =1, then

Z Z
B =g
If char(K) = p then one of the following holds
Epl={0} o Elfl=—>
mZ

10
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for alle > 1.

Suppose we have an elliptic curve E and consider a prime £. The £" torsion group E[£"] has been described
above. We construct a compatible system where the maps are given by the multiplication-by-£ map

[ 4

E[e] E[e?] 375 P

The inverse limit T,(E) = I<ir_n E[£"] is called the (¢-adic) Tate module attached to E.

n

Remark. By the lemma above the Tate module Ty(E) is isomorphic to ~ Z7 or, in case £ = p, either Z, or
the trivial module.

Notation. It might be sometimes convenient to work with V;(E) = To(E) ®z, Qp.

Suppose now that P = (x, y) € E is a point; then the absolute Galois group Gx = Gal(K/K) acts on it
by o - P = (0(x),o(y)). Further, if P € E[£"] then o - P € E[£"]. We obtain an action of Gk on the Tate
module. This yields the Galois representation

Gk — Aut (TZ(E)) ~ GLQ(Z[) — GLQ(@@)

where the isomorphism comes from the choice of a basis of T,(E).
The Tate module is quite useful when it comes to the study of isogenies. In fact, it turns out that there
is an injective homomorphism

Hom(E1, Eo) ® Zg — Hom(Ty(Ey), Te(E2))

and since Hom (T,(E1), Te(E2)) ~ Ma(Z,), this implies that Hom(Ey, E,) is a free Z-module of rank at
most 4.

In the case of endomorphism rings this result is even more precise. A well known Theorem of Deuring
states that the endomorphism ring of an elliptic curve E/K is either Z or an order in an imaginary quadratic
field if K has characteristic zero and either an order in an imaginary quadratic field or a maximal order in a
quaternion algebra if char(K) > 0.

Definition. Elliptic curves with endomorphism ring isomorphic to a quadratic imaginary order are called
ordinary. Elliptic curves whose full endomorphism ring is a quaternion order are called supersingular.

1.2.4 Elliptic curves over finite fields

The Frobenius endomorphism

Let k be the finite field with g elements, k = Fg; the map ¢4 : a — a“ is an automorphism of k which
represents a profinite generator of the Galois group Gal(k/k). We call ¢4 the Frobenius automorphism of
k. Since for any polynomial f(xg, ..., Xk) € K[x1,..., x¢] we have f(xq, ..., x)? = f(x{, ..., xf), we can
extend the action of Frobenius to polynomial rings and ideals. One can verify that, in fact, it extends to all
varieties over k.

Definition. Let E be an elliptic curve over k. The Frobenius morphism on E, induced by ¢4, is an endo-
morphism

mg:E— E
(x,y) —(x9,y9)
called the Frobenius Endomorphism of E.
The main properties of the Frobenius endomorphism are given by the following proposition.

Proposition 1.14. Let E be an elliptic curve defined over a finite field k. The Frobenius endomorphism T
is a purely inseparable map of degree q.

This result shows that any isogeny ¢ : E;1 — E» between elliptic curves over a finite field factors through
the Frobenius map as

11
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E>

where g = deg;(¥), 7 is the g-th power Frobenius isogeny, and ¢ is separable.
One associate to 7 its characteristic polynomial

x(x)=x*>—tx+q
such that x(¢) = w2 — [t]7 + [q] = [0]. The integer t plays an important role in the description of the set
of points of E over k.
Cardinality

We describe now an important invariant of isogeny classes of elliptic curves over finite fields: the set of
rational points.

Let E be an elliptic curve defined over the finite field k. The set of points fixed by 7 is exactly E(k).
Thus, E(k) = ker(m — 1); since the isogeny T — 1 is separable (see [Sill, Cor. 111.5.5]), the cardinality of
E(k) is deg(m — 1). We obtain the following theorem

Theorem 1.15 (Hasse-Weil). If E is an elliptic curve defined over a field k with q elements, then
#EK) =1+qg—t for |t| <2/q

The integer t is called the trace of Frobenius. An important result of Tate [Tat] establishes that the
trace of Frobenius determines the isogeny class of E:

Theorem 1.16. Two elliptic curves E1 and E» defined over a finite field k are isogenous over k if and only

If#E1(k) = #Ea(k).

Remark. Equivalently, E; and E» are isogenous over k if and only if they have the same trace of Frobenius.
If pis a prime and k = IF,, Waterhouse [Wat1] went a bit further showing that the possible values for the

trace of Frobenius over IF,, namely the integers in [-2,/p, 2,/p], are indeed in a one to one correspondence

with isogeny classes of elliptic curves over F,. More in general,

Theorem 1.17 ([Watl, Th. 4.1]). Let g = p¢. There exists an isogeny class of elliptic curves defined over
F, with trace of Frobenius t if and only if one of the following holds:

(@) (p.t)=1andt <2,/4.
(b) e is even and either
(i) t==x2/q

(i) p#1 mod 3 and t ==+,/q,
(iii) p£1 mod4 andt=0.

(c) e is odd and either

(i) t=0;
(i) p=2and t =+/2q;
(iii) p=3 and t = ++/3q.

12
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The endomorphism ring
As we have already stated at the end of section 1.2.3, over a finite field k we have the following classification:

Theorem 1.18. Let E be an elliptic curve defined over a finite field K. The endomorphism ring End(E) is
either an order O in a quadratic imaginary field K or a maximal order O in a quaternion algebra .

We recall that multiplication-by-m maps always provide an embedding Z — End(E) but, over a finite
field, the existence over the Frobenius endomorphism satisfying a certain quadratic equation implies that
this is not the whole story. However, we know that m commutes with all isogenies and, therefore, it lies in
the center of the endomorphism ring.

Lenstra [Len] showed that the the endomorphism ring structure determines the set of rational points
over extensions of k.

Theorem 1.19. Let k be a finite field, E an elliptic curve over k and  the Frobenius endomorphism of E.
Further, let k be a finite field extension of k, of degree r = [k : K].

(a) If ¢ Z, then Endx(E) has rank 2 over Z and

Endk(E)

E(k)  ———%

&)=

(b) Ifm € Z, then Endk(E) has rank 4 over Z and
Z Z
ER) = o =0 ® 2 = 1)
as abelian groups. Further,

Endk(E)

E(k)® E(k) ~

(7" —1)
as Endk(E)-modules.

This, together with Theorem 1.16, yields the following

Theorem 1.20 (Sato-Tate). Two elliptic curves E1 and E, defined over a finite field k are isogenous if and
only if their endomorphism algebras are isomorphic as Q(m)-modules:

End®(E;) ~ End®(E) where End®(E) = End(E) ® Q

Ordinary and supersingular elliptic curves

In Section 1.2.3 we have defined ordinary elliptic curves as those with endomorphism algebra a quadratic
imaginary field and supersingular curves as the ones with endomorphism algebra a quaternion algebra. We
now want to show how the Frobenius endomorphism provides an equivalent discriminant.

Theorem 1.21 ([Deu]). Let E be an elliptic curve defined over a perfect field k of characteristic p and let
T be the Frobenius endomorphism. The following conditions are equivalent.

(a) E[p°] =0 foralle > 1.

(b) The dual & of the Frobenius endomorphism is purely inseparable.

(c) The trace of the Frobenius is divisible by p.

(d) The full endomorphism ring End(E) is an order in a quaternion algebra.

and we say that E is supersingular. If the equivalent conditions above do not hold, then all of the following
conditions hold.

(@) E[p°] =Z/p"Z for all e > 1.
(b) The dual & of the Frobenius endomorphism is separable.

(c) The trace of the Frobenius is coprime to p.

13
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(d) The full endomorphism ring End(E) is an order in a quadratic imaginary field.
And we say that E is ordinary.
Proof. See [Sill, Th. V.3.1]. O

1.2.5 Complex lattices and elliptic curves
In the literature there are many different definitions of a lattice. We are interested in the following.

Definition. Let V' be a vector space of finite dimension n over a field K of characteristic 0. A lattice A of
V is an additive subgroup A C V isomorphic to Z" and containing a K-basis of V

Example. Let d € Z be a non-square. The field Q(\@) is a quadratic extension of @Q and can be seen as a
vector space over the rationals with basis {1, v/d}. Then Z[/d] is a lattice in Q(+/d). More generally, for
every element a € Q(vd)\ Q, Ay = Z + aZ is a lattice.

Example. The previous definition works for a generic number field F over Q. By definition this means that
F is a vector space over Q of dimension dimg F = [F : Q], the degree of the extension. If {ay,..., g} is
a Q-basis of F, then Agy oy =1Z + ...+ agZ is a lattice of F.

It is worth recalling that in case of number fields the two conditions A ~ Z" suffices to define a lattice as
any Z-basis is also Q-linearly independent.

We consider now V = C as a two-dimensional vector space over R. A lattice of C is
Ny wo = W1Z + woZ  such that wo/wy ¢ R

Definition. The analytic quotient group C/A is called a complex torus.

These objects are compact complex manifolds and Riemann showed they are also abelian varieties. In
fact, they are elliptic curves.

Definition. Let A be a lattice. An elliptic function is a meromorphic function defined on the complex torus.
For a meromorphic function f : C — C to be defined on C/A we need it to be invariant under translation
by points of the lattice: for all z € C

f(z4+wi) =f(2),
f(z+w2) =f(2)

Elliptic functions are also called doubly periodic functions.
For more details on elliptic functions one can refer to [Sill, Ch. VI] or [Lan2, Ch. ]

The most important example of elliptic function is represented by the Weierstrass g function

by expanding it as a power series and rearranging the terms we obtain

1 +o00
p(z) = =T Z(Qk + 1) Garra(N) 2%
k=1
where 1
Ge(N) =) ok
weN
w#0

is the Eisenstein series of weight k for A.

Proposition 1.22. The Eisenstein series G, (M) is absolutely convergent for k > 1. Note that Gax11(A) =0
since £w € A.

The importance of the Weierstrass g-function is multifold. On the one hand it provides generators for
the function field of the complex torus

14
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Theorem 1.23. The field of elliptic functions for A\ is C (p(z), '(z)). In other words, every elliptic function
on N is a rational function of p(z) and ©'(z)

On the other hand, the relation between g and g’ yields an explicit connection between complex tori and
the function field of elliptic curves.

Theorem 1.24 ([Sil1, Th. VI.3.5 and VI.3.6]). Forallz€ C\ A
©'(2)* = 4p(2)* — 60G4(N)p(2) — 140Gs(N)
We set g» = g»(N\) = 60G4(N) and g3 = g3(A\) = 140Gg(N). We have an isomorphism

Clx, y]
(y?2 — 4x3 + gox + g3)

— Clp, ¢']

and the curve y? = 4x3 — gox — g3 is an elliptic curve.

We therefore have maps

{Lattices of C} {Complex tori} —> {Elliptic curves over C}

At C/A i En:y? =x3 = g(N)x — g3(N)

7 (p(2). ¢'(2))

An equivalence of categories
We show now that the correspondences given above extend to an equivalence of categories.

Definition. We say that two complex lattices A, A’ are homothetic if they differ by a scalar multiplication,
i.e., N = alN for some a € C*; we write A ~ N\'. Geometrically, this corresponds to being equivalent up to
a rotation and a dilation.

Let us consider a lattice A = w1Z + woZ with basis {w1,w->} such that Im(w;/w,) > 0, a condition
usually referred to as positive orientation [Sil2, §1.1] (otherwise we simply switch them). We can normalize
this basis

and obtain a map from the Poincaré upper half plane H = {z € C | Im(z) > 0} to the set of lattices:

H — £ = {Lattices in C}
T—N=Z+7Z

This gives a cleaner description of complex lattices as now they are represented by a single complex value.
Homotheties of lattices are now described by the following theorem

Lemma 1.25 ([Sil2, Lemma 1.2]). Let 11, T € H. A, is homothetic to A,, if and only if

at+ b
cT+d

for some y = (i Z) € SLx(Z)

T2 =79"T1=

This means that the quotient of the upper half plane under the action by SL»(Z), is the moduli space of
lattices up to homothety

SLy(Z)\H —2— £/C*

Homotheties of lattices translate to isomorphisms of corresponding elliptic curves [Sill, Cor. VI.4.1.1]
meaning we have an injection

L/C* — ELc = {Elliptic curves over C}/ ~

and the Uniformization Theorem [Sil2, §1.4] asserts that this is indeed a bijection.
We get one to one correspondences between the following sets

15



|. Algebraic curves §1.3. Modular curves

Uniformization Theorem

SLy(Z)\H —— L£/C* Sele C

T [Af]} [E] ¢ J(Ep)

1.3 Modular curves

The takeaway of last section is that elliptic curves are parametrized by points on the quotient SL(Z)\H. In
this section we will develop this further and we will study quotients of the upper half plane in a geometric
fashion.

1.3.1 The modular group
First of all, we note that —/ € SL,(Z) acts trivially on H.
Definition. The modular group, denoted (1), is the quotient group

M(1) =Ska(Z)/{+1}

The importance of this distinction comes from the following
Corollary 1.26. (1) acts faithfully on H.

The group (1) contains two particularly important elements, which are usually denoted
0 -1 1 1
=1 9) ()

Sr=-1  Tr)=7+1

acting on H by

Geometrically, S represents inversion on the unit circle followed by reflection with respect to the imaginary
axis, while T represents a unit translation to the right.
Note that the elements S and ST have finite order,

2 3
0 -1 0 -1
2 _ _ 3 _ _
5_<1 O)-l (ST)_<1 1)_1
Proposition 1.27. Let F C H be the subset of H
1
F= {TEH | |T] > 1 and |Re(T)| < 2}

(a) Let T € H. Then there is ay € ['(1) such that yT € F.
(b) Suppose that both T and yT are in F for some «y € (1), # 1. Then one of the following is true:

i. Re(T) =—3% andyT=7+1,
i. Re(T)=12%andyr=7-1;
ii. |7|=1andyr=—-21.

(c) LetT € F, and let
Stabry(7) = {y € F(D)ly7 =7}

the stabilizer of T. Then

{1,5} ifr=i
{LST.(ST)?} ifT=p=e*/3
{1.TS.(TS)?} if T=—p=em/®
{1} otherwise

Stabr(l) =

16



§1.3. Modular curves |. Algebraic curves

STS | ST (TS)2 | TST

Y

1
2
Figure 1.2 — The region F and some of its images under the action by (1).

As a consequence, we obtain the algebraic description of '(1).
Corollary 1.28. The modular group T'(1) is generated by the matrices S and T.
Remark. In fact, '(1) is the free product of its subgroups (S) and (ST of orders 2 and 3.
Corollary 1.29. The modular group has the presentation:

M(1)~(S,T|S*=1, (ST)®>=1)

The curve attached to (1)

The modular group acts on the upper half plane and its quotient classifies homothety classes of lattices
or, equivalently, isomorphism classes of elliptic curves. As a geometric object it is a sphere with one point
missing as it corresponds to its fundamental domain with the identification of Proposition 1.27.

Definition. The extended upper-half plane H* is the union
H* = HUPY(Q)

The points in P1(Q) are called cusps.
The action of SL(Z) on H by
a b _ar+b
c d)T T or+d

extends naturally to an action on P*(Q) by

a b\ (x\ [(ax+ by
c d)\y) \ecx+dy
Therefore, SLo(Z) acts on the extended upper half plane.

Definition. We define Y (1) = I'(1)\H and X (1) = ['(1)\H*.

X(1) is now a sphere as we add the cusps (which are all equivalent under (1)) to fill the missing point
of Y(1); it is, in fact, the projective closure of Y(1). Therefore, X (1) is a projective curve. We can endow
it with the quotient topology and find that X (1) is a connected compact Hausdorff space, see [Sil2, Prop.
[.2.4]. More than that, it has a complex structure, i.e., an open covering {U;} together with compatible
homeomorphisms 1p; : U; — C.

Theorem 1.30. X(1) is a compact Riemann surface of genus O.

The details on the topology and the atlas on X(1) can be found in [Sil2, §1.2].

17
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1.3.2 Congruence subgroups

We have seen that the group SL(Z) has a well defined action on the upper-half plane H. Any of its
subgroups inherits the same action. We will study a particular class of subgroups of SL,(Z).

Definition. We denote () the kernel of the reduction map SL>(Z) — SLo(Z/NZ). This is

M(N) = {y€SLa(Z) |y =/ mod N} = {(i Z) € SLo(Z)

a=d=1 b=c=0 mod N}

As a kernel of a group morphism, it is normal in SL>(Z). We call T'(N) the principal congruence subgroup
of level N. A congruence subgroup is any subgroup of SL,(Z) that contains '(N) for some N.
Some important examples of congruence subgroups are

{2 D)es] (¢ 2)=(¢ 3) mor)
(¢ )esm| ¢ =G5 3 mer)

Note that '(N) is of finite index in SL,(Z) and therefore any congruence subgroup also has finite index.

Fo(N)

The curve attached to [

As we did for the modular curve X(1), we can quotient the extended upper half plane by the action of any
congruence subgroup .

Definition. The affine modular curve over C attached to I is an algebraic curve Y (I') whose complex points
are identified with M\H with its natural Riemann surface structure.

Definition. The complete modular curve over C attached to I is an algebraic curve X(I') whose complex
points are identified with M\H* equipped with the following Riemann surface structure

1 n
0 1

(x) At x=2 = (i Z) (c0) then A~1Stabr(2)A = <i (é ﬂlx)>

1.3.3 Simplicial complexes

(00) At oo, Stabr(c) = <j: < >> where n € Z>1 is called the width of infinity in X(I").

Modular curves are Riemann surfaces. We provide here a topological discussion expanding on the idea that
the tessellation of H given in Figure 1.2 provides a simplicial decomposition of the Riemann surface M\H*;
in particular we show how to compute their genus.

Definition. Let X be a compact orientable surface. A simplicial complex on X is a decomposition of X as
a union of simplicies of dimension 0, 1, 2 such that the intersection of two different 2-dimensional simplicies
is either empty or a 1-dimensional simplex and, likewise for the intersection of 1-dimensional simplicies.

We set

#(2-dimensional simplicies) = F
#(1-dimensional simplicies) = E
#(0-dimensional simplicies) = V
Definition. The quantity F — E + V is independent of the choice of the complex and it is called the Euler

characteristic of X
x(X)=F—-E+V

Remark. x(X) =2 — 2g(X) where g(X) is the genus of the curve.

18
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Let f : X1 — X5 be a branched covering of surface. If P € X, the ramification degree at P is the
degree of f;,, where Up is a small punctured neighborhood of P.

Remark. ep = 1 for "almost all" P € Xj.

> ep=deg(f)=d forall Q€ X,
Pef-1(@)

We call £ the set of all the critical points P € Xj for which ep > 1 and B = f(€£).

Theorem 1.31 (Riemann-Hurwitz). Let f : X1 — X be a branched covering of compact orientable surfaces.
Then

X(X1) =d-x(X2) = > _ (e~ 1)

PeX,

Remark. Observe that

Yle—1= Y (-1)=> (d=#Q)
PeX: P%f;((cp) QeB

Corollary 1.32. Assume g(X2) =0 then
o(X) = (2 + 57 (d - #71(Q)) - 2d>
QeB
Now we consider the map f : X(I') — X (1) = SLo(Z)\H*.
Proposition 1.33. The following properties hold
i. d=#(N\SLx(2)) iiii. (o) = M\SLo(Z)/(ST)
i. Br C {p, 1,00} iiiii. £~(00) = M\SLx(Z)/(T)
ii. £71(i) = M\SLx(2)/(S)
The problem of computing the genus of X(I) is now reduced to computing
i. #M\SLs(2) iii. #M\SLo(Z)/(ST)
iii. #M\SLx(Z)/(S) iiiii. #M\SL»(2)/(T)

1.3.4 Elliptic points and cusps

In this section we recall some notions on the Riemann surfaces structure of modular curves which will enable
us to recover an alternative form of the genus formula. We will follow [DS, Ch. 2].

We know that the ramification degree of f at a point P is a local measure encoding the multiplicity
with which f takes 0 to 0 as a map in local coordinates at P. It is therefore natural to first describe local
coordinates on modular curves. For simplicity, we will do it for the algebraic curve Y'(I') and we will refer to
[DS, §2.4] for the approach at the cusps.

The curve Y'(I') inherits the quotient topology from the upper half plane via the projection map 7 : H — Y/(I")
acting as 7 — '7. At a point 7(7) where t € H is fixed only by the identity, we can find a small enough
neighborhood U of 7 in H which is homeomorphic under 7 to its image (i) in Y(I'). A local inverse
© :m(U) — U will play the role of local coordinate map.

The same approach does not work at a point (1) for which 7 has non-trivial stabilizer in SL»(Z).

Definition. Let [ be a congruence subgroup. We define the isotropy group of 7 € H as
[ :=Stabr(1)={yel|v(r) =1}

An elliptic point is a point with non-trivial isotropy group. By extension, the image point w(7) € Y(I') is
also called elliptic.
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To understand X(I), it will be therefore important to understand the stabilizers I, of points 7 in the
upper half plane. We begin by considering the case I' = (1) = SL»(Z).
Let v € (1) be a non-trivial matrix such that y(7) = 7 for some 7 € H. This means that

(ar +b)/(cT+d)=T = ar+b=cr’+dT = c®+(d—a)T—b=0

¢ = 0 would imply a = d = £1 and b = 0 which represents the matrix v = +/. Since we supposed 7y
non-trivial we can exclude this case and solve the quadratic equation normally:

a—dtva?+d?>—2ad—4ch a—-dEtvVa?+d>’+2ad—4 a-d+./(at+d)?—-4
2c N 2¢ N 2¢

Since T € H we impose |a+ d| < 2 which gives a+d = £1 or 0. In particular this says that the characteristic
polynomials of v (Py(x) = x? + (a+ d)x + 1) can only be of the form x>+ x+ 1, x> — x+ 1 or x> + 1.
Since x2 + 1 is a factor of x* — 1 and x2 £ x + 1 are factors of x6 — 1, either y> =/ or v® = /.

Proposition 1.34. Let v € SL,(Z) Let

=G4 =00 w0l
i. If~y has order 3, then it is conjugate to R*!.
ii. Ify has order 4, then it is conjugate to S*!.
ii. /fy has order 6, then it is conjugate to W=*!.
and, obviously,

iv. I/f~y has order 2, then v = +/.

Corollary 1.35. The elliptic points for I'(1) = SLo(Z) are the points [(1)i and I'(1)p where p = 2™//3.
Thus, the modular curve Y (1) has just two elliptic points.

Note that the same result comes from the next proposition.
Proposition 1.36. Suppose T € H. There is a natural identification of I'(1); with Aut(E;).

Corollary 1.37 (of Proposition 1.34). Let I be a congruence subgroup of ['(1). The modular curve Y (I')
has finitely many elliptic points and for each of those the isotropy group is finite cyclic.

Proof. This is easily deduced from the fact that I'; is a subgroup of '(1),. O

Thus, to each 7 € H, we associate a positive integer

/2 If —/el
e = ety =4/ '
|| If —1 &0,
counting the number of transformations fixing 7.
Note that h, > 1 if and only if 7 is elliptic. The integer h; is called the period of 7.

Remark. It is straightforward to prove that this is well defined on the modular curve Y(I).

. o . . 1 -
Now, to put coordinates on Y(I') about an elliptic point 7(7) we first use the map §, = (1 _:) €

GL,(C) to take 7 to 0 and its conjugate T — oo.

The isotropy group of 0 after the transformation is conjugate to the one of T and, therefore, it is cyclic
of order h,. Since this group of fractional linear transformations fixes 0 and oo, it consists of transformations
of the form z — cz for some complex number ¢ and, since it is cyclic it must be the group of rotations by
27 /h; about 0.

When we transform a neighborhood U of T via the map d., the -equivalent points are separated by a fixed
angle (9, is straightening the neighborhoods of 7). We next wrap the sector around a disc V via the map
z — z and we call this map p. Finally, we define ¥ = p o §,.

By the Open mapping theorem % is an open map.
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Lemma 1.38. The projection w: U — w(U) and the map ¢ : U — V identify the same points.

Thus, there is an injection ¢ : (/) — V commuting with 7 and ¥ which will play the role of local
coordinates.

Figure 1.3 — Coordinate chart around an elliptic point and specialization to /.

computing the number of elliptic points of period 2 and 3 for the congruence subgroup Fo(N).

1.3.5 Genus formula

We will now derive an equivalent formula to compute the genus of X(I'). We suppose again to have a non-
constant holomorphic map between modular curves f : X(I'1) — X(I'2). We already know from Proposition
1.33 that

[rglrl]/2 |f—/€|—gand—/¢|—1

deg(f) = [{£/T2 - {£/}N] = {[r2 M Otherwise

Now, from previous sections we have the following commutative diagram where U is an open neighborhood
of a point 7 € H.

id
u u
] 0
1 2 i H— X(I7))
5(U) mU) — s W) 5U) o7 — 2N
\ 1 ©2 / fiocal 0100 = pr 06
P1 P2
14 1%
flocal

The local map turns out to be ¢ — ¢™/™. Now if [oj, T is the isotropy group of T in [jforj=1,2,
then the periods h; live in {1,2, 3} and since the quotient is integral we have h; =1 or h; = hy. Therefore
the ramification degree is

e = ho/hy = hy  If T is an elliptic point for I'> but not for I';
R Otherwise

=[{£/} s {£/}T14]

Viceversa, if s € QU {oo} is a cusp, then p;(z) = e*™%/M and po(z) = e*™2/" so the local map is
q — gM/"™ where hj = [[(1)a : {££1}1; ] and the ramification degree is

€mi(s) = hl/hl = [{:l:l}rgs . {:l:l}rls]
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Remark. If "1 is normal in > then all points of X(I'1) lying over a given point of X(I'2) have the same
ramification degree.

Finally, we get back to our map X(I') — X (1) for a congruence subgroup I of SL,(Z).

We denote y» = SLo(Z)i, y3 = SLa(Z)p and v = SL2(Z)oo the set of elliptic points of period 2, 3 and
the cusps of X(1). In the same way €, and €3 indicate the set of elliptic points of [ in f=1(y2) and f~1(y3)
- of period 2 and 3 in X(I') - and €4 the set of cusps. Now,

number of
points that are
not elliptic in I

——
d= Z ex=h(If*(vn)| —e€n) +1-€p
x€f~1(yn)
Thus, if vy = |F~(yp)|, then hvp — hep +ep =d = d — €, = h(v, — €;), from which

S (e 1) = h(IF 20l —en) +en +1F 0wl = (h— 1) (1F20m)] —en) = - (d — &)

x€f=1(yp)

And for the cusps
Z (ex = 1) =d — |F Y yso)| = d — €xo

XEF 1 (¥oo)

Putting all the pieces together, from Theorem 1.31, we get
Theorem 1.39 (Riemann-Hurwitz). The genus of the modular curve X(I) is

B d €r €3 €xo
gXM) =1+ 5 -7 -3 3

Remark. From Corollary 1.32 and the expression for v, = #f~1(ys), we obtain the same result

GX(M)=1-d+ 33 (d-# @) =1-d+5 > (d-#F (@)=

QeB QEYUy3Uys
_ d—#F1p)  d—#Fs)  d—#Fye) . d #00) #s) # (V)
=1-d 2 * 2 N 2 I S B
B d d+te d+2e €x d €2 €3 €s
=1+ 2 4 6 2 1+ 12 4 3 2
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Chapter 2

Modular towers and squares of isogenies

The goal of this chapter is to present the main properties of the modular curves associated to

an-{(: )

Since they parametrize elliptic curves together with an isogeny of degree N, we will use information on their
models to study isogeny chains and commutative diagrams of isogenies.

We start by studying the action of I'o(/N) on the upper half plane and the resulting quotient; this provides
dimension formula for the space of elliptic points and cusps of Xo(N). We eventually shift our focus on the
function field of these algebraic objects by looking for generators and relations between them. Finally, we
explain how to use these parameters in the construction of isogeny structures.

¢ =0 mod /\I}

2.1 Signature of the modular curve Xy(N)

In this first section we provide a geometric interpretation of the action of o(N) on H. We give all the
quantities in the Riemann-Hurwitz formula 1.31 an interpretation in terms of group-theoretic actions and
we use it to compute the genus of Xo(N) as a branched covering of P*.

2.1.1 The projective line P! (Z/NZ)

Definition. P! (Z/NZ) denotes the projective line over Z/NZ; it is the quotient of the set
{(a, b) € (Z/NZ)? \ gcd (a, b, N) = 1}

by the equivalence relation ~ given by (a, b) ~ (c, d) if and only if there exists X\ € (Z/NZ)™ such that
(c.d)=X(a,b)
Remark. Note that this is equivalent to ad — bc = 0 mod N, [CS2, Lemma 6.1.4].

Lemma 2.1. Every element of the projective line P(Z/NZ) has a representative (a : b) with b | N, b > 0,
and gcd(a, b) = 1, and this representative is unique up to the addition of a multiple of N/b to a (which
leaves a coprime to b).

Proof. See [CS2, Lemma 6.1.7]. O

A list of representatives could thus be obtained by first considering all the divisors b of N; for each of
them, we consider all the elements a' in Z/ (N/b) Z and we look for a € Z/NZ such that gcd(a, b) = 1 and
a=a mod N/b.

Example. For N = 12 the set P'(Z/127Z) consists of

{(0:1),(1:1),(2:1),(3:1),(4:1),(5:1),(6:1),(7:1),(8:1),(9:1),(10:1),(11: 1),
(1:2),(3:2),(5:2),(1:3),(2:3),(7:3),(4:3),(1:4),(5:4),(3:4),(1:6),(1:0)}
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As a consequence of Lemma 2.1, we have the following:

#PY(z/NZ) = N[ <1 + ;)

pIN

2.1.2 The quotient [4(N)\SL>(Z)

From the definition we know that any element (a : b) of the projective line #P!(Z/NZ) has coprime
coordinates: (a, b) = 1. Hence, we can always find two integers ¢, d € Z such that ad — cb = 1. This gives
us another equivalent method of representing elements of #P*(Z/NZ) as matrices:

0 e ;)

We focus on the congruence subgroup

Fo(N) = {(i 2) € SLo(Z)

Lemma 2.2. We have the following isomorphism:

c=0 mod N}

Fo(N)\SL2(Z) ~ PY(Z/NZ)

Proof. This is Proposition 6.3.22 in [CS2]. See also Proposition 1.43 of [Shi]. O
The action of T

. 11 .
The matrix T = <O 1) acts on P}(Z/NZ) and corresponds to translations:

G e

This shows that T fixes the second term. Let b be a divisor of N; an element of the form (x : b) has the
first coordinate differing by an element of Z/ (N/b) Z. Therefore, we claim that the number of orbits of the
action of the matrix T on the subset {(x : b)} C PX(Z/NZ) is given by

N
d{ b, —
o (o (03))
where ¢ is the Euler function.

Suppose (a: b) and (&' : b) are in the same orbit. This implies that 8@ = a+ kb mod N/b for some
k € Z. Hence, modulo changing the sign of k,

N N b
/7 — J— g
a—a rnb+kb gcd(b, N/b) (mbgcd(b,N/b)Jrkgcd(b,N/b))

which clearly says that a’ — a is a multiple of gcd(b, N/b).
The question can be turned into finding the number of elements in Z/ (N/b) Z which are less than or equal
to gcd(b, N/b) and lift to an element of {(* : b)} C PY(Z/NZ). Now it is clear that if & € Z/ (N/b)Z is
not coprime to gcd(b, N/b) then it is not coprime neither with b nor with N/b and therefore it does not lift.
Viceversa if it is coprime to gcd(b, N/b) then either it is coprime to b and therefore it determines the element
(c : b) or it is not coprime to b but o+ N/b is. In both cases we get an element of {(x : b)} C PY(Z/NZ).
This discussion shows that the number of orbits equals the number of elements in Z/ (N/b) Z which are less

than or equal to gcd(b, N/b) and coprime to it and this is exactly ¢ (gcd (b, %)) as wanted.
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Example. Let us look at the situation for N =150=12-3-5% b=10=2-5.

1 17 3 19 — 21 7 23 9 — 11 27 13 29 - Z/NZ
rrrr et
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 7] (N/b)Z

As expected we have 4 = ¢(5) = ¢ (gcd (b, %)) orbits.

Thus, we have N
o) = S = . —
#7400) = #SLDIT) = T ((¢3))
The action of S

S is the matrix

It acts on the left on P*(Z/NZ)
<_01 é)-(a:b)(b:a)(b:a)

It is not difficult to see that S is of order 2 and it satisfies the minimal polynomial X2+ 1 = 0. This implies
that all its orbits are of size either 1 or 2. Orbits of order one consists of eigenvalues.

Hence, S has orbits of order one in P1(Z/NZ) if and only if its minimal polynomial X2 + 1 splits modulo
N. Suppose N = p{*ps? ... pgr, the Chinese Remainder Theorem implies we can solve a polynomial f(x) over
Z/NZ by first solving it modulo Z/p{'Z and then combining the roots together to find a solution modulo N.

Z _~ 2 Z L
NZ piZ " p2Z " T pyZ

Let us have a look at Ps(X) = X2 + 1 modulo p. We study the roots of this polynomial in Z/pZ and
we try to see whether they lift or not to solutions in Z/pXZ. In particular we study if Ps(X) has solutions
in Zp.

Lemma 2.3. Ifp#2and a% 0 mod p, the equation X2 — a= 0 has a solution in Z, if and only if it has
a solution in F,.

Proof. This is an immediate consequence of Hensel's Lemma. O

Thus, for an odd prime p, Ps(X) has a solution in Z/p*Z for all k if and only if it has a solution in Z/pZ.
We know that X2 — a has a solution in F, if and only if

-
p
In particular X2 + 1 has a root in Z, (for p # 2) if and only if

-1
(p)zl(z}pzl mod 4

In conclusion, supposing 2 t N, the action of S on P*(Z/NZ) has either 0 or 2 orbits of size 1 depending on
whether the polynomial X2 + 1 is irreducible or not modulo all the primes diving N.
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We can express this condition saying that

-1
#orbits of si :” —
orbits of size 1 (1+<p)>

pIN

It remains to study the case p = 2. Clearly X? + 1 has one solution in Z/2Z, namely 1, but this does
not lift to any solution in Z/4Z. Also (see [Conr])

Lemma 2.4. Ifu € ZS , then u is a square in Qy if and only if u=1 mod 8Z,.
Since —1 #1 mod 8, we conclude that Ps(X) has no solutions in Z/NZ if 4 | N.

In conclusion,

_ #PY(Z/NZ) — #orbits of size 1

5 + F£orbits of size 1 =

#m (i) = #T\SLo(Z)/(S)
1 NI (143 if 4| N

2 | NTTyw (14 2) + Ty (1+ (—71)) if4rN
where (—=1/p)islif p=1mod4, —1if p=—1mod4 and 0 if p=2.

Remark. Note that (—1/p) is the classical Legendre symbol for every odd prime. For p = 2, we use the
same notation following [DS] but we define it to be (—1/2) = 0. This does not correspond neither to the
Legendre symbol (which is not defined for p = 2) nor to the Kronecker symbol for which (—1]2) = 1.

Example. Let N = 10; the orbits of S in P(Z/10Z) are

(0:1) (1:1) (2:1) (3:1) (4:1) (5:1) (6:1) (7:1) (8:1) (5:2)

| | | | | | } l } |

(1:0) (9:1) (9:2) (3:1) (7:2) (1:5) (83:2) (7:1) (1:2) (2:5)

| | | | | } } |

(0:1) (1:1) (2:1) (4:1) (5:1) (6:1) (8:1)) (5:2)

As expected we found

orbits of size 1 and

(a1 0e2) I () 4 (o359

p|10 pI10

orbits of size 2.

The action of ST

The matrix

0 1
st=(2 4)

(01 11> (@ b)=(b:—a—b)=(b: —(a+Db))

acts on the left on P*(Z/NZ) by sending

ST has order 3 and satisfies the minimal polynomial Ps(X) = X2 + X + 1. As we did for S we study
the splitting behavior of this polynomial modulo all the prime divisors of N and we see if they lift to general
solution modulo prime powers.
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First of all, we have the following lemma:
Lemma 2.5. The polynomial X? + X + 1 has a solution in F,, if and only if =3 is a square mod p.

Proof. Consider the quadratic extension of Q(v/—3). The ring of integers of K = Q(v/—3) is Ok = Z [w]
where the primitive element w = (—1 + ¢j3) /2 satisfies the minimal polynomial f(X) = X%+ X +1. Now
let p € Z be a prime number; a prime p ideal of Ok is a factor of pOk if and only if pOk C p.

Hence there is a bijection between the set of prime factors of pOk and the prime ideals of Ok containing
pOk. But this last set is in bijection with the set of prime ideals of Ok /pOx and now

ZIX] 2]
Ok (UM») N Z[X] N (wmm) _ Fp[X]
Ok~ (zx+onzix1) — (p)ZIX] + (F(X)) ZIX] — (@zXI+)zZIX\ — (7
POk (“7@@“0 (P)ZIX] + (F(X)) Z[X] (44Gmﬁ44) (ﬂXD

In the last isomorphism we use the canonical projection map

7 Z[X] — Fo[X] ker (1) = (p)Z[X]
F(X) —F(X)

Then

{prime ideals of Ok

containing (p)Ok } +— q prime ideals of

F,[X] prime ideals of F,[X]
£ s A"
(W> containing (f(X))
and since F,[X] is a P.I.D., then this last set is in bijection with the monic irreducible factors of f(X).
Thus, the splitting behavior of the polynomial X2+ X + 1 modulo p corresponds to the splitting behavior
of the ideal (p)k.

To conclude it only remains to observe that the splitting behavior of a prime (p) in any quadratic field L
is given (see [Cox, Prop. 5.16])by the Legendre symbol

<A;> A, = disc(Oy)

In our case Ak = —3 which concludes the proof. O

In particular, the number of roots of Pst(X) mod p is given by 1 + (’73) It remains to observe that a

root lifts to a solution modulo p¥.

Lemma 2.6 (Hensel's Lemma). If f(X) € Z,[X] and a € Z, satisfies
f(a)=0modp  f'(a) Z0mod p

then there is a unique o € Z, such that f(o) =0 and a = a mod p.

The minimal polynomial Pst(X) has prime derivative 2X + 1 and 2X + 1 divides X2+ X + 1 in F,[X] if
and only if p = 3. Indeed,

X2+ X+1=02X+1)(aX+b)=2aX2+(2b+a)X +b mod p

implies
b=1 modp b=1 modp b=1 modp
2b+a=1 modp < a=-1 modp & <a=-1 modp
2a=1 mod p 2a=1 mod p —2=1 modp

and the third equation is true if and only if p = 3.
Hence, all the solution that we find can be lifted to general solutions modulo p* for p # 3.

It only remains to study the case p = 3. Pst(X) mod 3 has a root with multiplicity 2, namely 1. But
this does not lift to any solution mod 9.

X 01 2 3 4 5 6 7 8
X2 01 4 0 7 7 0 4 1
xX+x+1 1 3 7 4 3 4 7 3 1
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More in general, suppose we have a solution a of X2+ X + 1 in Z/p'Z; in order to have it lifting to a root
in Z/p'"1Z we have to solve (a + kp’)2 + (a+kp') +1=0 mod p'*l. This gives

0=(a®+a+1)+Qa+1kp +k*p* =(@®+a+1)+ 2o+ 1)kp’ mod p'™*
If p # 3, then 2 + 1 is coprime to p and therefore we are left with a linear equation in k:
(@®+a+1)+Qa+1)p'k=0 mod p'*?
and since a is a solution modulo p’, then the latter is equivalent to the following equation
1+ (2a+1)k=0 modp

which has always solution since 2o + 1 is invertible.
If p = 3 the situation changes since « =1 and 2o+ 1 = 3 = p. This gives

0=(@®+a+1)+QRa+1)pk=(?+a+1)+pk=(@*+a+1) modp™
and we check easily that 1 is not a solution in Z/9Z.

Remark. More concisely, f(x) and f(x’) are clearly coprime if p # 3 since p 1 disc(f(x)) = —3. Further,
the impossibility of lifting a root to Z/97 comes from the fact that 3 ramifies and therefore the root lies in
a quadratic extension of Zs.

In conclusion, the number of orbits of size 1 of ST is given by

0 ifo| N
o (1+ () iforn
where (=3/p)is1if p=1mod 3, —1if p=—-1mod 3 and 0 if p=3.
Remark. As in the previous section, (—3/p) represents the Legendre symbol for any odd prime p. In this

situation, however, the case of p = 2 does fit with the case of p = —1 mod 3 and also with the Kronecker
symbol (=3J2) = —1.

All the other orbits are of size 3 (since this is the order of ST) and therefore,

1 R
sm1(p) = #M\SLo(2)/(ST) = TELZ/NE) forbits of 526 14 yorbits of size 1 =
1 NI (143 if9|N

3 NIy (1+3) + 200 (1+ () ifotw

Example. We have a look at the case N = 21. The orbits are

(0:1) (1:1) (2:1) (3:1) (4:1) (6:1) (7:1) (8:1) (11:1)(14:1)(15:1) (16:1)

} | | | | | | } l } | }

(20:1) (10:1) (13:3) (5:1) (4:1) (2:7) (13:1) (2:3) (5:3) (4:3) (17:1) (16:1)

} | | | | | } | } |

(1:0) (19:1) (9:1) (10:3) (7:3) (1:7) (12:1) (18:1) (3:7) (1:3)

} | | | | | } | } |

(0:1) (1:1) (2:1) (3:1) (6:1) (7:1) (8:1) (12:1) (14:1) (15:1)

We have two fixed elements, namely (4 : 1) and (16 : 1) (the roots of X2+ X + 1), and 10 orbits of size 3.
Observe that 4 comes from the roots X =4 in Z/7Z and X = 1 in Z/3Z while 16 is the lift of X =2
inZ/7Z and X =1in Z/3Z.
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2.1.3 Genus of the modular curves X,(N)

Finally, we can assemble all the information that we found in order to compute the genus of our modular
curve.

g(Xo(N)) = 5 (2 + ) (dr — #77H(Q)) — 2d )

QEBx

= 32+ dy—#1) — ) — e (00) =
A ()
e e )
S 0
A D) T e 1 ) 1

0 if4| N
)
P d.sc(@)H( (7)) et

I
—_
_|_

—
ol =
7 N
=
+
S =
N——
|
N =
a
=
A
VRS
VRS
Q
Q|
N———
N———
|

where we recall that (—1/2) is set to be 0.

In the last equation O, indicates the ring of integers of the quadratic field Q (\/5) which, in our case are
the Gaussian and the Eisenstein integers (for a = —1 and a = —3 respectively).

The last equation (which is a combination of the previous two) has been written in the current form for
layout reasons and it is a compact version of the more explicit:

()52 ((+5) 510+ () 510+ ()

The genus of the modular curves Xy(2")

We are interested in the case N = 2". For the moment we forget about n = 1 which gives genus 0 and we
suppose 4 | N.

orimn 1251 (-2) 30 ((43) 30 ()

D|2” d‘2n

—1+f;<1+;> ;kicp((Qk,Z"k));<1+<_23>> =

T2
n/2—1 1
w((zk,z”*k))+§<p((2%,2%)) ifn=0 mod 2
=1+2"° -0 =),
o ((2%,2"7%)) ifn=1 mod 2
k=0

where we split the sum into two symmetric parts.
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Z(p (25) ifn=0 mod?2
_ n-3 _ k=0
=142 (n-1)/2
v (2) ifn=1 mod?2
k=0
n/2—1
1+22k1 2:72 ifp=0 mod 2
_ -3
=1+2" - (12
1+ Z 2k-1 ifn=1 mod?2

—1

2:°142372 ifp=0 mod?2
:1+2n_3 - n
{22 fn=1 mod?2
In conclusion,

3.2272  ifp=0 mod?2

Xo(2)) =0 d Xo(2")=142"3-¢" 1
9( o( )) an 9( 0( )) {22 fn=1 mod?

Example. The following table describes the genus of Xy(2" - p) for p=1,3,5,7,11 and n up to 10.

n | g(Xo(2) | 9(Xo(2"-3)) | 9(Xo(2"-5)) | g(Xo(2"-7)) | g(Xo(2" - 11))
0 0 0 0 0 1
1 0 0 0 1 2
2 0 0 1 2 4
3 0 1 3 5 9
4 0 3 7 11 19
5 1 9 17 25 41
6 3 21 37 53 85
7 9 49 81 113 177
8 21 105 169 233 361
9 49 225 353 481 737
10 105 465 721 977 1489

Table 2.1 — Genus of the modular curves Xo(2"), Xo(2"-3), Xo(2"-5), Xo(2"-7) and Xo(2" - 11)

The genus of the modular curves X;(3")

As we did in the previous section we may assume that 9 | N. Therefore

sren-1 Z0-3) S ) 06+ ()

Z ((3%,37K)) + 2<p((3%3%)) ifn=0 mod?2

Z ((3%,3"7%)) ifn=1 mod 2
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Once again we obtain a simpler expression

n/2—1 1
2 th(3k)+§<p(35) ifn=0 mod?2
=1+3"2% - { k=2

(n—1)/2
> (3 ifn=1 mod 2
k=0
n/2—1
1+ » 2:31432571 ifn=0 mod2
_ —2 k=
=143"2% - (,7711)/2
1+ Y 231 ifn=1 mod?2
k=1
I 2-3571 ifn=0 mod?2
B 3%1 ifn=1 mod?2

Example. The following table describes the genus of Xo(3" - p) for p=1,2,5,7,11 and n up to 10.

n | 9(Xo(3") | 9(Xo(3"-2) | g(Xo(3"-5)) | 9(Xa(3"-7)) | 9(Xo(3"-11))
0 0 0 0 0 1
1 0 0 1 1

2 0 0 3 5 9
3 1 4 13 19 31
4 4 16 43 61 97
5 19 64 145 199 307
6 64 208 451 613 937
7 217 676 1405 1891 2863
8 676 2080 4267 5725 8641
9 2107 6400 12961 17335 26083
10 6400 19360 39043 52165 78409

Table 2.2 — Genus of the modular curves Xo(3"), Xo(3"-2), Xo(3"-5), Xo(3"-7) and Xo(3"-11)

2.1.4 The fundamental domain of [4(N)

The aim of this section is to describe the fundamental domain for a congruence subgroup of SL,(Z). We
will mainly follow [Kil, §2.5] and [BD, §3]

Definition. Let [ be a congruence subgroup. A fundamental domain F for I is a subset of H such that
(1) every z € H is T-equivalent to a point of the closure of F;
(2) no two distinct points in the interior of F are -equivalent.

A well known result describes the fundamental domain for the full modular group SL>(Z).

Theorem 2.7. The set

N =

1
f:{TGH — = <Re(1) <0, T21}U{T€HO<R€(T)<2, |T|>1}U{OO}

is a fundamental domain for SL,(Z).
Proof. See [SchB, §1.5] and [Sil2, §1.1]. O
More in general
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71 T
(ST)? S TS
STS | ST (TS)2 | TST
-1 1 0 1 1 -
2 2

Figure 2.1 — The fundamental region for the full modular group SL,(Z).

Proposition 2.8. Let [ be a congruence subgroup of SL,(Z), and let R be a set of coset representatives
for the quotient T\SL,(Z). Then the set

Fr=JF

YER

has the property (1). Further, its interior satisfies also property (2).

For more information about the boundaries (where we lose the faithfulness of the action of SL,(Z), one
can refer to [SchB, §IV.4].

Proof. Let z € H. Because of Theorem 2.7 we know that there exists 7 € F and v € SL,(Z) such that
z = -7. We also know that v = 'yo_lfy’ with v € I and 74" € R. Thus,

Yoz ="YT =T E€Fr

Fundamental domain for [(2)

rsan=ria-{(, ). )¢ )

The first matrix is the identity and leaves F unchanged. The third matrix is clearly the matrix S and therefore
it adds to the fundamental domain of 4(2) the region labeled S in Figure 2.1. Finally, the second matrix
can be decomposed as:

10 moe (-1 0 1 0\ B 10\ 4
() smsa () O) = (2 ) stsmresum — (1 9)=srs

We immediately see that ST 1S sends oo to (1 : 1) which is outside the region |[Re(7)| < 3. Therefore
we precompose it with T~1 obtaining
1 2 0 -1
(T-15)? = (1 : )

Remark. This is another representation of the element (1 : 1) of PY(Z/27Z).

We know that

Remark. The matrix T~ belongs to [(2); thus, the regions ST-1S.F and (T‘ls)2 - F are connected
by a matrix of [5(2) and therefore we can choose either of them. In order to have a connected fundamental
region we choose (T‘ls)2 - F.
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Remark. Observe that S = S~!. Hence (T‘15)2 = (ST)fz. We know recall that ST is of order 3 meaning
(ST)>=ST

We conclude that the action associated to the element (1 : 1) € P}(Z/2Z) corresponds to the action of
the matrix ST.

TS

STS TST

Y

Figure 2.2 — The fundamental region for the congruence subgroup g(2).

We used the following representation of P*(Z/27Z):
1 0 0 -1 0 -1
{6 ¢ D)

Fundamental domain for (4)

We repeat the same process for [o(4).

0 -1 10 0 -1 1 0 1 0 0 -1
~ Pl —
sa@=rea-{( ). 1)-0 1) 1) 610 D)
We have already studied the action of the first three matrices in the previous subsection. Let us start with

(2 : 1). We observe that the fourth matrix sends oo to 2. But (2 : 1) = (-2 : 1) € P}(Z/4Z) and the

) 1
matrix <_2 (1)) sends co to —%. Now, for a > é and —% < b < 1 we have

1 0 1+a, tai 1+2ai (1+2ai)(—i) —2a+i 1+ i
. — | e = — = — — = —— a—
-2 1 2 —2-2ai+1 —43j 4a 4a 2 43
1 0 L, —1+ai —1+2ai (—1+2ai)(4+4ai) —2a°—1+ai
. RN | = = - = =
-2 1 -2 -2ai+1 4-4a 16 + 16a2 4(a2+1)

(1 2)-(b+m/): b+VI—B (b VI—B)(1—2b+2VT— %) _

-2 —2b+1-2V1—-b2 5+ 8bv1 — b2
 b—2+V1— b2
5+ 8bv/1 — b2

Remark. For the last computation we could also use the exponential form of complex numbers keeping in
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mind that p; e’ + poe®? = pe’® where

015N 01 + posin by
— 2 21D — d =
0 \/pl + p5 +2p102cos(61 —62)  an 6 = arctan (,01 e c0592>
In particular the matrix associated to (2 : 1) sends
1 3. 3 1
OO—)(1—2)€P1(Q) 5"‘%/—) §+f

V3 B +£’,_> 5 V3.
6 2 2

Remark. The decomposition of the matrix is
1 0\
(%, 9)=srs

Now we look at the fifth matrix (3 g) In the same spirit as before we could consider the equivalent

representation of (1:3) = (—1:1) € PY(Z/4Z), i.e., <_11 2) but this sends oo to —1. We can therefore

change the matrix (not the representation of the projective line element) by writing (_Ol 1) which still
lives in SLo(Z).

(_01 1>'<;+a/>: - 1_ __ 2 _ 2 ' \@

1 V3
: 142 R A
Toaivl 1-2a 1r4R T2 2+ ' 72t
1 1 2 2 1 V3. 1 3
0 1y, ——+ai)=1— = . = (3 + 2ai) _,_~_£ i/’
-1 1 2 I_ai+1 3-2a 9+422 272" 72" %6

1 _1-b+VI-P 11 [14b

1) (b VIm R = , ki ki

-1 1 h—VIi-Bi+1 2-2b “2 73V 1op

And for |b| < I then

£ 1/ 1 [1+b 3/2
6 2 1-— b - 2 1/
Remark. We obtain the decomposition
O 1 _ 2
(_1 1) —(Ts)

. . 1 1\, . . .
It only remains to study last matrix. Note that (1 2) is another representative but trying to minimize

the first column we consider (1 _2 ) The reason for doing it is to send oo to a cusp living in the strip
[Re(7)| < 3

X 2 2 ' \@ 5 V3.
= 542 1, vs,

(1 ) ( +al> 2+a/+2 = 5i0a  myazl 0t2a) 2 > ' 7Tt 1!
0 —2 2 | 1 V3 1 V3
2 = -3+2 - ve
<1 2> ( +a,) —§+a/+2 = 330a graml ot2al) PR N S
0 —1 - —1 —b—24+1- b2
b+ 17b2>: _
<1 2> (b Vi b+vI—bi+2 5+ 4b
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and

2
(—b—2 2>2+<\/1—b2i> P4 4b+4+1-b —4b—-8 4

5+4b ' 3 5+ 4b (5+4p?  15+12b 0
1 +—12b—24+2o+16b_4b—4+9_1
" 4b+5 45 4 36b 45436b 9

Showing that (2 : 1) sends the bottom boundary of F on the circle of center —2/3 and radius 1/3.

0 =1\ opo
(1 ) )=sT

We resume the previous computations in the Figure 2.3.

Remark. We get the decomposition

F F F

ST (TS)2 ST (TS)2 ST (TS)2
15354 0 1 153300 1 155w 0 1
2 2 2 2 2 2

(a) The action of (2:1). (b) The action of (3:1). (c) The action of (1 :2).

Figure 2.3 — The action of the last three matrices.

We now have all the information to construct the fundamental domain for g(4).

TS

STS TST

@i
Wl
\
e
o
Y

-1 -

N
N

Figure 2.4 — The fundamental region for the congruence subgroup g(4).
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Fundamental domain for [((8)

We study now the case of ¢(8). In principle, we could do a similar computation to the one we did for the
N =2 and N = 4. We recall that

PY(Z/4Z) = {(0:1),(1:1),(=2:1),(=1:1),(1:0), (1:2)}

| Loob Lo

PY(Z/8Z) > {(0:1),(1:1), (6:1), (7:1), (1:0), (1:2)}

which means we should study the action of (2:1),(3:1),(4:1),(5:1),(3:2),(1:4).

We have seen that this strategy presents a stage in which we proceed by attempts, namely the research
for an optimal representation of the matrix. We will describe then a slightly different approach. Note that
[o(4) has [4(8) as one of its subgroups of index 2 meaning that for each

[Mo(8)\SL2(Z) : To(4)\SL2(Z)] = 2

Thus, if M is a generator of [o(4)/To(8), then PX(Z/8Z) = PY(Z/4Z) + M - P*(Z/47Z).

Finding a matrix M € T5(4) \ To(8) is not hard. The only foresight we will have is to look for a matrix M
which sends T € Fr4) in the region |Re(7)| < 3.

1 0

Lemma 2.9. The matrix M = (_4 1

) has the desired property.

Proof. We consider the action of a generic matrix of SLo(Z) on T = s+ ti

a b at+b  (ac|T|?> + (ad + bc)s + bd) + ((ad — bc)t)i
T = =
c d cT+d lcT + d)?

whose real part is

_ (ac|T]?+ (ad + bc)s+ bd) (=412 +5s)  (—4|T]2+5)

Re(M - _ _
e(M-7) T + d? =47 112 16/72—8s+1

where we are substituting the values for M. Now

Re(M - 7) = —(4TP=s) (4T =2s+s)  14(4|TP —2s)+1+45-1  1h+4s—1
16|72 —8s+1 4(4TRP-25)+1 4 4(4|T|2 —2s) + 1 4 h
o 1 14s—1
Si
Re(M-7)=—> — =
M-T)==7"2"%

for h=4(4|7|> —2s) + 1 =16|7|> — 85 + 1 = (4s — 1)? + 16¢t°.
We note that all the points of Fr(4) are outside the circle of center 1/3 and radius 1/3 thus

1\? 51 525 5 8s
- = tc°>=- = t°> — — = h>—+1
(s 3>+ = Z 3 S 734—

At the same time

72s

1\ L1 25
S+g +t 27:>t>*€75 :>h2*?+1

25 -

To minimize h we choose to consider the region inside the unit circle; we will return on the study of MF at
a later stage.
S?+t°<1 = t?<1-s> = h<17-8s
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Thus
45 — 1 45 — 1 45 —1 1 4s — 1 1 45 —1
> > - - <ReM-1T) <> - —— ifs>1
&11° h ~17-8s 47 g = M1 <% -3 524
is—1>4s—1>4s—1 L E RS B Lt 0o
—_ e(M-1) < —= — i s< ¢
17-8~ h 841 ~ Y 4 68-325 S T4 g =21
4s — 1 >45—1> 4s — 1 1 4s — 1 <Re(M-7) < 1 4s —1 <0
S —— . _———— I
17—-85s~ h = -T241 4 68-_32s R -
And the following picture implies that —3 < Re(M - T) < 1.
A
_1 1 1
2 4 2 >
-
%
y=-3
Figure 2.5 — Bound for the real part of M - 7.
A straightforward computation shows that M - F is also in the desired region. O

Lemma 2.10. The matrix M decomposes as M = ST*S

Hence, we have to study the action of ST*S on the 6 regions of composing Fro:
ST*S.-F, ST*S-S-F=ST*.F, ST*S-ST-F=ST°-F, ST*S.-ST?.-F=ST°.F

ST*S.ST?S-F=ST®S-F, ST*S-(TS)? - F=ST*S-(TS)*-F=5ST%.F

1 1 3 9 3 1 3 7 3
STAS. F: com -t Ly ¥3, 9 V8 L.W3, 0 7 V3
4 2 2 42 42 2 2 26 26
1 3 9 3 1 3 3
ST - F: 00 — 0 7+£/ ——+£ —7+£i 1LY
2 2 42 42 2 2 26 26
1 3 11 3 1 3 9 3
ST°-F: 00 — 0 7+£/ ——+£/ —7+£i ——+£
2 2 62 62 2 2 42 42
1 3. 13 3. 1 3 11 3
ST F: oo —+ —0 ,+£, ——+£/ —7+£ _7+£
2 2 86 86 2 2 62 62
1 1 3 11 3 1 3 13 3
STOS.F: oot Ly¥3, 1L V8. 1.3, 13 V3
6 2 2 62 62 2 2 86 86
1 3. 7 3. 1 3. 5 3
ST®. F: oo =0 ,_~_£, ——+£/ —*+£I ——+£
2 2 26 26 2 2 14 14
Remark. We have the following
5 V3. . . 1\° o, 1 3\ ., 1
14 + ﬁ/ is the intersection between (X + 5) +Y > and (X + 8) + Y= o
7 V3. . . 1\, 1 3\ ., 1
~56 + %/ is the intersection between (X + 7) +Y°= 79 and (X + 8) +Y< = &
O V3. | 1\ ., 1 5\ o 1
1 + El is the intersection between (X + 9> + Y= 31 and <X + 24> + Y= 76"
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Figure 2.6 — A zoom in the fundamental region for [4(8).

11, V3 1)° 1 517 1
& + —\6€/ is the intersection between <X + 11) +Y? = o1 and (X + 24> +Y%= 75
13 /3 1)° 1 7\’ 1
36 + —gi is the intersection between (X + l3> +Y2%= 169 and (X + 48) +Y%= 304"

Below is a picture of the complete region.

TS

STS TST

Y

-1

Figure 2.7 — The fundamental region for the congruence subgroup o(8).

. . . . . 0 -1
Let us try to make this last picture a little bit more legible. We observe that ST> = ( ) represents

1 5
] 6 0 -1 ] 6 -1 0 )

(5:1),5T° = (1 6 > represents (3 :2) and ST®S = < 6 1) represents (2 : 1).

We can easily see that the matrix ST8S € [((8) sends ST° to ST 2 and ST® to ST 2. The two regions
ST=2.F and ST 3. F are still in the strip |[Re(7)| < 1/2 and they are the symmetric to ST2 and ST2 with
respect to the y-axis. Further, ST =2 (respectively ST ~2) still represents (3 : 2) (respectively (5 : 1)).
Concerning the last matrix ST®S, we observe that it could be sent to ST2S but the image of co after it
is 1/2. This is exactly 1 4+ (—1/2) and we would like not to have points which are connected by T in our
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fundamental region. Note that the new region should be conjugated to ST2S by a matrix in [o(4) Thus,
we could check for the matrices ST2S - T, ST2S - T~1 which corresponds to two adjacent regions. It turns
out that ST2ST ! is a good choice.

N[~

(a) The previous region (b) A second region
Figure 2.8 — Two fundamental regions for [(8).

We would like to point out that there exists an algorithm implemented in C that, given 0 < N < 50,
constructs the fundamental region for ['o(N) ([Ver2]). For [4(8), in particular, it gives the one in Figure
2.8(b); this is because the authors of [Ver2] intended to have all the regions as big as possible.

Some remarks on the fundamental domain for (2")

Given a region A- F, the algorithm in [Verl] (whose code is described in [Ver2]) consists in checking all the
adjacent regions AS - F, AT - F, AT - F, AST - F, AST~!.F. The diagram in Figure 2.9 is a graphic
representation of the general situation.

Now suppose we have already constructed the fundamental region for [4(2") and we want to find the
one for [o(2"). We also suppose that we started from Fr ) of Figure 2.7.

1

Lemma 2.11. The matrix M = ST?"S = (_2/7

g) sends all the points of Fr,ny in the strip |Re(T)| < 1.

Proof. This is the same kind of computation that we already did in Lemma 2.9 but we could also use a
different approach. All the regions of Fr 01y will be associated to matrices of the form /, S, (TS)?, ST*,
STKS with 0 < k < 21 — 2 (easy to see by induction). Now

ST?S.1=ST%S

ST*'S.5=5T”

ST?'S . (TS)?=5ST7%1

ST?S.STK=ST%"+k

ST?'S.STkS = ST?"tks

And with the use of Figures 2.6 and 2.9 we deduce that all the corresponding region are in the correct
strip. O]
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Figure 2.9 — Adjacent regions to A - F.

Remark. If the boundary of a region is of the form (X + %)2 + Y2 = L, then all the points on it are of

. . .. n+1 .
the form a4 /—a2 — 2—f/ and our matrix sent them to the upper semicircle of center % — 27 and radius

on+1 1

r2 r-

Lemma 2.12. The lower circular bound edge of the region ST has equation (X + Tlﬂ)Q +Y? = m

Proof. We carry on a simple computation

0 -1 1+ai -1 -2 _ 2(—2k—1+2ai) = —4k—2+4ai
1 k)\2  l4aitk  2k+142a 4Kk2+4k+1+4a>  4K? 44k +1+4a°
and now
16k* +-16k +4 8k +4 N 16a° 0
(4k2 + 4k + 1+ 4a2)°  r(4k> +4k+144a%)  (4k2+ 4k + 1+ 4a2)?
implies
16k> + 16k +4 + 16a° 8k +4
(4K? + 4k + 1+ 4a2)%  r(4k>+ 4k + 1+ 4a2)
4(4k* + 4k + 1+ 4a%) 8k +4 ., Bkt4
(4k2 + 4k + 1+ 4a2)%  r(4Kk? + 4k + 1+ 42°) o
from which 8k - 4
r= + =2k+1

Lemma 2.13. The bounds of the region ST?KS are the circles

2k—1 \? 1
o (X+—=——"—— ) +Y2=———_ on the left.
( (2k — 2)2k> ((2k — 2)2k)?
2k+1 \? 1 .
[ ] X—‘ri +Y2:7onthenht.
( 2k(2k + 2)) (2k(2k +2))° I

(X + 2K )2 +Y? !
[ ) =

(2k —1)(2k + 1) ((2k —1)(2k +1))?
Proof. The left side bound is the circles connecting the images of oo under the actions of the matrices

ST2k725 and ST2KS, i.e., the circle connecting — 525 and —5-. This has radius 3 (525 + 5 ) = m

1 1 __2k-1
and center —5 — Gk—1)2k — (k—2)2k"

above.

The same computation can be repeated for the right edge.
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Finally, the top bound is given by the circle connecting ST2"1S - 00 and ST?¢*1S . . O

We can now give a general description of the fundamental region of 'o(2"). This is composed by the
regions corresponding to /, S, (T'S)?,

STFfor1<k<2"—2
(all the triangles with vertex in 0 and lower radius le)ﬂ) and
ST?Sfor1< k<2 -1

(all the triangles with vertex in — ).

2.1.5 The cusps of Xy(N)
We recall that X(I') is the compactification of Y(I') and it is defined by considering the extended quotient
X(M) =NH" =Y UM (Qu{cc})

The points in I (Q U {oc}) are called the cusps of X(I).
Some good references are [CS2, §6.3], [DI, §9.1], [DS, §2.4, 3.8], [Man2, §2], [Miy, §1.7,1.8,4.2] and
[Shi, §1.3-1.6].

Proposition 2.14. For any congruence subgroup T of SLo(Z), the modular curve X(I') has finitely many
CUSPS.

Proof. One easily checks that the action of SL,(Z) on P(Q) is transitive and that the stabilizer of oo in

SL2(Z) is
1 b
StabSLZ(Z)(oo) = {:l: (O 1> be Z}

This shows that we have a bijection
SLo(Z)/Stabs,(z)(c0) — PH(Q)

Now we know that
Cusps(I") = M\P'(Q) = MN\SL»(Z)/Stabsy,(z)(0)

which says that there is a surjective map
M\SL2(Z) — Cusps(I')
and the set on the left is finite since
[(n) CT CSLy(Z) someneZ
and [SLo(Z) : T'(n)] is finite O
This proof has a very important consequence:

Corollary 2.15. The cusps of ' correspond to the orbit in the action of Stabg,(z)(c0) on M\SL>(Z).

In the case of I = H(N) we have already described these orbits in section 2.1.2 and we know that
representatives for them are of the form

{(a:b)

There is also another way of obtaining Corollary 2.15. The way we computed the genus of the modular
curve Xo(N) was by considering the map Xo(N) — X(1) which is a covering of surfaces. The cusps of
Xo(N) are therefore the preimages of the cusps of X (1) and

NZ

Z * Z
b|N, ais the lift of an element of ((bl\//b)Z) in — such that (a, b, N/b) = 1}

Lemma 2.16. The modular curve X(1) = SLo(Z)\H* has one cusp, namely oo.
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Proof. This is clear from the action of SL»(Z) on P1(Q) being transitive. O

Finally, by Proposition 1.33 we know that the preimage of oo is given by M\SL2(Z)/(T) and therefore
we obtain again the previous corollary. Note that there is another way of describing the cusps.

Proposition 2.17. Let s = (a: b) and s' = (a’ : b') be elements of PX(Q) with (a: b) = (a’ : b') = 1.
Then
Fo(N)s' =To(N)s < (ya : ') = (a+jc:yc)mod N

for some y,j € 7 with (y, N) = 1.
Proof. This is Proposition 3.8.3 in [DS]. O

From the discussion following the proposition in [DS, §3] one can obtain the same description of

Cusps([g(N)) and their number:
N
>e((+))
d|N

Cusps(Mo(N)) ={(a:2")|1<k<n-1,1<a<ji—1, (a2 =1} U{[0], 00}

Example. Let us take N = 2",

where
o e if 1< k<|[n/2]
K=o * i lnj2) <k <n

Example (Cusps for N = 2% = 16). We have the following

S}

0 21314|5(6|7|8]9/(10(11|12(13|14|15

S,

X
| X |8+
X
X
X
X | .
X
X
X
X
X
X
X
X
X
X

o|lo|~Nlo|jo|s|lw|v|~|o
O
O

—
o

[a—y
[y

[
N

—
w

—
~

—
o1

where 00, X, ®, ©, @, @ represent the 6 cusps and - represents an invalid choice of a and b.

Let now ¢ be a cusp for a congruence subgroup I'. We denote by s the representative in P1(Q) of the
corresponding -orbit. We denote by ys the matrix of SL,(Z) such that «ys - oo = s. Now for any y €

v € Stabr(s) <= v-s=s
= YYs 100 = Ys + OO
= 7 s 00 =00
<= 7, 117s € Stabs,(z)(00)
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Which says
Stabr(s) = I N ysStabs| ,z)(c0)ys *

Therefore, we obtain an injective map
Stab|—(5)\fysStab5L2(Z)(oo)'ys_1 — M\SLx(2Z)
which in turns gives us that Stabr(s) is of finite index in «ysStabs,(z)(c0)vs *. We define
He = 5 'Tys N Stabsy,(z)(c0)
and we know that H, is of finite index in Stabsy,z)(00).
Lemma 2.18. H. does not depend on the choice of s and «s.

Definition. Let ¢ be a cusp for " and let s be a representative for the corresponding -orbit in P*(Q). The
width of ¢ is

= [Stabsi,(z)(c0) : {£1} H,]

. _ _ -1 h _
We say that c is irregular if y-1Stabr(s)ys is generated by < 0 _1) for some h > 1 and regular otherwise.

Proposition 2.19. Let ¢ € Cusps (Io(N)) be represented by s = (a : b) € P1(Q) with (a, b) = 1, then the
width of ¢ for o = (N) is equal to
N N/b

he = (b2, N) (b, N/b)

Proof. Let us consider a cusp ¢ € Cusps(lo(N)) and a representative of its s = (a : b) € P}(Q). The
matrix s <b d) € SLy(Z) sends s to co.

We start by describing the stabilizer of s recalling that vs € SL>(Z) and therefore ad — bc = 1:

Stabr,(w)(s) = Fo(N) NysStabsy,z)(00)vs
(= 2o 7) (% 3) e
~ramnf= (3 5) (T ) [mez)

ad — mab — bc ma® — ac + ac
_FO(N)ﬂ{i (bdmb2bd mabbc+ad> mEZ}

1 — mab ma?
_FO(N)”{i( —mb? 1+mab> meZ}
1—mab  ma? B N
—{i< —mb? 1+mab) m=0mod (b2,N)}
where the last equality comes from the fact that b is a divisor of N and [q(N) consists of matrices having

a>,1 = 0 modulo N.
Conjugating again by 7y gives

H, = Stabsy,z)(c0) Ny; 'Stabryv)(s)7s

d -c

1—mab  ma? a c B N
_StabSLz(Z)(oo)ﬂ{:I: (—b 3 —mb? 1—|—mab> (b d) m =0 mod W}

d -—c

_ 2 2 _ 2 N
— Stabsy,z)(00) N a—ma’b+ ma*b ¢ mabc+mad) :0mod( N)}

I
{ < )(b mab? + mab?> d— mb?c+mabd) | " = (b2, N)
= Stabsi,(z)(o0) N {i (db aC) ( < gngzﬂ) m=0 mod (szlv)}
(% D)6 S [m=ome )

= StabSLz(Z)(oo) N b 2
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ad —bc cd+ mad —cd — mbc . N
= Stabsi,(z) (o) N {i (ab —ab —bc—mab+ ad + mab) m =0 mod 7o }

1 m N
= Stabs,z)(o0) N {:I: <0 1) m =0 mod ([)21\/)}

1o D)r=om g

and this concludes the proof. O

Remark. Observe that from the description of H. we can also infer that all cusps for I'o(/N) are regular.

Lemma 2.20. Let [ be a congruence subgroup, and let T be the image of I in PSLo(Z). Then

> he=[PSLy(z) : T| =[SLao(Z) : T]

ceCusps(l)

Remark. If [ is a normal congruence subgroup of SL,(Z), then v~y =T for all v € SL(Z). This implies
that all cusps of [ have the same width and either all are regular or all are irregular.

Example. We have seen that the cusps for [4(2") are

Cusps(Mo(N)) ={(a:2")[1<k<n-1,1<a<ji—1,(a2") =1} U{[0], 0}

where
v if 1 <k<|n/2]
K=Y 2mk i (nj2) <k <n
Their width is
b 21 )1 if 2k > n
MR 2k M) T \2n 2k ifok <
Observe that
n—1
Z he = Z hn,k : <P(Jk) + h[O] + hoo
c€Cusps(o(27)) k=1
[n/2]
Z o2k Z <p(2"*k)+2”+1
k=|n/2]+
[n/2]
— Z 2/( 1 2!7 2k+ Z 2n7k71+2n+1
k=|n/2]+1
[n/2]
= Zz” =y Z 2K 42" 41
k=|n/2]+1
n—2
—Zz” Fp2n+1=) 2K+2741
k=2 k=0
1— 21771
= (1 5 )+2”+1:2”—1—1+2”+1:2”+2"—1

=3.2"1 = [SLy(Z) : T
Example. Let us study the case N = 16.

sage: [GammaO(16).cusp_width(c) for c in GammaO(16) .cusps()]
(16, 1, 1, 4, 1, 1]

Remark. The width of a cusp described the number of elements in the orbits corresponding to the cusp.
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2.2 Defining equations of Xy(/N)

The modular curves Xo(N) have been studied for a long time since they provide a link between modular
functions and elliptic curves. They are well known to parametrize pairs (E, ) of elliptic curves together
with a cyclic isogeny of degree N and therefore their models encode much information and are of particular
interest. There is a whole family of cryptographic protocols based on isogenies between elliptic curves;
knowing how to compute isogenies linking a given elliptic curve to another one makes it easier to implement
these systems.

In general, plane equations for modular curves are obtained by looking at two functions on Xo(/N) with nice
properties and finding polynomial relations between them. These nice functions are called Modular functions.
The problem of determining equations of modular curves has been addressed by many mathematicians:
Galbraith [Gall] uses different techniques based on the use of canonical projective embeddings. A similar
approach was also used by Murabayashi [Mur] and Shimura [Shm]. Kohel [Koh2] used quaternion algebras to
produce weight 2 cusp forms. The use of the Dedekind n-function appears in [Ligl] and has been eventually
used by Enge and Schertz [ES], Yang [Yan2] and Kodrnja [Kod2]. Kodrnja [Kod1] also used embeddings in
projective spaces and modular forms to find plane models for Xo(N).

In this section we will try to give a complete background on modular functions and to show one way of
finding a concrete model for Xo(N).

2.2.1 Modular functions

We have a well defined Z-periodic holomorphic map g : H — D, from the upper half plane to the open
unitary disc, defined by

_ 2miT

Q(T) — e _ eZ‘rri(Re(‘r)JriIm(‘r))

= g2mIm(r) @2miRe(T) — @=2mIM(T) (cos(2rRe(T)) + i sin(2wRe(T)))
It bijectively maps each vertical strip [Sut3]

H,={reH|[n<Re(r)<n+1} to Do=D)\{0}

and
HE ={rcH|n<Re(t)<n+1, Im(1)>B} to e 28Dy,
.............. Do
n n+1
Figure 2.10 — The map g defines a bijection from H,, to Dy.
Indeed
lim g(t)=0 and lim q(1) = cos(2mRe(T)) + isin(2wRe(T)) = oD
Im(7)—+o00 Im(7)—0+

Thus, if f : H — C is a meromorphic function of period 1, i.e., such that f(7 4+ 1) = f(7) for any 7 € H
(we also say it is invariant under T), then it induces a map on the punctured disk such that

f(r)=1"(q(7))
Definition. The g-expansion (or g-series) of () is obtained by composing the Laurent series expansion of
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f* at 0 with g(7):

+o00 +o00
f(r)=F(a(m)= Y aa(n)"= Y aq"

For f* to be meromorphic at 0 we ask for the existence of a positive integer ng such that z=™f*(z) is
bounded near 0. In this case we write

+o00
f(r)= Z anq"  an #0
n=nop
and we call ng the order of f at 0. Further, we say that f is meromorphic at oo if * is meromorphic at 0.

Definition. Let f be a meromorphic function f : HH — C which is -invariant for some congruence subgroup
. The function f(7) is said to be meromorphic at the cusps if f(«y - T) is meromorphic at oo for every
v e SLQ(Z)

To check whether f is meromorphic at the cusps we need to consider a set of coset representatives
o ¥, of T\SL>(Z) (which will be finite since the index of I in SLy(Z) is finite) and check the mero-
morphicity of f at yjoo, i=1...,n.

Remark. A [-invariant meromorphic function f satisfies

lim f(fyT):I lim f(r) V~yel

Im(T)—00 m(7)—

Hence, if f is meromorphic at the cusps, it determines a meromorphic function g : X — C on the modular
curve Xr = I/H*.

Definition. A modular function f for a congruence subgroup I' is a complex valued function defined on the
upper half plane such that

a. f (1) is meromorphic on H;
b. f(7) is invariant under I, i.e., f(y- 1) = f(7) for all 7 € H and every «y € T;
c. f(7) is meromorphic at the cusps.

Remark. Constant functions are modular functions for every congruence subgroup. Sums and products of
modular functions for [ are also modular functions for the same congruence subgroup . Thus, the set of
modular functions for I is a field, denoted C(I'). This is a transcendental extension of C.

Theorem 2.21. C(I') ~ C(Xr), the function field of Xr as an algebraic curve over C.

Remark. If f is a modular function for a congruence subgroup I, it is a modular function for every congruence
subgroup " C I'. This yields
c(r) cc((m

and the corresponding inclusion of function fields C(Xr) € C(Xr) induces a morphism of algebraic curves

Xrl — Xr
Modular functions for (1)
Proposition 2.22. The j-function
~ 1728g,(7)?
./(T) - A(T)
is a modular function for (1) = SL,(Z).
Proof. See [Cox, IIl.11.A]. O

Remark. All the cusps are SL,(Z)-equivalent. Thus, showing that j(7) is meromorphic at the cusps reduces
to proving that it is meromorphic at oo.
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Lemma 2.23 ([Cox, Th. 111.11.8]). The j-function is a modular function for I'(1) with a simple pole at
infinity. Its g-expansion is

+o0
1 1
J(q) = 6+744+196884q—|—...= 5+Za,7q” an €L
n=0

The j function defines a holomorphic bijection j : Y(1) = I'(1)/H — C [Lan2, Th. 3.3.4] and extends
to an isomorphism X (1) — P(C) ~ S& which is holomorphic everywhere but at co where it has a simple
pole. This can be done easily by setting j(co) = oo; indeed it can be proved that | (Iign J(1) = 0.

m(7)—0o0
Lemma 2.24. Every holomorphic modular function for (1) = SLx(Z) is a polynomial in j(T).
Theorem 2.25. Every modular function for ' (1) = SL,(Z) is a rational function in j(T), i.e., C(['(1)) = C()).
Proof. See [Apo, §2.6]. O

We conclude (following Theorem 2.21) that the function field of the modular curve X(1) is C(j). A

discussion about this can be found in [DS, §3.2].

Modular functions for (/)

We describe the function field of the modular curve Xo(N). First we note that

Theorem 2.26. The function jn(T) = j(NT) is a modular function for [o(N).
More importantly, we obtain the following theorem [DS, Proposition 7.5.1]

Theorem 2.27. The field of modular functions for the congruence subgroup To(N) is an extension of C(j)
of degree n = [SLo(Z) : To(N)] generated by jn(T).

Theorem 2.28 ([DS, §7.7]). The modular curve Xo(N) is defined over Q and its function field over Q is
QU Jn)-

In proving Theorem 2.27, we come across the minimal polynomial of jy over C(j); this is

m

O (j(7),y) = [ [(x = i(Nvi7T))

i=i
for {m1,..., Ym} a set of representatives of right cosets of (/) in ['(1). Since polynomials in J(N~;T) are
holomorphic rational functions in j(T), they are polynomials in j (Lemma 2.24) meaning that ®n(i(T),y) €
Clj, y]. Substituting j(7) with the variable x we obtain ®n(x,y) € C[x, y].
2.2.2 The modular polynomial

Definition. ®y(x, y) is called the classical modular polynomial of degree N. The equation ®y(x,y) =0 is
called the classical modular equation.

Theorem 2.29 (Properties of the classical modular polynomial). Let N be a positive integer.
(1) on(x.y) € Zlx, y];

(2) dwn(x,y) is symmetric in x and y when N > 1, i.e., Pn(x,y) = Pn(y, x),

(3) ®n(x,y) is irreducible as a polynomial in x (or y);

(4) if N is not a perfect square, then ®n(x,y) is a polynomial of degree greater than 1 whose leading
coefficient is 1;

(5) (Kronecker congruence relation) if p is a prime, then ®n(x,y) = (xP — y)(x — y?) mod p.
Proof. See [Cox, §11.C] and [Lan2, §5.2]. O

Theorem 2.30. The classical modular equation ®n(x,y) = 0 is a model for the curve Xo(N).
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Proof. See [Miln, §V.2]. O

Modular Polynomials play an essential role when dealing with elliptic curve isogenies. The reason why
they are so important is enclosed in the following theorem:

Theorem 2.31. Let Eq and E1 be two elliptic curves over a field k. There exists an isogeny Eq — Eq,
possibly defined over some extension of k, with cyclic kernel of degree N if and only if the j-invariant jo of
Eq is a root of

P (x, 1) =0

The modular polynomial defines a correspondence in X(1) x X(1). The curve in X(1) x X(1) cut out
by ®n(x,y) is a singular image of the modular curve Xo(N) parametrizing pairs (E, ¢) of an elliptic curve
and a cyclic isogeny of degree N with domain E. Controlling modular polynomials gives an easy way to
find isogenies between elliptic curves. Therefore they have been intensively used in cryptography and Elliptic
curve based cryptosystems. The drawback is that they are not very handy. As the degree N grows, the size
of the coefficients of the polynomial @y increases dramatically. This motivates us to look for a different
approach to the problem of finding models for Xo(N).

Examples

To give an idea of how fast the coefficients of modular polynomials explode we write here few examples for
very small degree.

Do(x,y) = x> —x%-y? +1488-x% -y — 162000 - x> + 1488 - x - y? + 40773375 - x - y+
+ 8748000000 - x + y* — 162000 - y2 + 8748000000 - y — 157464000000000

D3(x,y) =x* = x3 - y3 42232 x3. % — 1069956 - x> - y 4 36864000 - x> + 2232 - x% - 34+
+ 2587918086 - x> - y? + 8900222976000 - x> - y + 452984832000000 - x> — 1069956 - x - y°+
4 8900222976000 - x - y? — 770845966336000000 - x - y 4+ 1855425871872000000000 - X+
+ y* 436864000 - y° + 452984832000000 - y? 4 1855425871872000000000 - y

and ®s(x, y) has 38 monomials
ds(x,y) = x° + ...+ 141359947154721358697753474691071362751004672000

A database of modular polynomials up to degree 300 can be found at [Sut2]. For a precise analysis of the
growth of these coefficients one could refer to [BS2].

2.2.3 Dedekind eta function

We define the Dedekind eta-function as the infinite product

+o0o
n(r)=q [[(1-q" g=e""
n=1
The product converges normally for g in the unit disc and from section 2.2.1 we know that this is equivalent
to 7 € H. This implies that 0 is a holomorphic function on H.
The eta-function is one of the best known and most studied modular functions. Thanks to Euler's
identity we know how to find its series expansion:

n(T) = i (1”2> g%

12
n

where (12) denotes the Legendre-Kronecker symbol of quadratic reciprocity.
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One of the reasons the Dedekind Eta-function is so attractive comes from the fact that raising it to the
24th_power gives the Weierstrass modular discriminant [Kil, §5.2]:

A(T) = n(T)*

which is a modular form of weight 12. The latter is a remarkable function, having the properties that A(T)
is precisely the discriminant of the elliptic curve E; in the Weierstrass form, it is non-vanishing on H, it has
a simple zero at the cusps and it is related to the j-function:

=50 o gy )—1+240+ZOo (Ng"  as(n =Y
INT) = A(T) or 4(q) = n=103 q 03 fd‘n

Further discussions on the relations with important quantities in number theory can be found in [Kno, §3.1-2].
We are interested in the transformation properties of the m-function. This will enable us to study its
behavior at the cusps of Xg(N). We find

Theorem 2.32. The Dedekind m-function satisfies the following transformation properties:
i 1 .
n(t+1) =enn(r) forand n (—T> = Vit n(T)

where we consider the principal branch of the square root.

Proof. See [Koh, §1.3] and [CS2, Theorem 5.8.1]. O

Note that the two transformations showed are the special ones. We already know that the two matrices

1 1 0 1
T = (O 1) and S= (_1 O)
generates the modular group. From n(T - 7) = e™/?n(1) and n(S - ) = €™/4(2)¥/?n(1), it follows that,
in general, the m-function must satisfy

n(y - T) = vy() (T + d)/* n(7)

for any matrix v € SLo(Z).
The map associating v — v, () is called a multiplier system for 7. A remarkable observation is that both
vn(T) and v, (S) are 24" roots of unity meaning that vy, (7) is a 24" root of unity for any 7.

Theorem 2.33. Lety = (i 2) € SLo(Z), the multiplier system of the m-function is given by
d omi
(|C|) exp (27;, ((a+d—3)c—bd(c2—1))) if ¢ is odd
vn(Y) = d oi
e(c, d) (|c|) exp (24 ((a—2d)c—bd(c®> —1) +3d — 3)) if ¢ is even

where e(c,d) = —1ifc <0 and d <0 and e(c,d) =1 otherwise.

Proof. It was first proved by Rademacher in 1931 (see chapter 9 of his book [Rad]) and then by Petersson
in 1954. Other proofs can be found in [CS2, Theorem 5.8.1], [Kno, §4.1] and [Apo, §3.4]. O

2.2.4 Eta products and eta quotients

An m-product is an expression of the form
f(r) = [ [ n(mm) =[] (@™
m m
where m runs over a finite set of positive integers and the exponents a,, € Z.
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Sometimes we might see the notation

f(r) = [T n(mr)>

m|N

where the index runs over the set of positive divisors of N, which is called the level of the n-product. Passing
from one to the other is easy since the set of integers in the index is finite and we can therefore consider
N as the lowest common multiple (of course we might need some exponents to be 0 as we might introduce
new divisors).

The transformation properties of an n-product are of course strictly related to the ones for the n-function.

Fly-7) = ve(y)(eT + d)°f(7)

fora=1% am.
For the sake of completeness we refer to [Koh, §2.1] and [CS2, Th. 5.9.2] for the computation of v¢(7y):

o1l D)

In general, we will not be interested in the exact value of ve(y) but in one special case: v = T. We have
2mi .
already seen that n(7 + 1) = e n(T) meaning

F(r+1) = [[ n(m(r + 1)) =[] eF ™ n(mr) = eZow =5 T n(mr)
m|N m|N m|N

and now we infer )
_ A2mis E _ _
ve(T)=¢e where =54 EIN man (s, t)=1
m

It turns out that s/t is the order of f at the cusp oco. We will prove the general statement (that can be
found in [K&h, §2.3] or [CS2, §5.9]).

Theorem 2.34. Let 0y, (1) = n(mT) with m € Z>o, and let ¢ = 2 € Q be a reduced fraction with ¢ # 0.

a
Cc
We choose b and d such that the matrix v = (i Z) is in SLo(Z). Then

(a) the expansion of n,, at the cusp ¢ is

1 +oo
2 12 il
Nm(AT) = l/n(L) [% (cT + d)} ’ E (n) e224m(gzz+ag)

n=1

where g = gcd(c, m), « € Z and L = (Z y> € SLo(Z) for x = 72— and u =

c
v gcd(c,m) gcd(c,m) *

(b) The order of n,, at the cusp ¢ is

L 2
ord¢(nm) = >am gcd(c, m)
Proof. We know 1, (1) = n(mT) from which

Nm(YT) =n(my7) =n(YmT)  where vy, = (nla ":jb> with  det(ym) = m

Observe that v-00 = 2 = ¢ which implies that the expansion of n,,(7) at the cusp ¢ is given by the expansion

of nm(y7) at co. Hence, we look for a matrix L € SLy(Z) such that L~17y,, has the lower left entry equal

to 0.
. (x y> [ -1 ( v —y>
u v —u X
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[y (v oY) (ma mb\ (vma—yc vmb-—yd
Tm=\_uy «x c d) \xc—mau xd-— mub
we impose xc — mau = 0 and we choose x = ﬁfm) and u = chm) further, we set g = gcd(m, a).

Since we want L € SLy(Z), we compute its discriminant:

mav._ ¢y
gcd(c, m)  ged(c, m)

L1y = vma—yc vmb—yd _(9 «
m xc —mau xd — mub 0 m/g

for a = mbv — yd € Z. Now

l=xv—uy= — mav—cy=g

We conclude

Nen(¥T) = 1Y T) = N(LL™ ) = 1y (L) [u(L 4y 7) + V] ? (L yy7) =

_ 1
gT + } 2 (gT + a>
=vp(L) |u +v| n =
B g m/g
1
[T+ < 2 (¢*T+ga
= Y| ——— 9 Z - 77 =
I/"]( ) I m/g + V:| n ( m )
ca+mv=mbvc—ycd+mv=
- ca my % 2T+ o =mv(1l+4+bc)—yca=mvad—ycd=
= uy(L) g <CT +—+ )] 7 (g J ) = =dmva—yc)=dg
| m g g m
1 2
g 2 g°T + go
() [Ser+ ] (1202
1 Foo
_ g 2 12 20 (211 ag)
=vp(L) [m(CT—i— d)} Z ( - > e24
n=1
This proves the first assertion. Now the first non-vanishing term in (c7 + d)~'/2 - m,,(y7) is a multiple of
3%927 = q%
proving point (b). O

Corollary 2.35. Let f(T) be an eta product, and let ¢ = 2 € Q, gcd(a, ¢) = 1. Then the order of f at the
cusp ¢ Is

1 gcd(c, m)?
ord.(f) = ﬂzi(m ) am
m|N

Corollary 2.36. An m-product (1) is holomorphic at ¢ = 2 if and only if the above sum is non-negative,

C
and it vanishes at ¢ if and only if the sum is positive.
Definition. An eta product which is holomorphic at all cusps is called a holomorphic eta product.

We are now interested in knowing when an m-product is a modular function. To handle this problem we

have an essential tool. This criterion has been introduced by Newman in [New2] and then generalized by
Ligozat in [Lig1].
First of all we note that we have a leading term q?l4 in the expansion of the n-function and we need to
kill it in order to have a function on Xg(N). If we multiply all these terms together we get g2 which
will motivate point (ii) of the criterion. We note that this is also the request of the meromorphicity at oo.
Property (i) comes from the fact that we need f(7) to be invariant under I'o(N) and therefore we need its
weight to be O (the exponent of (cT + d) in the transformation formula of f). Finally, the study of v¢(7y)
completes the criterion.

Theorem 2.37 (Ligozat-Newman Criterion). An m-product is a modular function for To(N) if and only if
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(i) > am=0; (i) > ﬂam =0 mod 24,
m|N m|N m

(i) man =0 mod 24, : N o 2
2 @ II (5) e

Corollary 2.38.A ([Ligozat-Newman Criterion for N = 2"). Anmn-product f(7) = [} _, n(257)% is a weight
0 modular form (a modular function) of level 2" if and only if

(i) D a=0 (i) Y 2" an =0 mod 24,
0<k<n 0<k<n

(i) > 2a =0 mod 24; (iv) [ 20"9*ecq?
0<k<n 0<k<n

Note that

n n
Q2> JJ 209 = 2Xkeo ) s N " a(n—k)=0 mod2 <= > kay=0 mod 2
m|N k=0 k=0

the last equivalence keeping into account property (i).

Corollary 2.38.B ([Ligozat-Newman Criterion for N = 2"). An n-product f(7) = [[}_,n(257)%* is a weight
0 modular form (a modular function) of level 2" if and only if

(i) D a=0 (i) Y 2"*a =0 mod 24,
0<k<n 0<k<n

(i) ) 22 =0 mod 24, (iv) D ka,=0 mod 2.
0<k<n 0<k<n

Observe that if (1) is a modular function for I'o(N) and since the width of the cusp ¢ = 2 on 4(N) is
he = % (Proposition 2.19), then the order of vanishing of f at ¢ is given by

N (c, m)?
24¢c(N/c, c) % mom

There are many interesting questions that can be asked about eta-functions and eta-products. We refer
to [CS2, §5.9] for some theorems providing a sort of classification for interesting n-products.
Another useful fact about n-functions is the following:

Theorem 2.39 ([Ono, Th. 1.67]). Every modular form on SL,(Z) may be expressed as a rational function
in n(T), m2(7) and na(T).

In the remaining part of the section we will present some trivial lemmas on greatest common divisors
that will enable us to better understand the behavior of the eta-products.
We define a matrix A(N) = (ac,m)c,m encoding the data of an n-product f(7) = [,y nm(7)" by

7 N (c, m)?
Gtem = c(Nfe,c)  m

where the divisors ¢ and m of N are taken in the natural order 1 to N: for the cusps we go from 0
(representing cusps e/1) to oo (representing cusps ¢/N) while for the m-function we go naturally from 1 to
N. In the same spirit we define the column vector X by X = (a,,). Thus, the study of eta-products reduced

to the study of the system
A(N) - X

together with the conditions (i)-(iv) of Theorem 2.37.

Remark. The columns of the matrix correspond to a fixed n-function 7, while the rows correspond to the
]

cusps. The entry ac n, corresponds to the order of the function 7, at the cusps 2 (multiplied by 24 for
simplicity).
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Example. For N = 8 we have the following orders of n-functions at each cusp:

| n(7) | m2(7) | ma(T) | me(7)
0 | 1/3 | 1/48 | 1/12 | 1/24
o/2 | 1/12 | 1/6 | 1/12 | 1/24
o/4 | 1/24 | 1/12 | 1/6 | 1/12
oo | 1/24 | 1/12 | 1/6 | 1/3

and therefore the matrix A(8) is

8 4 2 1
2 4 2 1
A =11 2 4 2
12 4 8
Lemma 2.40. /f S9N’ ¢ 7 then
N
1

cgcd(c, N/c) -

This implies that, if the order of vanishing of f at oo (corresponding to the last row) as a function on
the upper half plane is an integer, then f has the same order of vanishing at oo as a function on Xp(N). In
other words (as we already know) the width of oo is 1.

Proof. gcd(N, ¢)?/N € Z means that c2/N € Z. Hence N | c? and therefore N/c | ¢ meaning gcd(c, N/c) =
N/c from which

N _ N _1
cgcd(c,N/c) cN/c
O
Lemma 2.41. We have gcd(m, )2 N
m’ " cged(c, N/c) €z

This implies that the order of vanishing of our eta-products are integers, i.e., A(N) has integral entries.
Proof. Since N, ¢ and m are all integers we will suppose that their prime factorization is
N =pips ... pg c=pips .. pi m=p{pg ... pY
Note that both ¢ and m are divisors of N meaning that the primes involved are the same and for any
0<yg;,fi<e and e >0

gcd(m, ¢)? N
m cgcd(c, N/c

k
_ H peit? min(g;.f)—gi—fi—min(gi.e;—gi)
1
=

Looking at the gcd's, we divide the problem in 4 cases. Depending on the situation the exponent of p; is
shown in the following table

gi < e —Ji gi > e —Ji
fi>g e+29i—gi—fi—g= e+2gi—gi—fi—e+g =
o =e—fi20 =20~ > e—fz0
< & +2fi—g—1fi—g = e+2fi—gi—fi—e+g=
fi < gi =e+fi—-2g; > 0 —f>0
€>29; =
In any case the exponent is bigger than or equal to 0. O]
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An interesting property of the matrix A(N) is that if we multiply each row by gcd(c, N/c) (which is
equivalent to multiplying the order of vanishing of the n,'s by % instead of the width of the cusps) the
resulting matrix is symmetric and we will denote it Asym(N).

In some applications, as studying holomorphic modular functions, this matrix might be of better use; if we
need to solve the system A(N)-X > 0, then multiplying the rows by some integer does not affect the result.

2.2.5 Maps on Xy(N)

In this section we describe some important maps defined on modular curves. The main references will be
[Mcm1], [Gall] and [EIk1] (for the three paragraphs respectively).

Maps between modular curves

The first thing we can study is how to relate one modular curve to another. In Section 1.3.3, we have used
the fact that there is a canonical map Xo(N) — X(1) for any N. In the following we describe this morphism
in more details and we generalize it.
It is clear that, if M divides N, then 'o(/N) is a subgroup of 'g(M) and, therefore, we have a straightforward
map on the quotients

Fo(N)\H — To(M)\H

given by I'o(N)z — 'o(M)z sending the Mg(N)-class of z to its [g(M)-class. This map is usually indicated
as 7y and it is called forgetful map.

Definition. In this situation, we say that Xo(/N) lies above Xo(M).

The map 7 is a rational map between two modular curves. As we have seen in Section 1.1.2, every
point on Xo(M) but a finite number, has a fixed number n of points lying over it on Xo(N). The number n
is the degree of the map and, thanks to [DS, §3.1], we know that

degmy = [[o(M) : To(N)]

We also know that at each of the exceptional points over which there are less than n points, the sum of the
multiplicities of the points lying above it must be n in any case. This extra multiplicity known as ramification
can occur only at the cusps 1.1.2. More in general:

Definition. Let M, N and d be positive integers such that Md | N. Then we define the moduli-theoretic
map g : Xo(N) = Xo(M) by
mq (E, C) = (E/C[d], C[Md]/C][d])

This is a moduli-theoretic map since points on the modular curve Xo(N) are represented as pairs of an
elliptic curve together with some extra (N-level) structure which comes in the form of a cyclic subgroup of
order N.

Notation. C[d] represents the d-torsion part of C.

Ty is the same map we have defined at the beginning of the section: the forgetful map. The name
comes from the fact that it leaves £ unchanged and it simply discards (or forgets) some level structure.

Example. Suppose N = pg for p and g two different primes. We get the following situation:
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Atkin-Lehner involutions

In 1970 Atkin and Lehner introduced some important operators on o(N) [AL]. Another reference will be
[Lan3, Ch. VIII].

Definition. Suppose £ is a prime dividing N and let e be an integer such that £¢ || N, i.e., £ | N and
(€2, N/£°) = 1. We can choose a, b, ¢, d € Z such that £°ad — (N/£¢)bc = 1 and we define

e
We = % (fvi eebd)
W is called Atkin-Lehner involution for ['o(N). It is clearly a matrix in SLo(R).
We have some straightforward properties of W;:
Lemma 2.42. The following are true:
(a) W7 =1 mod o(N) (this is why we talk of an involution).
(b) W, normalizes To(N), i.e., Welo(N)W, * = o(N).
(c) WeWr = WeW,p mod To(N).

Note that there might be many different choices for Wj. For instance, we can always take d = 1 or (¢ > 0):

1 [eed v
We = / e
Viee \Nc" ¢
In general, we do not fix a canonical choice since any two of them are equivalent up to g(N)-
multiplication .

Lemma 2.43 ([AL, Lem. 8]). For any two choices W, and W, we have
Wel o(N)W, = To(N)

For any composite number n | N we define

W= [[ W
Ln
£ prime

Remark. If nis a Hall-divisor of N (meaning that n || N), then W, has the same form of Wy.

Remark. The definition of W, only depends on the primes dividing n. This implies that there are many
different divisors n of N giving the same involution W, for example, if N = 23325 then W = Wi» = Wig =
Wos = Wse = Wro.

The only case in which we fix a canonical representation for the Atkin-Lehner involution is for n = N. In

this case we set
1 0 -1
= (v o)

By Lemma 2.42.(b), we know that W, normalizes 'o(/N). This implies that W, defines an involution on the
modular curve Xo(N): if 71, 7o € H* are ['o(N)-equivalent, then there exists v € ['g(N) such that 71 = y7».
Then WyW,t =v' € To(N) and, thus, W,71 = W,yT> = v'W,T> which says that also W,T; and W,T»
are [o(N)-equivalent.

Definition. \We obtain an involution on Xo(N), which is still called Atkin-Lehner involution. We will indicate
it by w,. Clearly w? acts as the identity on the modular curve.

We will conclude this paragraph with few consideration about the quotient Xo(N)/w,. We observe that
this quotient corresponds to the action of the group G = I'o(N) UW,[o(N) on the upper half plane:

X§P(N) = Xo(N) /wn = G\HI*
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from which we deduce that X(()")(N) is a Riemann surface. Since W, is an involution, we have [G : [o(N)] =2
and then we get a map
¢N,n . XO(N) — XO(N)/wn

which is a degree 2 meromorphic map ramified at those I'g(/N)-orbits which are fixed by w, and mapping

cusps to cusps.

Notation. If n = N we write Xg (N) = Xo(N)/wn.

Towers of modular curves

Let n be a positive integer, £ a prime number and K a field of characteristic different from £. The modular
curve Xo(£")/K parametrizes sequences of £-isogenies of length N, i.e., a point on it represents an elliptic
curve together with a cyclic £"-isogeny (or, equivalently, a sequence of £-isogenies) starting from it :

Eoc—-Ei—~>E—...—» ... E,.1— E,

with the property that E;,_; — Ej,1 is a cyclic £2-isogeny for any 1 </ < n—1 (i.e., it is not a cycle). Now,
for each k=0, ..., n we obtain n+ 1 — k maps

i Xo(€") — Xo(£%)  ie{1.e,..., 0k

that extract subsequences of length k from the isogeny chain £; — ... — E,41, i.e., they return the cyclic
£k-isogeny Es — ... — Es,x where s = log,(/). Each of these maps are of the form 7y we have described
at the beginning of this section where the index corresponds to the divisor of £”. This means that any of
these maps has degree £~ unless k = 0 in which case it has degree £"~1(£+ 1). Thus, we obtain a tower:

Xo(£")
Q!
l
Xo(£"1)

U§!

T

Xo(£?)

!
Xo(£Y)
T
i
X(1)

Each curve Xo(£%) has an Atkin-Lehner involution w, which takes a cyclic £%-isogeny to its dual, i.e., it
reverses the sequence.
Lemma 2.44. For any n > m we have

(m) (n)

(JJZ o 7‘(‘21 == WEn—m—i o wz

meaning that the following diagram commutes:

wé")
Xo(£") Xo(£")
Tyi Jv O l'ﬂ'@nm/
Xo(£™) Xo(£™)

Wy

In [Elklg, Elkies observes that knowing the equations for Xo(£) and Xo(#£?) together with the involutions

wél) and wez) and the map 1 : Xo(£?) — Xo(£) suffices to make the whole tower explicit. In general, the
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explicit form of the Atkin Lehner involution can be deduced using compatibility relations similar to the one
of Lemma 2.44. Note that in the easiest case Xo(p) — X(1) for a prime p, they reduce to m; o w, = mp.

Wp Wp
TN
Xo(p) E—F F—E
o) Tp o) T, M Tp
X(1) E F F E

2.2.6 Signature of X; (N)

We have already introduced the notation
Xy (N) = Xo(N)/wn
describing a modular curve with the following interpretation

Proposition 2.45 ([Gal3, Prop. 1]). A non-cusp rational point on X (N) corresponds to a pair {¢ : E —
F:F—E}

More in general, we define the group
Fo(N) = (Fo(N) U{Wn } i)

Lemma 2.43 tells us that '§(N) normalizes Mo(N).

Lemma 2.46 ([AL, Lemma 9]). The group W(N) = T§(N)/To(N) is abelian of type (2,2, ..., 2) with order
2¢(n) where w(n) represents the number of distinct prime divisors of N.

Remark. In particular, this lemma tells us that the degree of the quotient map Xo(N) — Xg(N) is 2¢(V).

We note XZ(N) = Xo(N)/W(N) = [§(N)\H* and we observe that, for N = p", X3(p") = X (p").

In general, the action of the Atkin-Lehner involution wy; on Xo(N) (or of Wy, on [o(N)\H*) is given by
the modular description
(E.C) — (E/CIM], (C + E[M])/C[M])

Let us now focus on the modular tower {Xo(p")}; note that we can always define the degeneracy
morphism induced by z — pz on the upper half plane:
Tp = Tpr p2 - Xo(pF) — Xo(p*2)
(E.C) — (E/p*"'C,pC mod p) = (E/Clp], C[p*"*1/Clp])
This induces a degeneracy morphism
X3 (p*) — Xg (P“7?)
SINCe Ty © Wpk = Wpk-2 O Mp.

The degeneracy morphism shows that in many situations one could study only the cases p? and p3 to
recover information on the whole tower {Xg (p")}.
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Tp Xo(p®)
™
RN
Mp, -~ Xo(p*)
L m Xq (p°)
a V3 P 2\/
/ Xo(p?)
o Xq(p*)
> p 2\/ /
XO(DQ) /l

X(1)

The goal for the rest of this section is to give a brief description of the cusps of XO+(N) and to give a
formula for its genus.

Lemma 2.47. If N is square-free, then X§(N)\ Y5 (N) consists of a single cusp.

The number of cusps of Xo(N) is given by >,y ¢((d, N/d)) (see §2.1.5). If N is square-free, we can
write N = pipo...pr with p; # p; for i # j. This means that all the divisors of N are given by all the
k-combinations of the p;'s for k € {0, ..., t} (the O-combination corresponds to 1). Thus, N has

() -

divisors. Further, for each divisor d of N, (d, N/d) = 1 since any prime divisor appears only one time in the
factorization. Thus, ¢((d, N/d)) = 1 for any divisor d of N. In conclusion, Xo(N) has number of cusps

> o((d, N/d)) =Y 1 =#{divisors of N} = (f) =2t

dIN dIN i=0

On the other hand, the map Xo(N) — X (N) has degree 2#(V) = 2t
The Lemma follows if we consider that none of the cusps of Xo(N) are fixed by any of the Atkin-Lehner
involutions:

Lemma 2.48 (Ogg). Let N = N'N" be an integer such that (N', N") = 1. Wy has no fixed point at cusps
(given N' > 1), except for the case N' = 4.

In particular, for N square-free, there is no fixed cusp. Since points on Xo(N) are ramified only if they
are fixed by some Atkin-Lehner involution, we conclude that there must be only one cusp on XJ(N).
Figure 2.11 represents the ramification diagram of the map 7 : Xg (p*) — X7 (p?) for p # 2. As we can see
there is no fixed cusp in the two quotient maps ¢o.2 : Xo(p?) = X¢ (p?) and ¢4 - Xo(p*) — XS (p*). The
curve Xo(p?) has S22 _o@((p¥, p>¥)) =14+ (p—1)+1=p+1cusps: 0; coand i/p foric{1,..., p—1}
(circled in blue). Going up in the tower {Xo(p*)} via the map 7, : Xo(p®) — Xo(p?), we see that 0 splits
and has p cusps above: 0 and i/p for i€ {1,..., p — 1} while oo ramifies. Each i/p € Xq(p?) also ramifies;
above i/p we have i/p?.

The next step is given by the map m; : Xo(p*) — Xo(p®). The situation switches: 0 and all the cusps i/p
ramifies while oo splits; above oo we find oo and i/p3 for i € {1, ..., p — 1}. Finally, above each cusp i/p?
of Xo(p®) we find p cusps j/p? for j € (Z/p?Z)" with j =i mod p. The map ¢, is a degree 2 map which
identifies 0 and oo and all the pairs x/p and —x~1/p. In particular, this means that X (p?) has (p+1)/2
Cusps.

On X (p*), instead, the Atkin-Lehner involution identifies 0 and oo, x/p and —x~1/p* and x/p? with
—x~1/p?. This tells us that there are 1+ (p— 1) 4+ p(p — 1)/2 = p(p + 1)/2 cusps on X, (p*).

Remark. We observe that we could also obtain 7 = 7, o 7y instead of m; o 7.
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i —
FRAR P = 1\ {kp}pT]

Each box contains i's which are congruent modulo p

-

Figure 2.11 — An example of the ramification diagrams for Atkin-Lehner quotients.

Remark. The same diagram can be constructed for odd powers of p.
Remark. The case p =2 is a special one since we have seen that Xo(4) — X (4) has a ramified cusp.

We conclude this section with a formula for computing the genus of Atkin-Lehner quotients. By Riemann-
Hurwitz Formula 1.31 we know that

g(Xo(N)) = (2 —2d + 2dg(X (V) + 3 (e - 1))

PeR

where d is the degree of the surjective map 7 : Xo(N) — X (N) and R is the set of its critical points. In
our case d = 2 and R = {fixed points of wy}. Further, since the degree of the map is 2, the ramification
points have all ramification degree 2.

g(Xg (N)) = % (29(Xo(N)) + 2 — #{fixed points of wy})

which yields

_ g(Xo(N)) +1  ##{fixed points of wy}

9(X3 (V) A ;

Remark. We note that the same formula remains valid for any involution wy, for M || N.
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Remark. For X5(N) = Xo(N)/W(N) the formula becomes

gXo(M)+1 1
Jw(n)—1 2w(n)

9(Xs(N)) = Z #{fixed points of wy}

1<d||N
For simplicity we denote v(N, d) = #{points on Xo(N) by wqg}.

It remains to compute the number of fixed points of Atkin-Lehner involutions. We are mainly interested
in the case X (N), i.e., d = N.

Theorem 2.49 (Fricke). For N > 5,

h(—4N fN#-1 d4
y(N, ) = 4 14N) TN # =1 mo

h(=4N)+ h(—=N) ifN=-1 mod 4
Remark. We refer to [Klu] and [Ken] for the explicit formula in the general case. One could also look at the
tables in [BT] for explicit numerical examples. Finally, in [Mor, Prop. 2.3] we find an equivalent description
in the case N = 4.

Corollary 2.50. We have gt (p) =0 for p <31 or p € {41,47,59,71}.

Gonzalez and Lario propose an exhaustive list of integers N (not necessarily prime) for which X§(N) is
of genus 0 and 1 [GL, Prop. 3.1/2]. For genus 2 Atkin-Lehner quotients we refer to [Has2, Rem. 1] and
[Hasl].

2.2.7 Equations for Xy(N)

A model for a modular curve is a scheme together with an isomorphism from its generic fiber (a C-valued
points) to a classical modular curve over C. For this section we mainly follow [Liu] and [Har] for generalities
on models of algebraic curves and [Mcm1] and [Yan2] with regards to models for modular curves specifically.
For arithmetic purposes and in view of explicit computations we need something more explicit. For this
reason we embed this scheme into some projective space. This will enable us to exploit explicit calculations
in terms of coordinate functions. We have seen in 1.1.3 that this can be done by choosing global sections
of some invertible sheaf of the curve. This gives explicit immersions of our curve in the projective space.
In [Gall] Galbraith used the canonical morphism which, as we have seen, comes from the invertible sheaf
of holomorphic differentials. This is an injective morphism X — P91 defined by P — [wo(P) : ... :
wog — 1(P)] for a basis {w,-},g;1 of the canonical line bundle Q}. If X is a modular curve for I, then this
map turns out to be equivalent to 7 — [fo(7) : ... : fy_1(7)] for a basis {f,-}f’;ol of the space S,(I") of cusp
forms of weight 2 on I". In other words the sheaf of holomorphic differentials is equivalent to the sheaf of
cusp forms of weight 2 [Shi, Cor. 2.17]. To get a system of defining equations for the modular curve Xo(N),
we will search for linear relations between monomials in fy, .. ., fg—1 [Shm, §2.2] and [Gall, §3.1]. Another
sheaf that can be used is the sheaf of holomorphic differentials with at most simple poles at the cusps; this
is equivalent to the sheaf of holomorphic weight 2 forms on the modular curve.
Note that this method has some drawbacks: first of all it does not work for curves of genus O since the
canonical embedding is not defined; but it turns out that it does not work for curves of genus 1 and 2 either
because the canonical map does not provide enough information. Secondly, this method does not work for
hyperelliptic modular curves since the canonical map is not injective. However there are other methods to
deal with these curves.

Proposition 2.51 (Ogg). There are 19 values of N for which the modular curve Xo(N) is hyperelliptic.
g=2 N =22,23,26,28,29,31,37,50
g=3 N =230,33,35,39,40,41,48

g=4 N=47
g=5 N =146,59
g=6 N=T71

Systems of equations for hyperelliptic modular curves can be found using methods of Shimura [Shm],
Galbraith [Gall], Murabayashi [Mur] and Gonzalez [Gon]. More information can be found on the web page
of [Gall].
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In general, the invertible sheaf we decide to work with is determined by the kind of functions or differentials
that we have available. In the following we will work with m-products which are weight 0-forms with well
known g-expansion and whose divisors are easy to compute (see 2.2.4); thus we will work directly with £(D).
The reason why divisors are so important is that they provide a hint on the degree of the relations between
the rational functions: the form of their divisors determines the form of the equation of the modular curve.

In the following we describe a method to solve the problem of finding equation for modular curves using
algebraic relations between n-products. The nice feature of these equations is that they will inherit the
desirable property of modular polynomials of encoding information about isogenies between elliptic curves.
Further, we will see how to make explicit the maps 7y and wy.

Definition. The m-products that we will use are called parameters on our modular curve.
There are some main advantages of using this method:

e First of all the m-products (or quotients) have divisor supported on the cusps and the ones we will use
have poles only at infinity making all the computations relatively easier.

e All the equations will be plane curves, which is preferable when using them in practice.

e Even more importantly, the same method can be used to find equations for other modular curves, such
as X(N), Xo(N), X (N) or X1(N), regardless of the genus and the nature (as it was for the canonical
embedding).

e We do not need the knowledge of the basis of cusps form as it was in the method of Galbraith [Gall].
For computational purposes, much information can be found in Stein's database [Ste2].

e Finally, this method will provide a way of finding a basis for Sy(I") [Yan2].
The drawback is that, in practice, as the genus grows, the computation can be really slow in terms of
computer time.
Curves of genus 0

If Xo(N) is of genus zero, then its function field will be generated by a single rational function. This is called
an Hauptmodul for T'o(N) and it is indicated by ty. In this case, our modular curve Xo(N) = [o(N)\H*
can be identified with the Riemann sphere S(lC and the Hauptmodul is the modular function allowing this
identification.

Lemma 2.52. The following results are known
o Xo(N) has genus O if and only if N € {1,2...,10,12,13, 16, 18, 25},
e X1(N) has genus 0 if and only if N € {1,2...,10,12};
o X(N) has genus 0 if and only if N € {1,2,3,4,5},

Hauptmoduls for the curves Xq(N) in terms of n-quotients can be found in [Mai].

Curves of genus > 0

Let X is a modular curve of genus greater than 0 and f € K(X) a rational function. We have seen at
the end of Section 1.1.1 that div(f)s encodes the information about the poles of f; we define deg,.(f) =
deg(div(f)s) the total number of poles of f counted with their multiplicities.

Theorem 2.53 ([Yan2]). Let x and y be two rational functions on X such that (deg.,(x),deg(v)) = 1.
Then
K(X) =C(x.y)

and, therefore, a defining equation of x is of the form F(x,y) = 0 for F € C[x, y] a polynomial of degree
deg,.(y) in x and of degree deg,(x) iny.
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Proof. Let us fix deg.,(x) = n and deg..(x) = m K(X)

We know by Proposition 8.4 of [Ful] that [K(X):C(x)] = n and ‘

[K(X) :C()] = m )
This means that [K(X) : C(x, y)] divides both m and n. Since by hypothe- '

sis (n, m) =1, then [K(X) : C(x, y)] = 1 meaning that K(X) = C(x, y). C(x) g \

\ L Cly)

C
O

Remark. Fulton [Ful] proves that [K(X) : C(x)] = degy(x). Using Corollary 1.5, we know that degy(x) =
deg.,(x). The reason behind the use of degyoo(x) is that, as said at the beginning of the section, our
functions will have poles only at infinity. Thus, we will only need to pick two functions whose order at oo
are coprime.

A nice feature of the polynomial F is that it can be taken to be monic in x and y.

Theorem 2.54 ([Yan2]). Suppose that x and y are rational functions on a modular curve X with a unique
pole at infinity of order n and m respectively. Suppose that (n, m) = 1 and that the leading coefficients of
the Fourier expansion of x and y are both 1. Then the polynomial F is of the form

XM — yn + E aa,bxayb
a,b>0
an+bm<nm

Explicit models

Having introduced all the necessary theory, we can finally describe the explicit process which enables us to
find models for Xo(N). The first step consists in the choice of the parameters. A parameter is a function
which generates the function field and we have already seen that this will be an n-quotient having a pole
only at infinity.

An n-quotient for N is an expression of the form 2.2.4:

k

F(7) = [] tim(r)? = T mi(r)*

m|N i=1
In the discussion following Theorem 2.39, we have seen that the matrix

Al

- N  (c,m)? B
A(N)(C(N/c,c) m >Cm A(:“)

encodes the order of f at the cusps. Here A’ is the i-th row carrying the information about the orders of all
the 1, (T) cusp at the j-th cusp.
Therefore, a parameter on Xg(N) is obtained solving the following integer programming problem

>0
A(N) - X >EO together with conditions (i)-(iv) of Theorem 2.37
= 244§
where the solution X gives the exponents a,,’s.

AD X >0 foralli<k
AKX = 24 %6
Conditions (i)-(iv) of Theorem 2.37
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0 is simply the order of the pole at infinity.
Remark. To approach this system of equations we will make intensive use of the software 1p_solve [Lps].

Once that the parameters have been chosen we will focus on the maps 14 (forgetful maps) and w, (Atkin
Lehner involutions). The idea is to describe them in terms of the parameters. For the forgetful maps, this
is done by comparing the g-expansions of the parameters on the two curves. The Atkin-Lehner involutions,
instead, are usually deduced from their compatibility relations (Lemma2.44). For curves of genus greater
than or equal to 1, their equations come from the algebraic relations between their two parameters (again
these relations will be found comparing g-expansions).

Remark. The g-expansion of an m-quotient is relatively easy to compute.

Remark. In order to find algebraic relations between different series we will make use of the magma-function
AlgebraicRelations contained in the Echidna Package [Ech].

2.3 Squares of isogenies
In this section we will describe a commutative square of isogenies of the form

Eoi’ Eq

o |

Fo—p Fi

We will focus on the case of isogenies of prime degrees £ # g. In particular, we are interested in the following
problem: given the triple (Eq, E1, Fo) together with the degrees £ and g, find the bottom right vertex of the
square, namely 1.

We will then try to generalize the process to the case

Eoi, Eli, E2_e, _Z) E,
al L |a
= = E i —> F,
V) ,

where we are given an £-isogeny chain at the top (Eq — ... — E,) together with a g-isogeny Eq — Fo and
we want to find F, (or the £-isogeny chain at the bottom).

In this section we will take a modular approach based on the moduli interpretation of curves Xo(N). In
section 1.2.5, we observed that isomorphism classes of elliptic curves are parametrized by points on Y'(1).
Further, the construction of modular polynomials, and the fact that they provide models for Xo(N) (see
Section 2.2.2), permits one to infer that points on Y5(/N) represent elliptic curves together with an N-isogeny.
We formalize the previous observations in the following Theorem.

Theorem 2.55. The points of Yo(N) are in bijection with the set of isomorphism classes of couples (E, Cy)
of an elliptic curve E together with a cyclic subgroup Cy of order N. Since subgroups of Elliptic curves are
in bijection with isogenies, this is equivalent to saying that points Yo(N) represent isomorphism classes of
couples (E, ¢n) of an elliptic curve E together with an isogeny of degree N.

Proof. See [DS, Th. 1.5.1]. O

2.3.1 The modular curve X(£414,)

Suppose we are given two primes £; # £,. We observe that a square of isogenies is nothing but a data on
the modular curve Xq(£14,). Therefore our object is a point on a modular curve and therefore it will be given
by its coordinates (observe that by Lemma 2.52 there are only two cases for which Xg(£14>) has genus 0,
i.e., 2-3 and 2-5). We obtain the following diagram (already described in Section 2.2.5)
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_ Xo(€145) _

(!
b+1 41 +1
Ty,
€1+1 \ / e2+1
Un T

This has the following moduli interpretation

I

Xo(€142) Xo(41) X(1) Xo(€142) Xo(£2) X1)

(Eo —K> Ey) \:E:o:‘ f Eo Eo Ey \:Ej:‘ - Eo
[ § \@ - E, [ [ . \@ " Fo

Fo Fo F1 =

E;

I

Remark. Note that once the maps Xo(41) — X(1) and Xo(£2) — X(1) are chosen, the other maps
Xo(€142) — X(£1) and Xo(£142) — X (£2) are uniquely determined; in fact, it is just a fiber product.

Remark. The Atkin Lehner involution acts on the square (Eg, E1, Fo, F1) by flipping the direction of the
arrows

Example. Let us look at the case Xy(14).
Both Xo(2) and Xo(7) have genus 0. In the Appendix A we see that Xo(2) has parameter t, =
(n(1)/m2(7))** and the maps have description

(tz + 256)3
t5

t + 16)3 . 4096
BRI i) =

Q) = m0) = s

Concerning Xo(7) we find that the best choice for a parameter is t; = (n(7)/n7(1))" and

(t2 + 245t; + 2401)3(2 + 13t; + 49)

mU) =

g
o (2458 +1)3(t2 + 13t7 + 49)
() = L ' !
7
. 49
wy(t7) = —=
.
Now, Xo(14) has genus 1 and we find two 1 quotients
~ ma(m)n (1)’ ()P ()"
X14 = Y14 =

mmma(r) T m(r)tma(n)?

giving the model for Xq(14)
y2 —Bxy —2y =x>—3x>+3x—1

By looking at the algebraic relations between all these parameters, we find

(y = 7Tx+7)%(x> + 40x + 8 — 8y) . X3(x2—=2x+1—y)
7 (t2) =

el tr) =
l( ) y3 y

y—TIx+7 X2 —2x+1-y

5 (t7) =

t
T (t7) = X X
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Suppose we are given the following square of isogenies over the finite field Fs;.

(18)——(9)

W—@

There are several ways of completing it by finding the suitable bottom right corner:

(i) The easiest way consists in computing the gcd of the two modular polynomials ®,(40, x) and $+(66, x)
corresponding respectively to the bottom and the right isogenies. We find

(40, x) =0 x®+6x2435x =0
®4(66,x) =0 x8 +61x7 + 45x° 4 23x5 + 11x* + 20x3 + 43x? + 44x + 15

whose solution is 17. We can easily check that this is the only possible j-invariant completing the
square.

If we have to carry out this sort of computation only few times with similar parameters there is no
doubt that this method is the most direct one. The drawback, as we have already mentioned at the
end of section 2.2.2, is represented by the size of the modular polynomials. One way to get around
this (as we will better describe in section 5.4.3) is to compute modular polynomials on modular curves
other than X (1) by comparing the parameter t(q) and t(g®).

(ii) First of all we find that t>(q) and t(q”) satisfy a degree 8 symmetric polynomial W+ (x, y). This is still
big in size but we already see some improvements: ®; has 63 monomials while W7 has 51. The size
of the coefficients also reduces by a factor of 3.

On the other hand, t;(q) and t;(g?) satisfy the relation

3 x?y? —8x%y —8xy? —49xy + y°

Va(x,y) = x
which is already much smaller than the one found in section 2.2.2. Note that W is a model for the
image of Xp(14) in the product Xp(2) x Xo(2) given by (x,y) — (mi(x,y), 77(x,y)). Besides, W,
represents the image of the map Xo(14) — Xo(7) x Xo(7).

The upper side of the square is represented by the 2 isogeny corresponding to the point on Xy(2) with
coordinate t, obtained by

th =11

() = 48
m5()) = 66

In the same way the left side of the isogeny square is a 7-isogeny corresponding to the point on Xq(7)
where the parameter t; has value

i) =41
() =48
since there are two 7-isogenies between 48 and 40 we get two possible values for t7. At this stage

we are not interested in distinguishing the two and we pick a random one t; = 61 + 9(3 where
F712 = F7y [C3]-

We can now apply a 7-isogeny to t> and quotient out all the resulting isogenies not starting from 40:

V. (t,x) =0
72, %) t) =37
w1 () =40
and the same for t7 to which a 2-isogeny must coincide with the left side of the square
Ws(t7,x) =0
2(t7.%) £, = 58 + 55(;
mi(j) =66
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We conclude by checking that both t; and t; represent isogenies to the same j-invariant by mapping
them down to X(1). We find j = 17 as before.

This strategy involves polynomials of smaller size but requires more computations. Nevertheless, we
presented it because it will be of use in the next chapters where we will adapt it to modular curves with
higher level. Although these two strategies work fine, they have a common disadvantage, namely the
fact that all these computations have been done using specific numbers. We would like to construct
precomputed rational functions that take as an input the two known isogenies and output the 4-th
J-Invariant.

(iii) As we said at the beginning of the section, the given square represents a point P on Xg(14). The
bottom 2-isogeny corresponds to m7(P) and the right 7-isogeny to mo(P). We can therefore look
for relations between the two known m1(P) € Xo(2), m1(P) € Xo(7) and one of the two m7(P) €
Xo(2), m7(P) € Xo(2). This amounts to studying the image of X(14) in Xo(2) x Xo(2) x Xo(7) or
Xo(2) x Xo(7) x Xo(7). In particular, we look for relations between t>(q), t2(g”) and t7(q) of degree
1in t2(g"). In our case we find

, 39(8t} + 18858 +5753t2 + 3583ty + t3 + 396387 + 3t + 27383 + t312 + 4263t + 283 + At tf + 23088 + 20612 + 8oty + 57t + 10tF)

27 1313 + 498312 + 66t3t; + 5213t8 + 211263 + 281312 + 3913ty + 453 + 186513 + 32612 + 31683 + 24512 + 19taty + 66t + 55t2 + 17t4 + 1183

and
, 458t + 481 + 681 + 50tt] + 60tat? + 19tat7 + 43taty + 44ty + 22t]
T 363 + 81312 + 3113t + 1013 + T0tt2 + 5783 + ATt t2 + 36taty + 6ty + 2263

which once again gives t} = 37 and t, = 58 4 55(3. One could also compose these with 7, and 77
and get the j-invariant directly.

We conclude by noting that the above square corresponds to the point (33 +45(3, 57 +41(3) € Xo(14) and
m7(x,y) = m(wr(x, ) =t

2.3.2 The modular curve X,(£74,)

The same construction can be exploited for a rectangle of isogenies (a commutative diagram of isogenies
of coprime degree). We picture below the modular tower. The two maps from Xo(£742) to Xo(£7) send the

Xo(£742)

Xo(€7) Xo(6342)

VSRR
Xo(43) Xo(£342)
SN /NN
Xo(47) Xo(£7) Xo(l1£2)
/N SN NN
Xo(£1) Xo(41) Xo(£1) Xo(£2)
VAN N NN
x(1) X(1) X(1) X(1) X(1)

Figure 2.12 — Modular tower for Xo(£745)

rectangle to the two horizontal £; isogeny chains at the top and at the bottom respectively.
The two maps Xo(£542) — XO(Z’{’1£2) split the rectangle in the two unique sub-rectangles of length k — 1.

Fo G Fo Fs Fr—1— Fx

Example. Back to the previous example we suppose now to have the extended isogeny ladder (see section
5.3.2)
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48— 60—

|

W—)—

We start by lifting the top 2-isogeny chain of length 2 to Xy(4). Since there are two different two isogenies
66 — 41 we get two different points represented by the two parameters

f4:4+68C3 54:7+3<3

The rectangle represents a point on Xg(28), the two horizontal isogeny chains points on Xy(4) and the
vertical arrows points on Xo(7).

The relation between 71 (P) € Xo(4), m7(P) € Xo(4) and w1 (P) € Xo(7) gives the image of Xy(28) —
Xo(4) x Xo(4) x Xo(7) and permits to recover a rational function which outputs the bottom 4-isogeny. We
find tj = 44 and s, = 64 corresponding to the two chains 40 — 17 — 41 and 40 — 17 — 24 respectively.

Example. We can extend it even further

@@ @D

L

)

In order to lift the top isogeny chain, we can lift the 2 sub-chains of length 4 to Xy(4). This way we ensure
consistency with respect to the choice of the middle 2-isogeny. Then we lift the two to Xy(8) finding

ts = 26 + 66(3

Note that, having fixed a choice for t4 we only get one possibility for tg. Once again, the image of X,(56)
in Xo(8) x Xo(8) x Xo(7) allows one to recover a rational function which outputs the bottom 8-isogeny.We
find t§ = 44 corresponding to the chain 40 — 17 — 24 — 17.

As showed in the example, one could construct rational functions completing the square by studying the
image of Xg(£14>) in the product Xo(£1) x Xo(£1) X Xo(£2) given by the map

Xo(£12) —> Xo(£1) x Xo(£1) x Xo(£2)
P (m1(P), m, (P), m1(P))
This image has a model coming from the algebraic relations between the parameter(s) on Xo(41), their

evaluation at ¢ and the parameter(s) on Xo(£).

2.3.3 Obstructions to the completion of the square

Although the strategies employed in the completion of a rectangle of isogenies work perfectly in most of the
cases, there are some subtleties we must pay attention to. For instance, if we look for the GCD between
modular polynomials we might obtain a polynomial of degree greater than 1 resulting in roots with non-trivial
multiplicities

or multiple roots
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The former is due to the existence of multiple isogenies between two elliptic curves while the latter is more
specific to the choice of parameters, namely the size of the prime. In fact, we have the following

Lemma 2.56. The situation below, where there exist two or more different ways of completing a square,
can only happen if there exists an endomorphism of Ey (and Fo) of degree £245. Such endomorphisms exist

if and only if there exist embeddings O — End(E;) (and O — End(Fy)) for a CM order of discriminant
|A| < 40345,

In any case, we are left with the problem of choosing among the possible solutions without being able
to distinguish them. The same choice might be asked in the process of initializing the square, namely
constructing the two known isogenies. In our example there exists multiple 2-isogenies between j = 0 and
J = 40, between j = 24 and j = 17 or, once again, between j = 40 and j = 66 and almost all pairs of
J-invariants have multiple 7-isogenies between them. Again, this can be overcome by increasing the size of
the prime p, which reduces the probability of hitting problematic points, but we will always be left with some
particular cases to deal with. In particular, the existence of extra automorphisms for some elliptic curves
( = 0 and 1728) , loops in the isogeny graphs and double edges require an ad-hoc study and prevent us
from applying directly the methods above.

These pathological cases might also clash with the use of precomputed rational functions outputting the
two missing sides of the square; if we try to complete the following square

O ©

we will note that both numerator and denominator of such a function are 0.

We will therefore add some extra piece of information to our construction so to avoid these situations.
This extra data will come in the form of extra level-structure, namely we will work on modular curves covering
Xo(N). In doing so we will also gain another advantage: As it happens from X(1) to Xg(N), raising the
level structure reduces the size of modular polynomials.
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Chapter 3

Rigidification and higher level structures

In the previous chapters we have explored the arithmetic and geometric properties of the modular curves
Xo(N). These curves are associated with the congruence subgroups Mo(N) and parametrize pairs (E, ¢) of
isomorphism classes of elliptic curves together with an isogeny of degree N. In Section 2.3 we have seen
that, although this modular curve has some very nice description and seems to perfectly address the problem
we were given to tackle, the existence of automorphisms of elliptic curves preserving the I'o(/N) structure
poses a problem when trying to define a method to complete squares of isogenies. In particular, our choice
to use "pathological" elliptic curves with j-invariant 0 or 1728, means that we have to deal with twists of
these curves. This is a well known problem also referred to as "representability issue". It can be solved by
adding some level structure and, by consequence, rigidifying the automorphisms of the elliptic curves.

In this chapter we will give a small introduction to the problem of representability. This will make us
realize that the modular curves X;(N) and X(N) are worth studying. We will therefore look at their signature
by means of describing their cusps and elliptic points and finding some nice models to deal with them.

3.1 Modular curves with higher level structure

3.1.1 On Yoneda’s lemma

Before attacking the representation problem we recall some facts form category theory. Let C be any
category and let X € Obj(C) be an object in it. We can construct the category Set® whose objects are
functors C — Set and the morphisms are natural transformations. In the same exact way we can construct
the category Set¢”. We have two natural functors Y : C — Set® and Y : C — Set®” called Yoneda's
covariant and contravariant functors

C X Set¢ C Y, Set¢”
X ——> h*X =Home(X, ) X —— hx =Home(x*, X)
fl | fl |
Y —— hY = Home(Y, *) Y —— hy = Home(%,Y)

We will focus on the second one (the contravariant version). Observe that the morphism hs : hx — hy is
defined by

he(W) © hx(W) — hy (W)
(- W—=X)— (fop-W—=X=Y)

and it is a natural transformation since the following diagram commutes
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h
hew) X0 (2)
he(w)| | m(2)
hy (W) hy(2)
Y

Definition. Let h : C°? — Set be a functor, we say that F is representable if there exists an object
X € Obj(C) such that h ~ hx.

There is an equivalent definition of representability which uses the notion of universal object. If h :
C° — Set is a functor, a universal object for h is a pair (X, &) where X € Obj(C) and £ € h(X) verifying
the following universal property: for each other pair (Y,n) € Obj(C) x F(Y), there is a unique morphism
f Y — X such that F(f)(&) =n.

Definition. Let h: C°? — Set be a functor, we say that F is representable if it admits a universal object.

Let X be an object of C, h: C°? — Set be a functor and f : Y — X be a morphism. We can construct
maps

Hom(hx, h) —=— h(X) h(X) _k, Hom(hx, h)

(T hx = F) — 7(X)(ldx) 3 Te thx — F st me(Y)(F) = h(F)(€)

Lemma 3.1 (Yoneda's Lemma). a and B are bijections of sets and they are one the inverse of the other.

Lemma 3.2 (Yoneda's Embedding). Let X and Y be two objects of C. We have a bijection
Home(X,Y) — Hom(hx, hy)

which takes f : X — Y to hf : hy — h, where, for W in C, hf(W) : hy(W) — hy(W) is defined by
(g:W—=X)— (fog: W —=X=Y).

Corollary 3.3. X ~ Y if and only if h, ~ hy.

Example. We consider the functor

[ Sch — Set
X — (X, Ox) = {Global sections of X}

[ is representable.

Remark. For every ring R there is a unique ring homomorphism Z — R. Therefore, for every scheme X
there exists a unique morphism of schemes X — Spec(Z) ( Spec(Z) is a final object in the category of
schemes).

By [GW, Proposition 3.4] we have the following isomorphism
Hom (X, Spec(Z[t])) ~ Hom (Z][t], [ (X, Ox))

which comes from the fact that every morphism of schemes X — Spec(Z[t]) is determined by the induced
map on the ring of global sections. Since Hom(Z[t], A) ~ A for any ring, we get

Hom (X, Spec(Z[t])) =~ Hom (Z[t], T (X, Ox)) = T(X, Ox) = Ox(X)
which implies Hom (X, Spec(Z[t])) =~ (X, Ox) and, therefore, the representability of I'.

3.1.2 The main issue with representability of Y (1)

We discuss now the moduli problem for Y(1). For this section we will mainly follow the lecture by Snowden
online at [Sno]. For a more profound approach one could refer to the classic book by Katz and Mazur [KM].
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We have already defined the open modular curve Y(1) as a Riemann surface and we have noted that its
points are in bijection with the set of elliptic curves over C.

{Elliptic Curves /C}/ ~«— H/I'(1) ~C

where the first map is a bijection and the isomorphism on the right is an isomorphism of Riemann surfaces.
We would like to do this from an algebraic point of view; the algebraic moduli problem consists in describing
the functor of points of Y(1). If S is some scheme, then a map S — Y/(1) should correspond to a family of
elliptic curves over S.

Definition. An elliptic curve over S is a proper and smooth map E — S equipped with a section 0 € E(S)
such that each generic fiber is a geometrically connected genus 1 curve

Therefore, we define the functor

(1) : Sch — Set

S Isomorphism classes of
Elliptic Curves over S

Definition. A fine moduli space for a functor h : C°? — Set is a universal object X representing h.

The idea is that, if we could prove that (1) is representable by an object, we would define Y(1) to be
this scheme. Unfortunately, it turns out that '(1) is not representable.

The issue with this moduli problem is that elliptic curves have automorphisms and, therefore, the j-invariant,
which provides the isomorphism between Y(1) and C, is not anymore a good detector of isomorphism classes
when we work over other fields than C (in particular, it does not work over fields that are not algebraically
closed). This causes (1) not to be a sheaf and therefore it cannot be representable.

There are quite few ways of overcoming this issue. One of this is to reduce our expectation and, instead
of looking for a complex manifold (or a scheme) such as Y (1), try to look for an orbifold (or its algebraic
geometric counterpart, a Deligne Mumford stack [DM]) which enlarge the category so that the functor
becomes representable. Another possibility is to study coarse moduli spaces instead of fine ones; this is a
scheme which best approximates the representability of our functor but, instead of giving an isomorphism of
functors between (1) and Hom(x, X) for some scheme X, only realizes a universal natural transformation
between them.

The study of these two subjects goes beyond the goals of this thesis and has some drawbacks for what
concerns our aim; thus, we will follow a different approach, namely rigidifying the isomorphisms classes of
elliptic curves, by means of equipping them with some extra structure, in order to eliminate the automor-
phisms.

Definition. Let N > 2 be an integer and E — S an elliptic curve, with N invertible on S. A T'(N)-structure
(“ full level N structure”) on E is a pair of sections (P, Q) € E(S)[N] such that the map (P, Q) : (Z/NZ)% —
E[N] is an isomorphism of group schemes over S. This is the same as asking P and Q to form a basis for
the N torsion of E.

Proposition 3.4. /f N > 3 there is no non-trivial automorphism of an elliptic curve preserving a level N
structure, i.e., for a pair (E, B) with B a basis of the N-torsion of E there is not an automorphism of E
(besides the identity) taking B to itself. Note that any automorphism of E will send B to another basis of
E[N] but only the identity will fix it.

In the language of Katz and Mazur this proposition is equivalent to saying that the moduli problem
associated to the functor ['(N) is rigid.

Ir(N) :Sch — Set

Isomorphism classes of pairs (E, B)
S — < with E an elliptic curve over S and
B a level N structure

Proof. We refer to [KM, Corollary 2.7.2]. O
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This proposition gives us some chances of getting a representable functor. An immediate consequence
is that the lack of automorphisms turns () into a sheaf for N > 3.

Theorem 3.5 ([KM, Corollary 4.7.2]). Suppose N > 3. Then the fine moduli problem I'(N)i s representable
by a smooth affine scheme Y (N) over Z[1/N].

The whole story could be adapted to the 'y (/) case:

F1(N) : Sch —» Set

Isomorphism classes of pairs (E, B)
S — < with E an elliptic curve over S and
B a I'1(N) structure

where a ['1(N)-structure on E is a section P € E[N](S) of order N, i.e., a point of exact order N in E(S),
or a homomorphism ¢ : Z/NZ — E[N](S).

Proposition 3.6 ([KM, Corollary 2.7.3]). If N > 4 there is no non-trivial automorphism of an elliptic curve
preserving a ['1(N) structure.

Theorem 3.7. For N > 4, the functor '1(N) is representable by a smooth affine scheme Y1 (N) over Z[1/N].

Unfortunately, Yo(N) with the usual interpretation is never representable since multiplication by —1
preserves the o(N) structure.

3.1.3 Signature of X(N)

In this section we will describe the modular curve X(N) by means of studying the degree of its covering of
X(1), the number of its elliptic points of period 2 and 3 and its set of cusps. We will mainly follow [CS2,
Ch. 6], [New1], [Shi, Ch. 1] and [DS, Ch. 3]. We recall that

M(N) = {(i 3) € SLy(Z) (i 2) = (é g) mod /v}

Lemma 3.8. Let N > 3. The degree of the map X(N) — X(1) is given by

Degree

_ % 1
d = [SLa(Z) : T(N)] /2= = I1 (1 - >

p2
and d =6 for N = 2.
Note that the division by 2 comes from the fact that for N > 2, —/ ¢ T'(N) (cf. beginning of §1.3.5).
Proof. The result follows from the short exact sequence [CS2, Prop. 6.2.4]
1 —T(N) — SLy(Z) — SLo(Z/NZ) — 1

which comes from the study of the reduction map SL>(Z) — SL>(Z/NZ).
We can compute the cardinality of SL2(Z/p"Z) using the short exact sequence

1 — SLo(Z/p"Z) —> GLa(Z/p"Z) — (Z/p"Z)* —> 1

knowing that #GLo(Z/p"Z) = p*("=1(p2 — 1)(p? — p). The Chinese remainder theorem permits one to
conclude the proof. O

Cusps

Proposition 3.9 ([DS, Prop. 3.8.3]). Lets = (a : ¢) and s' = (b : d) be elements of P1(Q) with
gcd(a, ¢) = ged(b, d) = 1. They define the same cusp for T(N), namely T(N)s = ['(N)s’, if and only if
(a:c)==x(b:d) mod N.
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Now we define a bijection
@ (Z%)*] ~rn— T(N)/Q

and describe an algorithm to enumerate all the cusps of T'(N) [Newl, §2.3.1]. For 3,C € Z/NZ we define
gcd(3, ©) to be gcd(x, y) for (x,y) the smallest positive representatives of @ and T respectively. We set

sy ([

3,C € 7Z/NZ, gcd(a,¢c) = 1}

We get a map
¥ ((Z/NZ))" — (Z%)* ] ~r)
E] — E] where E} is a lift of {ﬂ to (Z2)*

Theorem 3.10 ([Newl, Th. 2.10]). The map v is independent of the choice of the lift and surjective.

Lemma 3.11. {ﬂ % D] in ((Z//\/Z)Q)X have the same image via % if and only if {i} =— [ﬂ

Algorithm 3. Cusps of ['(N)

Input: An integer N.
Output: A complete list of representatives for the cusps of X(N)

1. For integers a, c € {0, ..., N — 1} list all elements {ﬂ such that gcd(a, ¢, N) = 1.

2. Compute pairs {[i] , [ﬂ} such that E] = - [ﬂ mod N from the set of elements found in step 1.

Example. We compute the cusps of X(4).

o 1 e S R R R R R T |
2 AL B ALl AR B B - LB BT 25 B)
s cstxen={[i] - ] - B - B[] [

Theorem 3.12 ([CS2, Cor. 6.3.15]). A system of representatives of the cusps for ['(N) is given by the set
of (a: b) € PX(Q) constructed as follows: for each b such that 1 < b < N/2 or b= N and for each ag such
that 0 < ag < N (or 0 < ag < N/2 if b= N/2 or b= N) and gcd(ag, b, N) = 1, we choose an a = a (mod
N) such that gcd(a, b) = 1.

Example. We compute once again the cusps of X(4).

30:0 aozl 8022 30:3

b=1 0 1 2 3
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We will now present two different approaches to count the number of cusps.

Lemma 3.13. The number of cusps of [(N) is

N2 1
21‘[(1—/)2) IFN > 2
€ = pIN

IfN=1
3 IfN=2

Proof. Since ['(N) is a normal subgroup of SL,(Z), then all the cusps have same width. Then we can
compute the width (the index of the stabilizer) of oo
ne Z}

M(N)N o = {(é Ai”)

Thus, he = hy, = N for any cusp ¢ € Cusps(I'(N)). By Lemma 2.20 we get

e - N=[SLo(Z) : T(N)] — e = w

which proves the claim. O

We now use a direct counting strategy to find a different (but equivalent) expression for €.

Lemma 3.14. Let N be a positive integer and d a divisor of N. Let c € {1, ..., N —1}. There are ¢(N/d)
values of ¢ such that gcd(N, ¢) = d.

Proof. We set
P(M)={x|1<x<M-1, ged(x, M) =1} ~ (Z/MZ)*

P(M) has cardinality ¢(M). We construct a map

P(N/d) — {c|1<c<N-1, gcd(c, N) =d}
x — xd

If gcd(x, N/d) = 1, then gcd(xd, N) = d which implies that the map is well defined. This map has a
natural inverse

{c]1<c<N-1, gcd(c, N) =d} — P(N/d)
y —vy/d

which again is well defined. This implies that

#{c|1<c<N-1, gcd(c, N) = d} = #P(N/d) = ¢(N/d)

Theorem 3.15. X(N) has 3 cusps for N =2. If N > 3, then

e = 5 30 LA/

dIN

Proof. We refer to Algorithm 3. In the first step we fix a € {0, ..., N — 1} and count the number of ¢’s in
{0,..., N —1} such that ged(a, ¢, N) = 1. Suppose gcd(a, N) = d, we need the ¢'s such that gcd(c, d) =1
and they are (N/d)¢(d). The choices for a are ¢(N/d) by the lemma before and, therefore, we get

> Sot@en/a)

d|N
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candidates. The grouping and successive choice in steps 2 and 3 yields the final formula

= 5 30 LA/

d|N
Indeed, the only elements such that || = — |7 (mod N) are N/2 0 and N/2 Clearly, if N is
! y cl = e 0| |ny2 N/2| Y.
odd there are no such elements. If N > 2 is even, then none of these satisfy the gcd condition and, therefore
they do not affect the computation. Finally, if N = 2 they represent all the cusps. €,,(2) = 3. O]

Elliptic points
We recall that an elliptic point for I is a point with non-trivial stabilizer.
Theorem 3.16 ([Shi, Prop 1.39]). For N > 1, the modular curve X(N) has no elliptic point.

Proof. We have seen (Prop 1.34) that every elliptic element of (1) is conjugate to one of the following

+1 +1 +1
Sl _ 0 -1 REL _ 0 1 WL 0 -1
1 0 -1 -1 11
and none of these is conjugate to £/ mod N for N > 1. Since ['(/N) is normal in SL»(Z), this concludes the
proof. Indeed, suppose € € €, or €3 and A € Stabr(€). If A is conjugate to A € {S*!, R*L W*'} this
would mean that B~YAB = A some B € SL,(Z) but the normality of [(N) yields A € I'(N) which is not
true. O
Genus
It only remains to assemble all the information together
N3 1 N2 1 N2 N-—6 1
XM =1+=—[](1-=)-=TJ[(1-5)=1+— —J[(1-=
9t +24PHN< pz) 4PHN< p2> BT H( p2>

and g(X(2)) = 0.

3.1.4 Signature of X;(N)

Before starting we remind that

on={(2 Yoo (293 1) mn)

is a congruence subgroup of SL,(Z).

Degree
Lemma 3.17. The degree of the reduction map X1(N) — X(1) is given by

N2 1
4 =[SLa(2) : T2(N)] /2= (1 - )

2
pIN P
for N > 3. Further d(X1(2) — X(1)) = [SL2(Z) : T1(2)] = 3.
Proof. Again we will use a short exact sequence

1—T(N)—T1(N)—Z/NZ — 1

(a b)%b mod N
c d
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Thus
. sty sty NPTl (1 - %) N (1 - %) o 1
A e ) P BT/ B R 1 (1-%)
In case N > 3 we divide by 2 since —/ & '1(N). O
Cusps

As before, we will try to describe an algorithm enumerating the cusps of '1(N) following [New1]. We define
an equivalence relation

/ / [
[1 ~ [a/} — [a] =4 F —‘_,JC] mod N for some j € Z
c c c c

By Proposition 3.8.3 in [DS] we know that this is equivalent to

ra() [ﬂ =1(N) [i:]
which means that we can construct a bijection
@ (Z%)*) ~— T1(N) Q"
As before, we define a map

¥ ((Z/NZY)" — (2)%) ~

a a .
L] — {C,} some lift

Theorem 3.18 ([Newl, The. 2.17]). ¥ is independent of the choice of the lift, it is well defined and
surjective.

= ~ / !

Lemma 3.19. Fix ¢ € (Z/NZ). Let Lj , b] € ((Z/NZ)2)X with lifts {i,} and [i,] in (Z2)*. If
a X

d = gcd(c; N), then a= x mod d if and only if L,} ~ [y’]

From this discussion we deduce an algorithm:

}Algorithm 4. Cusps of [1(N)

i Input: An integer N.
1 Output: A complete list of representatives for the cusps of Xi(N)

1. For all integers c € {0, ..., N — 1} define d = gcd(c; N). For all a € P(d) add E] to the list.

E] from the list such that y = —c mod N and x = —a mod d. Create the set {{ﬂ , D]} if

. . a
such an element exists, otherwise create the set { [c} }

3. Choose representative from each set computed in step 2.

2. Choose [i] from the list computed in step 1. Let d = gcd(c, N); if possible, find a different eIementi
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Candidates

3
0

P(d)
{1,3,7,9}

gcd(c, N)
10

Modular curves with higher level structure

Example. We list all the cusps of X;(10).

§3.1.
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choose an a = ap (mod N) such that gcd(a, b) = 1.

set of (a: b) € P1(Q)
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Once again we obtain the set

awsocton={[5 . [ [ 0 0 1) )

As we did for the modular curve X(N) we would like to count the number of cusps.

Corollary 3.21. The number of cusps of T1(N) is given by

%Zcb(d)cb(/v/d) If N =30r N>5
#Cusps(IF1(N)) = dIN
n+1 IfN=2" ne{0,1,2}

Proposition 3.22. Let (a: ¢) € P1(Q) with gcd(a, c) = 1, then the width of a/b for T1(N) is equal to
N/ gcd(c, N) with the unique exception of 1/2 of I'1(4) which has width 1.

Proof. This is proposition 6.3.20 in [CS2]. O

Elliptic points
Theorem 3.23. There are no elliptic points on X1(N) for N > 3.

Proof. The non-trivial elements of the stabilizers of an elliptic point of order 2 have trace 0 while those for
elliptic points of order 3 have trace +1. Hence, elliptic elements for I';(N) can have trace in {—1,0,1}.
This implies that, for N > 3, the curve I';(N) cannot have elliptic points, since its elements have trace
1+ Nk+1+NK =2+ N(k+K). O

Remark. The modular curve X1(2) has a unique elliiptic point of order 2. Indeed, we know that Xy(2) —
X(2) and X1(2) — X(1) have the same degree and therefore Xo(2) = X1(2). This, together with the fact
that the number of elliptic points of order 2 (respectively 3) for Xr is related with the number of orbits of
S (respectively ST) on SL»(Z)/T (see Sections 1.3.3 and 1.3.5), enables us to use the results of Section
2.1.2 to conclude €3(I1(2)) = e2(Mo(2)) = 1, e3(M1(2)) = 0.

Remark. In the same way, one can note that Xy(3) = X1(3) and use the results of the previous chapter to
conclude that €5(I'1(3)) =0 and e3(I1(3)) = 1..

Genus
We find
2 _
14 <1—12>—¢(N)H<a+1—a 1) If N > 4
g (X1(N)) = gi(N) = 24 0N p 4 i P

0 IfN=23

3.1.5 Cuspidal trees and fundamental domains

We recall that the degree of a map ¥ : X(I'1) — X(I'2) equals the index of 'y in [ (divided by 2 if
—1 €T5\T1). In the previous sections we have shown that

©: X(N) — X1(N) has degree N

P X1(N) — Xo(N) has degree gH (1 — 1)

pIN P
1
¢ : Xo(N) — X(1) has degree NH (1 + p)
pIN

A cuspidal tree is a stratified weighted diagram where

1. The vertices are sets of cusps of all modular curves involved.
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2. There is an edge between two cusps if and only if there exists a non-trivial map taking one to the other.
3. The weights of the edges are the ramification degrees.
4. The stratification is the set of modular curves partially ordered by X(I'1) > X(I») if [ C I's.

In Appendix A, we describe some sort of cuspidal tree for models for Xo(N). In that case we restrict our
attention to the lower level of the stratification.

X2 0o 1 X(3) 0 1/2 1 00 X(4) 012 3 1/2 x
DAL T DN T DN T
X1(2) 0 o0 X1(3) 0 X1(4) 0 1/2 oo
1 1‘ 1 1 1‘ 1 1 1‘ 1‘ 1
Xo(2) 0 00 Xo(3) 0 00 Xo(4) 1/2 o0
T /4 I NDZ S, \ YA
X(1) 00 X(1) 00 X(1)

We would like now to describe the fundamental domain of the newly introduced modular curves. To
do so we could “climb” the cuspidal tree and construct the fundamental domain of X;(N) starting from
the knowledge of the one of Xg(N) and then we will recover the one for the full level-N modular curve.
Otherwise we could proceed by looking at coset representatives for ['1(N) or I'(N) inside the full modular
group SL2(Z). We will mainly refer to Section 2.1.4 and to.[Kul].

Let us start by studying X1(5). First of all we look at the fundamental domain for Xy (5).

Figure 3.1 — The fundamental region for [4(5).

Now we look at the quotient '5(5)/T'1(5). This is well described by the short exact sequence

1 —T1(N) — To(N) — (Z/NZ)* — 1
where the third map sends (i Z) — a mod N. We have to be careful because we have to take care of
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the quotient by {#/}. In case N =5 we get 2 coset representatives

1 0 31
/<0 1) and A(5 2)

Hence, we have to study the behavior of A = ST ~2ST ~3S on the fundamental domain of Xo(5). A better
-2 -1

5 5 ) = ST2ST—2S;

here “better” refers to the possibility of obtaining a connected fundamental domain.

With reference to Figure 2.9 we know that rotation counterclockwise in the triangles with vertex in the same

cusp correspond to multiplication by T on the right while multiplying by S (still on the right) would result

in moving to the only adjacent triangle with vertex in a different cusp.

Already looking in Figure 3.1 we know that the last two triangles (ST2ST 9 for § = 3, 4) will be really
small and difficult to spot. For this reason and this reason only we will try to see if we could construct a
more appealing picture.

We will therefore look for a matrix A € '1(5) such that ST2ST~1S = AST2ST~ (the choice of the
conjugate is not casual but comes from observing the output of Verrill's algorithm [Verl] and [Ver2]).

decomposition is the one coming from another lift of 3 € (Z/5Z)*, namely B = <

ST2ST 1S =AST2ST 0 = A= ST2ST'ST9ST 25§

r= (% 1) eno

In the same way we find A’ € I'{(5) such that ST=2S = N'ST2ST %

Hence, for § = 3, we find

A _ _cT-2cTAcT—2C _ -9 -4
N = —ST2ST*ST 5_<_20 _9>

Finally we have a picture for the fundamental domain of X1(5).

Figure 3.2 — The fundamental region for '1(5).

We conclude this section with the fundamental domain of X(2). Note that X;(2) = Xo(2) and in the
same way X1(3) = Xo(3) and X1(4) = Xo(4); this motivates the choice of looking at X;(5) before.

(2) is the kernel of the reduction map SLo(Z) — SLo(Z/27Z) and, as SLo(Z/2Z) = To(Z/2Z) is
isomorphic to Ss, it follows that [SLo(Z) : T(2)] = 6, i.e., T(2) can be written as disjoint union of 6 cosets.
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Representatives of these cosets are

10 11 0 -1
Al_l‘(o 1) A2_T‘<o 1) A3_5‘<1 0)

o (1 -1 o (0 -1 o 1 (1 =2
/\4_7'5—(1 o> /\5_5T_<1 1> Ne=TST _<1 _1>
T-1 frn(z) T

Figure 3.3 — The fundamental region for '(2).

3.1.6 Generalized Dedekind eta function

Let I' be a congruence subgroup; we denote by Q(I") the field of modular functions invariant under the action
of . If the modular curve X(I') = H/I" has genus zero, then the function field Q(I") can be generated by a
single function. Further, if I contains 'o(N) for some N we could find a generator in the form of product
of Dedekind n-functions. However, if ' does not contain Io(/N) Eta products are not sufficient.

In section 2.2.3 we have described the properties of Dedekind n-functions; following [Yan2], we will now
define the generalized Dedekind n-function and study its transformation properties. Let

+oo
Egn(T) = gBla/N)/2 H (1 _ ezmh//\/qulw/l\l) (1 _ 6721rih/qufg/N)
=1
for g and h not simultaneously congruent to 0 modulo N and

+o0
Eg(’l') _ qNB(g/N)/2 H (1 _ q(mfl)N+g) (1 _ qufg)

m=1

for g 2 0 mod N. Here B(x) = x*> — x + 1/6.
Remark. E,  is called generalized Dedekind n-function because it reduces to 1% when g,h=0 mod N.

Proposition 3.24 ([Yan2, Prop. 1]). The functions E4 j satisfy the following transformation properties:
Eginn=E_g_n=—CnEgn
Egnin = Egn
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Iy = (i 2) € SLu(Z), then

Egn(T+b) = e™PBU/MNE | n(T) Ifc=0

E T) = )
9(77) {e(a, b,c,d)e™ Ey w(T) Ifc#0

where
emi(bd(1-c?)+c(at+d—3))/6 If ¢ is odd

e(a, b c, d) = {_I'e7ri(ac(1—d2)+d(b—c+3))/6 If d is odd

_ g?ab+2ghbc + h*cd _gb+h(d-1)
a N2 N

@)= @n (2 )

Proposition 3.25. The functions Eg4 satisfy the following transformation properties:

0

Egin=E g = —Eq4
And, ify (C‘j’v Z) € To(N), then

Egn(T + b) = e™PNBW/ME (1) Ifc =0

Eq(yr) = .
s(17) {e(a, bN, ¢, d)e™a’sb/N=9bE_ (1) Ifc #0

Proposition 3.26. Let (1) =[], Eq(T)% for g.eq € Z with g #0 mod N. If
Zegzo mod 12 degzo mod 2
g g
then f is invariant under the action of [ (N). If, in addition,
> g’eg=0 mod 2N
g

then f is a modular function on '1(N).
Proposition 3.27 ([Yanl, Lemma 2]). Let N € Z>q and 7y € SLo(Z).

E4(yT) = €q® + higher powers

o= ()

where P> = {x}? — {x} +1/6 denotes the second Bernoulli polynomial for {x} = x — | x| the fractional part
of x.

where |e| = 1,

Proof. We know

N—1
1-xN= H (1—¢nx)
h=0
Thus,
N—1 N-1 N-1 N—1
Eqg(T) = H Egn(T) = Eg(y7) = H Egn(yr) =€ H Eag+chbg+an(T) =€ H Eg.w(T)
h=0 h=0 h=0 h=0

with |¢/| = 1. And the leading term will be

e(a, b, ¢, d)Ne/™Xh5s dan g Xhs BIS'/N)/2
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This means that the smallest term is the one of order

= B(d'/N) 19 ag+ch
A= —= 5 P,
=0

2 N

by the transformation formulas in Proposition 3.24. Now P, is periodic (because {x} is periodic) and so we
can find its Fourier expansion.

Theorem (Fundamental Theorem on Convergence of Fourier Series). Let f(x) be a periodic function of
period p = 2L which is piece-wise differential on [—L, L] (this means that it is continuous on [—L, L] and
there exists a finite number of points xo = —L < x; < ... < X, < L = Xp11 Such that f|(X/'X/+1) is everywhere
differentiable). Then f(x) has Fourier expansion

f(x)—ao—i—Z(ancos 1 + b,s |nﬂLx)

where

1 [t 1t nmx 1t . nmXx
=7 f(x)dx a”*Z/,L f(x)cosde b, = 7/4 f(x)sin de

If x is a point of continuity of f, then the series converges in x to the value of f(x).

Now {x} has period 1 and so has Ps; further P is piece-wise differential.

1/2 1 1/2 1 3 2 1/2
30:/ {X}2—{X}+6dX:2/ X2—X+6dx—2{x—x+x} =0
~1/2 0

32 6,
1/2 1

:4/ (x2 —x+ 6> cos(2nmx)dx =
0

=4 Kx2 — X+ 1) sin(27rnx)} v — 4 /01/2(2X — 1)sin(2mnx)dx =

6 21N 0 2mTNnXx

a

3

1/2 1

./, ) 4 4
= [27”7 <x —x+ 6) sin(2mwnx) + T2 (2x = 1) cos(2mnx) — Wsm(%rnx) .

Finally, b, = 0 since P is an odd function. Thus,

Py(x) = f cos(2mnx)

2.2
—~ T
from which
N Nflp ag+ch\ 1N71+°° cos (2 (ag + ch))
2 2 N 2 n2m2 o
h=0 h=0 n=1
+o0 N—1
1 1 27T
_27['2 ﬁ ZCOS (N(ag+ Ch))
n=1 h=0
Now
N—1

Z cos (Zzn(ag + ch)) = Nz_:lcos <2l7\r/a Ch)

=0
2mn 2 2mn . (2mn
= cos (Nag) Z cos (Nch> —sin (Nag> 2 sin (N h)
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and

N—-1 N-1
Z e27rinch/N + Z e27rinch/N]
h=0 h=0
-1 . h 1 N—-1
Z 27rmc/N + (21r/nc/N)‘| E Z(Ccn) _,'_Z CNcn ‘|
h=0 h=0

1

2

3/\/+/v]

2 {/v If N | cn
1 _

{2

0 If Ntcn

Exactly in the same way

,fsin 27T—nch = 1
N 2

h=0

N—1 N—1
eZ‘mnch/N _ E 6721nnch/N =0
h=0 h=0

since the minus sign reduces to zero the case N | cn too. Hence,
+oo +o0
1 N 2mn
cos (a ch — — cos | ——a
N oY Yoo (B ag s cn) = 55 3 Ko (2a0)

We observe that N | nc < N/(N c) | n. Further the first n for which N | nc is n = N/(N, ¢); indeed, if
c=p-..opF,n=py-. . -pland N = ph. ~p£k are the prime factorization of ¢, n and N, then
N | nc implies e+ g, — i > 0 for aII i and, therefore, we take g; =0 if ¢ > f; and g; = f; — ¢ if f; > €;.
This says that n = N/(N, ¢).

Thus, we write mN/(N, ¢) and

1 27mn (N, ¢)? 2rm (NP X1 2Tm
T o2 Z n? COS( ) o2 Z meN2 ((N, C)ag> - 2meN A~ m2 (N, o)

N\nc

and, remembering the Fourier expansion, we get

~ (N,¢)? =1 2mm _ (N,¢)? ag
A= SN ;m2cos 5%)= v 2\ o

3.1.7 Models for X;(N)

We will now use Proposition 3.27 to show that we can construct modular functions with poles only at oo
using generalized Dedekind n-products.

Let N > 4 (for N = 2, 3,4 we have already seen that X1 (N) = Xo(N)). A cusp on X;(N) is said to be
of first type if it lies above the cusp 0 on Xo(p) for all p | N. We let

Group of functions on X1(/N) whose
FUN) = divisors have support within the
cusps of finite type

N-1
and Fj(N) be the group generated by Generalized Dedekind n-products H Egﬁh satisfying the conditions

h=1

N-1 . .

mod N if N is odd
Hey =0 - . and Z o = for all p |-N and |
oy mod 2N if N is even Py for all residue classes a in Z/pZ
= =Ta
mod N/p
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Proposition 3.28 ([Yu, Th.s 2 and 4]). FY(N) = F/(N) and they are of rank ¢(N)/2 — 1.

In the same way (acting with the Atkin-Lehner involution) we define

Group of modular functions on X;(N)
F°(N) = < whose divisors have support within the
cusps lying above oo € Xo(N)

N—1
and F{(N) as the group generated by Generalized Dedekind n-products H Eg4(T)% verifying
g=1
N—1 N
o _ mod N if N is odd B forall p| N and
z_; geg =0 {mod ON if N is even and Zi:a =0 for all residue classes a in 7./ pZ
o mod N/p

Proposition 3.29. F°(N) = F/(N) and they are of rank ¢(N)/2 — 1.

Proposition 3.30. The group F°(N) contains at least two functions that have poles only at infinity and
such that their orders of poles are coprime.

This will enable us to use Theorem 2.53 to find models for the curves X;(N).

Remark. Since ['1(N) is normal in To(N), from every modular function f € C(X1(N)) we can recover a
modular function on Xo(N) by acting on f with coset representatives in To(N)/F1(N):

> fOm)

YEFo(N)/T1(N)

is a modular function on Xg(N).

We define Wy = Esx/Eak. It is obvious that each W satisfies Zg eg = 1—1=0 mod 12 and
Zg geg = 4k — 2k = 0 mod 2. Thus, any product of Wj's will also satisfy these conditions. Hence,
because of Proposition 3.26, [], Wk is a modular function on Xy (N) if and only if

Zk2ek =0 mod N (3.1)
k

Example (N = 11). We begin by studying the cuspidal tree for N = 11

) 03 i il xAAEA
5| NVt Va
12 ‘ N /
X(1) 00
Now, by Proposition 3.27, we know that Eg has order
(c. N)? ag
P>
2N (¢, N)
at a cusp ¢ = a/c. This implies that all the E,'s have same order at the cusps above 0 € X(11). Hence,
W) can have zero or poles only at the cusps above co € Xo(11): ¢;j = /11 forj=1,..., 5. In the following

table we describe the orders vy (c;) of Wy for 1 < k <5 (because of the rank of F7°).
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11, | -5 2 10 -3 -4
v, | 2 -3 -4 10 -5
1lvs | 10 4 2 5 -3
1lv, | -3 10 -5 -4 2
1lvs | -4 -5 -3 2 10

This implies that, in order to get a function with only a pole at infinity ¢; of order § we have to solve the
following integer system

—5x1 + 2% + 10x3 — 3x4 — 4x5 = —110

2x1 — 3% —4x3+ 10x4 — 5x5 > 0

10x; —4x0 +2x3 —5x4 —3x5 > 0

—3x1 +10x — 5x3 — 4x4 +2x5 > 0

—4x7 —5xo —3x3 +2x4 + 10x5 > 0

x1 +4x +9x3 + 16x4 +25x5 =0 mod 11

where the last line corresponds to the condition 3.1 which guarantees the modularity of the Wj-product.
Using 1p_solve we find two solutions for § = 2 and 3 (which is expected since X1(N) is an elliptic curve).
In particular, for § = 2 we find the solution (1,0, —2, —1, 0) which gives

Wa

X =—
W2W,

=q¢2+2¢ ' +4+59+6¢°+5¢>+3¢" —q° —6q°+...

and for § = 3 we get (1,0, —2,0, 2) yielding

Wy W2

Y =
wi

=g 34+4972 4997 + 16 + 24q + 30¢% + 30q° + 21¢* + 2¢° — 26¢° + . ..

We find linear relations giving an equation for X;(11)

Y2 -2XY +Y =X3—2X+X

3.1.8 Models for X(N)

The procedure to find models for X(N) follows exactly the one for X;(N). As noticed before the example
for X1(11), if we define Wy = E4x/Eok, we observe that Wy satisfies Zg egg =1—1=0 mod 12 and
>_g9€y =4k —2k =0 mod 2. Thus, thanks to Proposition 3.26, [[, Wk is a modular function on X(N)
(Note that we do not need anymore Condition 3.1).

Example (N = 7). X(7) is a genus 3 curve. lts cuspidal tree looks as follows:

X0 ougzase PRIRENE LE3IINE o B
LN N N
X1(7) 1 1 o 2 ;
’ ! ! 1 N |1 1
Xo(7) \0/ \OO/
8 \7/
X(1) N

We observe that E4 has order

(ZV P ((jg/]v))

at a cusp ¢ = a/c. Now,
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e forallce{0,..., 6} C Cusps(X(7)), ordcEg = 0;

e forall ¢ =i/2 € Cusps(X(7)) with i € {1,3,5,7,9,11,13}, ord E4 = 0;

e for all ¢ = j/3 € Cusps(X(7)) with j € {1,2,4,5,7,10, 13}, ord.E4 = 0;
i.e., all the E4's have same order at the cusps above 0 € Xo(7).

Remark. Note that this happens because the denominators of all the cusps above 0 are coprime with 7,
i.e., the argument of P, is integral and P»(Z) = 1/6.

The Wg's can have zero or poles only at the cusps above co € Xg(11): oo, 2/7 and 3/7. We display the
orders v (c;) of Wy for ¢; = /7, 1 < k < 3 in the following table

€1 2 3
Tuvq -1 3 -2
T, 3 2 -1
Tvs -2 -1 3

Therefore, we have to solve the integer linear problem

—X1 + 3X2 — 2X3 =70
3x1 —2x —x3 >0
—2X1 — Xo + 3X3 >0

We find a function with a pole of order 3 at oo

1
X=—m= g +7q2+28q 1 + 77+ 154q +217¢° + 168¢° — 97¢" — 546¢° + . ..
2

and another one with a pole of order 5:

1

—vamz = 9+ 1197 +68g 7 +295¢77 +980g | + 2583 + 54359 + 88684° + 99644 + . ..
2 3

Y:

The algebraic relation between these two functions yields an equation for the modular curve of full level 7
structure: Y3 = X% — 2X3Y + XY?2,

Otherwise, following [CKK], we can change the local parameter at co, taking g; = e*™/7 instead. This
would transform the linear system in the following

—X1+ 3% —2x3 = =0
3x; — 2% —x3 >0
—2X1 — X2 +3X3 > 0

which, for has solution
X = -Wi(ar)Ws(ar) = a;° + a7 + a3' — 67> — 4 + 47° +263° + ¢° + ..
for & = 3 and
Y = -Wi(a)Wa(ar) = 6;° + 267 + 207 + a7° — 67° = 307" — 247" + q7" + 507" +6¢7° + ...

for § = 5. This yields a model for X(7): Y3 = X® + XY
Note that, in general, from Proposition 3.24, we have

Lemma 3.31 ([Yanl, Cor. 1]). Let (g, h) be pairs of integers, and suppose that ey, are integers such that

Z egn =0 mod 12
(9.h)

87



I1l. Rigidification and higher level structures §3.2. Non-split Cartan modular curves

and

Z FPegn = Z ghegp = Z h?egn =0 mod 2N

(g9.h) (g9.h) (g.h)

Then the product (1) = [[ (4 ) Eg.n(T)%" is a modular function on I'(N).

This says that E;?h’v is a modular function on () with divisor supported on the cusps, see [KL, Th. 11.1.2].

3.2 Non-split Cartan modular curves

In this section we study a different type of congruence subgroups called Cartan modular groups (and their
normalizers).

We present here a toy example. Suppose p is an odd prime and A € Z/pZ is not a square. Let [ be the
set of matrices in SL2(Z) defined by

a b
{0
One can easily verify that this is a congruence subgroup since it contains I'(p). Since A is not a square in Fp,
then the polynomial £(X) = X2 — X has no solution in F,. We construct the splitting field of f(X) € F,[X]

by adjoining a root of f(X) to F, and we obtain F,[vA] = F .
Now consider the action of SL>(Z) defined as usual

a b (T)_8T+b
c d T cTr+d

This induces an action of SLy(Z) on 7 € Fjo — Fp:

a=dand b= Xc modp}

t2 — s2) d+ bd)t d—>b A
(a Z) (5\/X+t):ac( s°A) + (ad + bd)t + (a C)ferz—IF‘p since v € SLo(Z)

2dtc + c2(t? — s2X)
This action is transitive and such that Stabs;,z)(vVA) = I, meaning that
MNSLo(Z) =Fpe —=F, =  #MN\SL(Z)=p*—p=p(p—1)
. If we look at the action of S and on Fp» — F,,, we get

fp=1 mod4

0
#S-orbits of size 1 = )
2 ifp=3 mod4

The action of ST on F. — F, yields

0 fp=1 mod3

#ST-orbits of size 1 = )
2 ifp=2 mod3

Finally, the action of T on F,. —F,, is given by T(7) = 7+1 and therefore T acts on F,. —F, by translation.
#T-orbits=p—1
Combining all of these produces the following genus formula:

12 fp=1 mod 12
_(p=6)(p—1)+a K if p=5 mod 12
= where a= )
12 6 ifp=7 mod 12

-2 ifp=11 mod 12

9(Xr)

X (") is an example of a Cartan modular curve. In this section we generalize this construction to a generic
N and we study the normalizers of these groups.
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3.2.1 Quotients of the modular curve X(N)

Let N be a positive integer N. In the previous chapters we have studied the modular curve X(N) with full
level N-structure classifying elliptic curves with a basis of their N-torsion.

When studying modular curves one of the most appreciated approaches is to focus on their function
fields. We know that Q(X (1)) = Q(j). The field of functions of X(N) is the field of modular functions
of level N rational over its field of definition Q({y) [Shi, Ch. 6] or [DS, Ch. 6]. Each function field
QX(N)) = QU¢n)(X(N)) = Q(¢w, E[N]) is a Galois extension of Q(j) = Q(X(1)) with Galois group

Gat(Q(X(N))/QU)) =~ GL2(Z/NZ)/{+1}

which is defined up to an inner automorphism. Once this is fixed, we have
Gab(Q(X(N))/Q(¢n.J)) = SLa(Z/NZ) /{+1}
with Gal(Q(¢w)/Q) =~ (Z/NZ)™.

Q(X(N)

SL2(Z/NZ)/{+£1}

Q(¢n)(X(1)) GLo(Z/NZ)/{+1}

(Z/NZ)"

Q(X(1))

The group G = GLo(Z/NZ) acts on X(N) and the action is defined on non cuspidal points by

GLo(Z/NZ) x X(N) — X(N)
(A (E.9)) — (E.No¢)

(where ¢ is an isomorphism E[N] — (Z/NZ)?) and is then extended uniquely to the whole compactified
curve X(N). The quotient of this action is the j-line X(1) = P! [Shi, Prop 6.6].

What happens if we quotient by a subgroup instead of the entire general linear group? If H is a subgroup
of GL,(Z/NZ) such that det(H) = (Z/NZ)*, then the corresponding modular curve Xy = H\X(N) is
geometrically connected over Q, see [DR] and [Roh, §1.2]. The quotient curve is described as the set of
equivalence classes of elliptic curve enhanced with full N-level structure under the relation

(E,¢) ~ (F, %) < E ~ E' and there exists 0 € H s.t. ¢ =¢°

In other words, Xy = X(N)/H = X(N)/ ~.

Note that the curve Xy can also be constructed via Galois theory; the subgroup H (provided it contains —/)
corresponds to a subgroup of Ga£(Q(X(N))/Q(X(1))) and by Galois correspondence we get an intermediate
extension of Q(X(N))/Q(X(1)) to which we associate a curve which will be the desired Xy. If we denote
det(H) is the image of H under the determinant map, then the curve Xy is defined over Q(¢y)%t ") and
so, if det(H) = (Z/NZ)*, then Xy is defined over Q.

Otherwise, one can construct Xy in a more geometric way: let H' = HNSL2(Z/NZ) and let T =Ty be a
lift (a pullback via the reduction map) of H' to SL»(Z); then the curve Hr(C) is isomorphic to Xp.

Finally, we can construct Xy directly as a quotient of X(N). We know that X(N) classifies isomorphism
classes of elliptic curves together with some full level N-structure.
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3.2.2 Galois representations and elliptic curves

Let E be an elliptic curve over Q; the absolute Galois group Gg = Gal(Q/Q) acts on the torsion points of
E component-wise. |dentifying E[N] with (Z/NZ)? we obtain a representation

pn - Gab(Q/Q) — GLo(Z/NZ)

When we restrict our attention to the prime case N = p, Serre conjectured that, for every elliptic curve over
Q without complex multiplication, this representation is surjective for all but finitely many primes, called
exceptional primes (Serre’s Uniformity Conjecture) [Ser2]. This would prove that

lim pe.m(Ga(Q/Q)) C lim GLo(Z/mZ) ~ GLy(Z)
mez. mez

has finite index (open image theorem). To study the upper bound for the exceptional primes on can study
the image of the representation. If p, (Ga€(Q/Q)) is not GL»(Z/pZ), then it has to be contained in one of
its maximal subgroups. Maximal subgroups of GL,(Z/NZ) are well known and they are

e Borel subgroups;

e Exceptional subgroups isomorphic to A4, S4 and As (irregular case);
e Normalizers of split Cartan subgroups;

e Normalizers of non-split Cartan subgroups.

Using the moduli space description of modular curves it can be proved that non CM elliptic curves over Q
such that pg n(Gg) is conjugate to a subgroup of H for some maximal subgroup H < GL2(Z/NZ) gives rise
to a (non-cuspidal) Q-rational point on Xp:

Theorem 3.32. Let H < GL»(Z/NZ) and suppose that det(H) = (Z/NZ)*. Then
(i) Yy and its compactification Xy are defined over Q.

(i) Every Q € Yn(Q) is supported on some elliptic curve E/Q (ie., that there is some E/K and an
isomorphism a : E[N] — (Z/NZ)? such that Q = [(E, a)]n).

(iii) IfQ € Yu(Q) and j(Q) # 0,1728, then Q = [(E, )]y such that E is defined over Q and pe n(Gg) € H
(up to conjugation). Conversely, if there is E is defined over Q and pe n(Gg) C H (up to conjugation)
then [(E, a)] € Yu(Q) for a suitable c.

Further, if —I € H, then the elliptic curve E describing Q above is unique, otherwise it can be replaced by
any quadratic twist.

This implies that Serre's uniformity conjecture is equivalent to

Conjecture. Let H be a proper subgroup of GLa(IF),) such that det(H) = F. Then there exists a positive
constant C such that, for all primes p > Cy, the only rational points on the modular curve Xy(p) are the
“expected” ones, namely the cusps and the CM points.

If H is a Borel subgroup, then we denote the associated modular curve of level p by Xq(p) while if H
is isomorphic to a normalizer of a split (non-split) Cartan subgroup then we write XX (p) (X;5(p)). This
conjecture has been proved for 3 of the four cases needed; Serre himself dealt with the irregular case [Ser2].

Theorem 3.33 (Serre - Irregular case). If p > 11 then X(Q,) =0 for X = Xa,(p), Xs,(p), Xas(p).
Few years later Mazur settled the Borel case [Maz4].
Theorem 3.34 (Mazur - Borel case). If p > 37 then Xo(p)(Q) C {cusps, CM-points}.

In more recent times Bilu, Parent and Rebolledo proved Serre's uniformity conjecture in the case of H a
subgroup of the normalizer of a split Cartan Subgroup.

Theorem 3.35 (Bilu, Parent and Rebolledo - Split Cartan case). Ifp > 13 then X} (p)(Q) C {cusps, CM-points}.
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Finally, Balakrishnan, Dogra, Miiller, Tuitman and Vonk proved that in the split Cartan case one has p > 13
[Bal+].

The question about the non-split Cartan case remains opens but some cases are known: for p < 11 the
non-split Cartan curves have genus zero and they have infinitely many rational points. Ligozat [Lig2] extended
the result to level p = 11 and in 2020 Bilu, Bajolet and Matschke have proved that for 11 < p < 101 X/.(p)
has no integral points but the CM ones.

Before introducing the main characters of this chapter, Cartan subgroups, we will briefly recall how to
construct expected CM-points on modular curves following [Maz3]. Let E/C be an elliptic curve with complex
multiplication by an imaginary quadratic order Endc(E) = Og. We denote Ag = disc(Ofg), K = Frac(Ok)
and ¢ = [Ok : Og] the conductor of Of.

Remark. If E is isomorphic to the complex torus C/A for the lattice A = Z + 7Z we have Og = Z[T].

For a prime p we know that Og/pOF is a Fp-algebra of dimension 2 which yields the three possibilities
below:

e p ramifies which means that pOg = p? for a prime ideal p. In this case, if € is a generator of p,
then ker(e) is in E[p] and it is a subgroup of order p; thus, the pair (E, ker(¢)) determines a point
Q € Xo(p).

e p splits, i.e. pOg = pq for a prime ideal p and its conjugate q. In this case ker(e1) and ker(ez) are
independent cyclic subgroups of order p in E[p]; thus, (E, ker(e1), ker(e1)) yields a point Q € X (p) .

e p remains prime, i.e. pOg = p. In this case Og/pOk is a field and we obtain a point on Q € X1 (p).

Consequently, for each elliptic curve with complex multiplication E, we obtain a non-cuspidal point
Q on one of the curves Xo(N), X (p) or XI.(p) which is defined over a subfield of index two in the
ray class field of O ® Q, with conductor equal to the conductor of Og. Thus, to get rational points
on a modular curve we need that the associated elliptic curve E is defined over @. Now, since by the
theory of complex multiplication we know that [Q(jg) : Q] = heo, the class number of Of, we only get
rational points from elliptic curves with CM by a class number one order. By [Cox, Theo. 7.30] we
know that there are only 13 imaginary quadratic orders with class number 1, namely those of discriminant
A=-3,—-4,-7,-8,—-11,—-12,—-16,—-19, —27, —28, —43, —67, —163. Hence, for each prime p we get 13
expected rational points on Xo(N) [ XZ(p) LI X7 (p) and, knowing that a prime ramifies in O if and only
if it divides the discriminant, for p > 163 all the expected points land outside Xq(p).

3.2.3 Non-split Cartan subgroups and their normalizers

In this section we finally introduce Cartan subgroups and their normalizers. The main references will be
[Ser3, A.5] and [Bar2].

Let A be a finite free commutative Z/NZ algebra of rank 2 with unit discriminant; if p | N, A/pA is
either equal to F, x F,, (split case) or . (non-split case). Let A* be the multiplicative group of invertible
elements of A; then we have a natural action of A* on A, defined by multiplication, which defines an
embedding A* < Autznz(A) ~ Autznz ((Z/NZ)?) = GLo(Z/NZ).

Definition. A Cartan subgroup of GLo(Z/NZ) is a subgroup arising as the image of such a group A*. If A
is split (non-split) at p the subgroup will be called split (non-split) Cartan subgroup.

Remark. Since the non-split Cartan subgroups only depend on the basis chosen for A, all the non-split
Cartan subgroups of GL2(Z/NZ) are conjugated and so are their normalizers.

Let us take a quadratic order O with discriminant prime to N and suppose that every prime in the
factorization of N is inert in R (i.e., (Ao | p) = —1); note that there are infinitely many such orders. The
algebra A= O/NQO is a finite commutative Z/NZ-algebra of rank 2 with unit discriminant by construction.

The order @ admits a Z-basis of the form {1, a} where a is the zero of a monic irreducible polynomial
x? — ux+ v. The algebra A= O/NO admits therefore a Z/NZ-basis of the form {1, &} and the group A*
embeds in GL,(Z/NZ) via its regular representation. Its image will be denoted C,s(N) and it is a non-split
Cartan subgroup.
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Lemma 3.36. The orders of the non-split Cartan subgroups of GL>(Z/NZ) are all equal to the order of A*:
1
#Cns(N) = N2H <1 - 2>
p
pIN
Proof. If N = p" is a power of primes, then

_ (@/p'2) M

(f(x))
with degf = 2. Then A is a local ring with maximal ideal m = (p) and A* ~ IB‘;Z x (14 m) and it is easy
to check that |m| = |1 +m| = p*"~Y. Thus

A

1
#Ax — p2(n—1) . (p2 _ 1) _ p2n (l _ p2>
We can easily extend the result to the general case by following [DD2]. O

Example. Let us study the case N = p. We choose a quadratic imaginary order with prime discriminant
g # p. This means that we take ¢ =3 mod 4 and O = Z[y/—q] = Z[x]/(x*>+q). We suppose (g | p) = —1.

Fp[x] ~TF o

0/p0 ~ ———
/P (x2+q) P

Now IF;2 acts on F . via multiplication. Let Fj. = F,[€], then

LiF — GLo(F)p)
B — M(B)

IfB=x+yf €F, thenB-1=x+yfand B-§=x§—yq. Thus

M(B) = (j N )

Thus the non-split Cartan subgroups of GLy(FF,) are all conjugate to

cuo)={ (5 %) € 6a(r)

a

a2—eb27éo}

Note that C,s(p) is the image of a cyclic group of order p> — 1 and, therefore, it is itself a cyclic group of
order p% — 1.

Remark. If p =3 mod 4 we can take e = —1 (Gaussian integers).

There is a geometric interpretation of non-split Cartan subgroups: the group GL»(FF,) acts on the right
on PY(F,) by (x:y)- <i Z) = (ax + cy : bx + dy). Any non-split Cartan subgroup of GL,(F,) can be
defined as the stabilizer of (1: o) € P}(F2) \ P*(F,) for a choice of a in Fj2 \ Fp.

Example. What happens for N = p"” a power of a prime? Once again, we consider a quadratic order
O = Z[\/—q] with g as above.
A=0/p*0 ~ (Z/p°Z) [a]

As noticed before, since (x?+ q) is irreducible modulo p, A is a local ring whose multiplicative group of units
is isomorphic to 1 4+ pA. Thus,

cuton ={(3 %) < oLaziern

a

a>—eb>#0 mod p}
We may now describe the normalizer of C,s(N) inside GLo(Z/NZ). For every prime p that divides N
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there exists a unique ring automorphism o, of O/NO such that
op(a)=u—a modp”»™ and  o,=Id mod N/p*M)

We identify o, with an element S, of GLo(Z/NZ) ~ Aut(A). Since the automorphisms o, have order 2 and
they all commute, the matrices S, have the same properties.

Proposition 3.37. The normalizer C},(N) of the non-split Cartan subgroup Cps, Is the group
(Cns(N), Sy | for all p | N)
Proof. This is Proposition 2.3 in [Bar2]. O
We have a short exact sequence
1 — Chs(N) — CL(N) — (S, |forall p| N) — 1

This gives
1
HCH(N) = #Cos(N) - #(Sp . Yp | N) = N2 ] <1 _ p2>

pIN

where w(N) is the prime function counting the number of prime divisors of N.

Example. In the prime case we have

C:_s(p) = {G S GI—Q(FP) ‘ Gcns(p)G_l = Cns(p)}

To find a description of the full normalizer of C,s(p) we note that A = O/pO ~ F. = F,[€] and we have
two field automorphisms, namely the identity and o which sends € — —&. This is represented by the matrix

(é 01> which happens to be in C;(p) since
1 0 a eb\ (1 0 a —eb
<0 —1) (b a) (0 _1> = (_b ; > € Cns(p)
Thus

Cia(p) = (Cas(p), <(1) _01)> = {(Z 6:) , (Z :‘f) € GLo(F,)

We recover #C,.(p) = 2#Cns(p) = 2(p* — 1).

(a.b) € Fpe \ {(0, o»}

3.2.4 The modular curves associated with to non-split Cartan subgroups

Let X(N) be the modular curve of full level N. Its non-cuspidal points parametrize pairs (E, ¢) where E
is an elliptic curve over C and ¢ : E[N] — Z/NZ x Z/NZ is an isomorphism of groups. Two such pairs
(E, ¢) and (F, ) are isomorphic if there exists an isomorphism 1 : E — F such that the following diagram
commutes:

e —Y .

d>l lw

Z/NZ x Z/NZ =— Z/NZ x Z/NZ

As pointed out in Section 3.2.1, there is an action of GL,(Z/NZ) on the curve X(N). Now Cps(N) and
C.(N) are subgroups of GLy(Z/NZ) whose image under the determinant map is the whole group (Z/NZ)*
[Boo, §8]. Therefore, they define the modular curves

Xns(N) = X(N)/Chs(N) Xps(N) = X(N)/Chs(N)
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The associated open non-cuspidal curves are indicated Y,s(N) and Y;£(N) as usual and their points correspond
to isomorphism classes of pairs (E, [¢],) of an elliptic curve and an H-equivalence class of isomorphisms
¢ E[N] = Z/NZ x Z/NZ for H = Cns(N) or CLL(N).

There are natural covering morphisms

Xns(N) —2— XL(N) —2— X(1)

having degree deg ¢; = 2*(M) and deg ¢» = '\gf(([,\f)

Remark. If H and H' are conjugate subgroups of GL>(Z/NZ), then Xy is naturally isomorphic to Xy over
Q. Thus the modular curves associated to any non-split Cartan subgroup (normalizer of non-split Cartan
subgroup) of level N are isomorphic to X,s(N) (respectively X/.(N)) over Q.

3.2.5 Coset representatives in SL,(7Z)

In order to better understand the modular curves X,s(N) and X, (N) we describe the coset representatives
of their associated congruence subgroups. We denote

Chs(N) = Cps(N) N SLo(Z/NZ) C'1o(N) = CL(N) N SLo(Z/NZ)

and we write [ ,s(N) and I,.(N) for their lifts to SLo(Z).

As before, © = Z[¢] will be a quadratic order with basis {1, ¢} such that x? — ux + v is the minimal
polynomial of &, We define L. = {M(y) | vy € (Z/NZ)[¢]* and Nr(y) = c} where M(y) indicates the
matrix associated with the multiplication by y. There is a natural identification

Chs(N) «— Ly = {M(y) |y € (Z/NZ) [€]* and Nr(y) = 1} «— Y1 = {y € (Z/NZ) [§]* | Nr(y) = 1}
We define
YN = |J YVa={ye(@/NZ)[E]* | Nr(y)=a, ac (Z/NZ)*}

ac(Z/NZ)*
Proposition 3.38 ([Bar2, Prop. 6.2]). The matrices representing the linear maps that transform the basis

{1,¢} as
11—yt §—=y(€+x)

where x € Z/NZ and y € Y(N), are coset representatives of C|.(N) in SLo(Z/NZ).

Example (N = p). We have

o ={(5 7)| @pemiioom]

o) ={(5 V)| o ©o) a-e=1} o M) |y e @B " ana W) = 1)

Further, Y(p) = {va | @ € F} } where y, is an element of F,[£]* of norm a. As we did before, we consider

& =+/—qfor qg#pinertinF,.
Nr(y,) = YoVo = (3 + b )(aq — €by) = a2 + qby

We need to find matrices M such that
1 Ve T
2 2
M - <O) = y;l = 706_ = 7aa+gfﬂ
YaYa Z+qb2

M- ((])-> :y_a(g“i’x):aax+baQ+(aa7baX)£: (

and
aaX — baq
—ag + bax
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Thus a system of coset representatives consists of the matrices
aﬁj#bi 3aX + baq _ ( alay  aax+ baQ)
*agfﬁ Ao — baX —a7thy, Ay — boX

being Yo = aq + £by an element of norm a2 + gb2 = a. In other words, for every a € [ we choose an
element y, = (a4, bo) € Vo and the set

atay,  aux+ baq
S == 1
—a by Ay — bax

is a system of representatives for C/.(p) in SL2(Z/NZ).

acFy, XGIFP}

We can repeat the same procedure for the normalizer of a non-split Cartan subgroup. We identify
C'"".(p") with the group

Cho(p") «— L1ULT = {M(y)|y € (Z/p"Z) [€]* and Nr(y) = 1}U{M(y)oS,|y € (Z/p"Z) [£]* and Nr(y) = —1}

where S, is the matrix associated to o, above. Once again, for every a € (Z/p"Z)”* / £ 1 we choose
Yo € (Z/p"Z) [€]* with norm Nr(yy) = c.. We define the set

Yi(p) = {yala e (z/pz) / £1}

Proposition 3.39 ([Bar2, Prop 6.3]). The matrices representing the linear maps that transform the basis

{1.¢} as

1=yt §£—y(E+x)

where x € Z./p'Z and y € Y+ (p"), are coset representatives of C'\.(p") in SLo(Z/p'Z).

Example. We will work out the structures just described in the case N = 5. C,s(5) has cardinality 5%(5—1) =
24 by Lemma 3.36 and it has elements of the form

() eoemvoon

Note that in this case we chose O to be the ring Z[/—3] inside Eisenstein integers. In the same way C,,(N)
has order 48 by the short exact sequence after Proposition 3.37. To describe it we have to add to C,s(5)

all the matrices Cps(5) - ((1) 1

We now intersect these two groups with SL,(Fs). Note that the matrices of Cns(N) (CL(N)) are
equally divided in sets of matrices with same discriminant, i.e., for each d € (Z/NZ)* the sets of matrices
of Cpns(N) (CL(N)) with discriminant d have the same cardinality [Baj, Prop. 2.11]. This means that
#Chs(5) = #Cns(5)/#F5 = 24/4 = 6 and #C'1(5) = #C;,(5)/#F5 = 48/4 = 12.

e ={(0 1) 2): G 26 3) 636 o)
010G 263G E6
G636 %6 %6262

In particular, this means that C! (5) has index #SL,(Fs)/#C..(5) = 120/6 = 20 and C',,(5) has index
120/12 = 10.

We construct now a system of representatives for the cosets of C;,.(5) in SL»(Fs). For each o € F&' we
choose (x,y) € F2\ {(0,0)} such that x? 4+ 3y? = o and we construct all the matrices of the form

(af y+cx> ceF,
—aly x-—cy

) where we multiply the second column by —1.

C/:s(5) =

Here the complete list of coset representatives of C/.(5) in SL(Fs)
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=

(ey) S e=0e=1 c=2  c=3  c=4
o LY ) 6D 6 0
=3 00 3 (55) (3 G363 G
a=e o 7 (3 (G2 63 Gl 62

In order to find coset representatives for C’}_(5) we have to consider a modulo +1 which means that

) . 30
we have to take into account only the first two rows of the table above. For example, we see that ( )

0 2
is already in C’}.(5) while (g g) is in the same coset of <(1) A1'>

The last step would be the lifting of C’ (N) and C’"}.(p") to SL»(Z) (pullback via the reduction map).
Luckily, we have bijections

Coset representatives Coset representatives
of C.(N) in SLo(Z/NZ) of Mhs(N) in SLa(Z)

Coset representatives Coset representatives
of C'}(p") in SLo(Z/NZ) of T+ (N) in SLa(Z)

This implies that we only have to lift one by one the representatives of the cosets for C/.(N) and C'}'.(p").
To do this we can use an algorithm [Baj, Alg. 1]:

i Algorithm 5. Lift of a matrix in SLy(F,) to SLo2(Z)

' Input: A matrix M € SL(F,).
' Output: A matrix N € SL,(Z) such that N = N mod p

1. We take M any lift (coordinate-wise) of M.

2. By linear operations on lines and columns we find U,V € SL»(Z) such that UMV = (g 2) € SLo(Fp).

Observe that this is always possible.

33. Let
34. Return

Example. In the example before we observe that the whole first row lifts naturally to SL>(Z). The first

1 3 .
5 2).Weﬁnd

D66 D=6 %)
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-4 1 1 4 .
We set W = (5 1) and X = (O 1). Finally

po (1 O) (1 1\ (1 0y (1 4\ /1 3\ (1 -2
T\2 1 5 —4 0 1 0 1 0 1) \7 -13
and N € SLo(Z) reduces to M modulo p. We find a set of coset representatives for I",s(5):
1 0 1 1 1 2 1 3 1 4
0 1)'\0 1/"\0 1/"\0 1/)"\0 1
1 =2 1 0 1 -3 6 29 1 1
7 —13)'\2 1)'\7 —-20)'\7 34)'\2 3
10 33 —-90 13 10 33 90 —7 90 23
3 10)'\-97 14)'\13 43/'\103 —-8/)'\43 11
8 —5 13 47 -7 —11 -7 —4 3 -8
5 -3/'"\-5 —-18)'\-5 -8/)'\-5 -3/)'\-5 -—-13
and a set of coset representatives for I,.(5):
(1 0) (1 1) (1 2) (1 3) (1 4)
0O 1/'"\0 1)"\0 1)"\0 1/)'\0 1
Cosets (I, (5)) =
osets (T7:(5)) 1 2\ /1 0\ /1 -3\ (6 29\ (1 1
7 —13)'\2 1)'\7 —=20)'\7 34)'\2 3

3.2.6 Signature of X,;(N) and X!_(N)

Cosets ([Mys(5)) =

We start with an example and we will eventually describe a more general way of computing the genus of the
modular curves associated to a (normalizer of a) non split Cartan subgroup.

Example. Let us try to work out the number of cusps and elliptic points of X;.(5). We recall that, noted
en = #{elliptic points of order h} and v, = #¢ 1(Py) for h=2,3, P, =i € X(1), P = p € X(1) and
¢ : X1.(5) = X(1), then Section 1.3.5 gives

dfeh = h(uhfeh)

and Ve = €. Let I =T7.(5). We also know that v» = N\SL2(Z)/ < S >, v3 =T\SLx(Z)/ < ST > and
Vso = T\SL2(Z)/ < T > are all related to the number of orbits of the action of some matrices on the set
of cosets of I, see proposition 1.33. From the example above we have a description of these cosets:

(1 O) (1 1) (1 2> (1 3) (1 4)
0 1/'\0 1/'\0 1/)'\0 1)'\0 1
Cosets (I1.(5)) =
osets (M(5)) 1 -2\ (1 0\ (1 -3) (6 29\ (1 1
7 —13)'\2 1)'\7 —=20)'\7 34)'\2 3
It is straightforward to observe that the first line is in the same orbit under the action of (T) and an easy

computation shows that the second line form a second distinct orbit. Thus €x, = Voo = 2 and X;.(5) has 2
cusps.

A case by case computation shows that Cosets (I'}}.(5)) consists of 6 S-orbits, 4 of which of size 2

626G =BG 2)-G 56 5G]
6 2)-G )6 DHE =)

This implies that v» = 6 and, by consequence, X/.(5) has e, = 2 elliptic points of order 2.

Cosets ([1(5)) /(S) =

Finally, we study the orbits under the action of ST. We observe that the only stabilized element is
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(; é) i.e., there exists a unique element B € Cosets(rﬁs(5)) such that

BSTB™ ' eI/} (5)

This means that all the other 9 elements are in orbits of size 3. This implies that v3 = 4 and, therefore,
X;.(5) has €3 = 1 elliptic point of order 3.

Remark. Note that, since v, = (ex(h—1) +d)/h, then €, is the number of orbits of size 1 under the action
of My where M, =S and M3 = ST.

In conclusion, X (5) has genus (corollary 1.32)
1
g5 (5) = g(X,5(5)) = 5 2+(10-2)+(10-6)+(10—-4)—-20)=0

We will now generalize all the ideas used in the example above. The main reference will be [Bar2].
We have already observed that deg(X (I ,s(N))) = [SLa(Z) : Ths(N)] = N@(N) and deg(X (T, (N))) =
[SLo(Z) : TH(N)] = Np(N)/2¥ M) since £/ € Tps(N), T (N).

Proposition 3.40. Let N = p" be a prime power. We have

()

€xo (Xns(p)) = (p") e (Xns(p)) = =57

Proof. As we have seen in the example, we have to study the number of orbits in SLo(Z)/T ps(p") under the
action of (T"). We do this with the help of the following.

Lemma 3.41. Every matrix T2 = <é i) with a > 0 such that T? € G ,(p")G, for some coset

representative G of T ps(p") in SLo(Z), satisfiesa=0 mod p".
Proof. We will use the definition of G as a linear map transforming the basis {1, £} as
1= -yt yed() §=2y(x+¢) xe(Z/p'L)

Further, we can see matrices of ,s(p") modulo p” as multiplication by k maps on (Z/p"Z) [§] for k €
(Z)p"Z) [£]* with Nr(k) = 1. We get a system

—y 1+ ay(x+€) =—-ytk modp"
yx+& =y(x+E&k modp"

from which k =1 and a= 0 mod p". O

This lemma implies that every cusp of X,s(p") has ramification degree p” which means that €., =
p o(p")/p" = ¢(p"). In the same way, the elliptic curve X (p") has ¢(p")/2 cusps. O

Proposition 3.42. Let N = p" be a prime power. We have

2 Ifp=2 mod3
0 Otherwise

1 Ifp=2 mod3

€3 (Xns(p")) = { e3 (Xa(p) = {o

Otherwise

Proof. As we have seen in the example, the number of elliptic points of order 3 corresponds to the number
of orbits of size 1 in SLo(Z)/T hs(p") under the action of ST. Therefore, we have to count the number of
coset representatives o of [,s(p") in SL2(Z) such that

o (_01 _11> =y0 some v € [ys(p")
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Once again, v modulo p" is the multiplication by k map on (Z/p"Z) [§] for some k € (Z/p"Z) [£]* with
norm 1. This means that we have to count the number of solutions (x, y) € Z/p"Z x Y(p") of the system

y(x+€&) =-ytk mod p
yl=y(x+€& =y(x+ &k mod p

Proposition 7.7 of [Bar2] tells us that this system has exactly two solutions if p =2 mod 3 and 0 otherwise.
Since the map Xps(p”) — XL (p") has degree 2 and it is unramified over elliptic points of order 3 we get

e3(X75(p")) = e3(Xns(p")) /2. O
Exactly in the same way, by looking at the action of S, we obtain the number of elliptic points of order 2.

Proposition 3.43 ([Bar2, Prop. 7.10]). Let N = p" be a prime power. We have

p . %pr(l—%) Ifp=1 mod 4
2 p=3 mod4
X ) = Xt (pN) = 1 1 =
€ (Xns(p")) {o Othermise & (Xis(p) 1+3p (1+ p) Ifp=3 mod4
or-1 Ifp=2

We define

1 If p=3 (mod 4) for all primes p| N

B2(N) = .
0 Otherwise

Bs(N) =

1 If p=2 (mod 3) for all primes p | N
0  Otherwise

Proposition 3.44. The genus of the modular curves associated with a non-split Cartan subgroup of level N
and its normalizer is given by

L (N - 62)4)(/\/) _ 2w(/v)/32i/\/) _ 2w(N)ﬁ3(N)

gns(N) = g(an(N)) =1 1 T

(1—%) IFp=1 (mod4)
1 Ifp=2
WL (1+1+2) sp=3 (mod4)

gia(W) = g0y = 14 B0 BN N T

By choosing an optimal set of coset representatives for ,s(N) or '}.(N) we can draw a connected
fundamental domain for X,s(N) and X/ (N).

T4s

Figure 3.4 — The fundamental region for I';}.(5).
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3.2.7 Models for X,(N) and X;.(N)

The goal of this section is to describe the state of the art methods for constructing explicit models for the
modular curves associated to non-split Cartan subgroups and their normalizers.

In the previous chapters we have found that there exist quite efficient methods to construct modular
functions of the groups '(N), 1 (N) and Io(N). For other congruence subgroups of SL,(Z) this is not the
case. While for split Cartan curves we still have algorithms that generates modular functions, for the non-
split case still little is known. This is probably due to the fact that, despite the curves X,s(N) and XL (N)
have the nice feature of being defined over @, their genera grows very rapidly and therefore computations
are harder to exploit.

We know that gps(p) = 0 for p = 2,3,5 while g,s(7) = 1. An equation for X,s(7) is given in [MS]. In
[Dos+], Dose, Fernandez and Gonzalez give an equation for the genus 4 modular curve X,s(11) while the
case p = 13 is studied in [DMS]. Concerning the curves X/.(p), we know that gl.(p) = 0 for p < 7.
Explicit models for the modular curve X;.(11) are given by Ligozat [Lig2]. More recently, Baran [Bar3]
has computed an equation for the genus 3 curve associated to C,;(13). Finally, Mercuri and Schoof [MS]
have presented numerical computations for X (17), X.(19) and X;,(23). Although the problem is of great
interest, it is not the goal of this thesis. We will only need parameters for small non-split Cartan curves
(for N < 5). Hence, we will devote the rest of the section to present some general results about modular
functions.

We recall that lemma 3.31 tells us that th” is a modular function for ['(p). If H is a subgroup of F of
index d containing —1, then
G = {M € C2(p) | det(M) € H}

acts on M, = (Z/pZ)*\ {(0,0)} and its action has exactly d orbits. We have a description of these orbits
in terms of coset representatives for H in F;: for any a € IF;/H we get an orbit

O, ={(x,y) € My | x* — €%y € aH}

Therefore, if O is any of these orbits we define

Fo= I &%
(9.meo

By construction, for every o € Gal (Q(¢p)(X(p))/Q(Cp)(X(p))CH) we have

12p\7 12
e5= II (82%) = II €% -ko
(g,h)eO (g,h)eO°

so that Ep is an element of

QG)(X(p))® = Q¢ (X(p))

We will note K = Q({,)". This is the approach in [Baj]. Once again, we are interested in very specific
curves. Therefore, following [Boo] and [Che] we will give another interpretation of this problem.

Let X be a projective non-singular algebraic curve defined over Q. Suppose that X has genus 0 and at
least one rational point (this is the case for X/.(N) for N = 3,4,5). Then, there exists an isomorphism
defined over QQ

t: X — PYQ)

which is unique up to automorphism. This will be our parameter (and it is sometimes called a uniformizer
for X). Suppose that we have a morphism 7 : X — X(1). This induces an embedding of the function fields
™ Q(X(1)) = Q) — Q(t) = Q(X). Thus, 7*(j) can be expressed as

() =220

where A € Q and P, Q are rational polynomials. This relation is called a covering relation and characterize
the uniformizer t relatively to j. Now, an explicit parametrization of X is a choice of uniformizers t and j
(for X and X(1) respectively) and an explicit covering relation for t.
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Lemma 3.45 ([Che]). Since j(p) = 0 and j(oo) = oo, we have
PT) = T (t-tz)@ QM= I -t=z)®
zem1(p) zem1(oc0)

where e(z) is the ramification index of z over p or co. Further, if zg = t~*(00),

Q(20)

A :.j(ZO) P(Zo)

Using this lemma we could derive an explicit parametrization for X;(3) and X;.(4).

Lemma 3.46. There exists a uniformizer t : X;.(3) — X(1) defined over Q verifying
j=r

and such that r(0) = 0 and r(o0) = oc.

Proof. We recall that X7, (3) is of degree 3 over the j-line and it is ramified over p and oo with degree 3.

This means (propositions 3.40 and 3.42) that we have only one cusp and one elliptic point of order 3 and

they turn out to be rational; this is because j(p) and j(o0) lie in P1(Q) and the uniformizer is a rational

function. Thus, the actino of Ga£(Q/Q) on X, (3) sends the point above oo to a point over oo and a point

above p still to a point above p. Therefore, by the uniqueness of these points, they have to be fixed by all
the elements of Ga¢(Q/Q) and so they have to be rational. Now, by the previous lemma,

ING(0)
(r = ()

By an automorphism of P! we can assume r(p) = 0 and r(oo) = oo and this imply that j = Ar3. Finally, we
note that X has to be a cube since j(Z[i]) = 1728 = 123 and 3 is unramified in Z[/] meaning that Z[i] gives
rise to a point on X/.(3); thus, r(Z[i]) € Q. Hence, by re-scaling, we can assume A = 1 and j = r°. O

Lemma 3.47 ([Che, Cor. 4.2]). An elliptic curve E/K with K C Q gives rise to a Q-rational point on
X(3) if and only if j(E) is a cube in Q.

In the same way (it only requires some more work) we obtain

Lemma 3.48 ([Boo, Th. 51]). There exists a choice of a uniformizer t : X,(4) — X(1) such that

4

3

+

5

J=2"t(t-1)3 t(oy) =

5
and t(o,) = 2

O

where o1 and o, are the two elliptic points of order 2 in X, (4).
Lemma 3.49 ([Che, Cor. 5.3]). There exists a choice of uniformizer s : X.(5) — X(1) verifying

_ s(25s £1)3(2s% £ 75 + 8)3
B (s2+s5—1)5

such that s(1) and s(cc) are roots of the quadratic polynomial X? + X — 1.

3.3 Weber modular curves

The goal of this section is to introduce some families of modular curves that will be of use in the next
chapters. We will discuss the problem of automorphisms or double edges in isogeny graphs in the following
chapters, but we have already seen in section 2.3 how these affect the construction of isogeny chains or
isogeny rectangles. In the following, we are going to play with the following constraints:

e On the one hand, we want our curve to have low genus, preferably 0 so that its points are parametrized
by a single value making computations more efficient.
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e On the other hand, we would also like to raise the level structure in order to eliminate problems at
vertices with extra automorphisms or double edges.

e Finally, increasing the level of the modular structure results in size reduction for modular polynomials.

We look therefore for the best compromise combining all these properties.

3.3.1 Rigidification of points

We have already seen that adding full level N structure, for N > 3, resolves all extra automorphisms (see
proposition 3.4).

X(2) X(p)
2/ o/
X1(2) X1(p)
H G-v2| @y
Xo(2) Xo(p)
\ N
X(1) X(1)

The curves X(2), X(3), X(4) and X(5) are genus zero examples while X(6) has already genus 1.
Generally, go(p) = g(Xo(p)) =~ (p — 1)/12 > 0. We are mostly interested in X(I') for a congruence
subgroup I C SLy(Z) for N = 223 to help with £ = 2 or £ = 3 isogeny chains.

90(273")
b= 0
1
2
3
4
5 19 * * * * * * keeps growing
6 64 * * * * * *

So that the genus is zero for N =273 =1,2,3,4,6,8,9,12, 16, 18.

One might also ask what happens if we relax a little bit our expectations: for instance, the modular curve
associated with the normalizer of the non-split Cartan subgroup of level 3 does not have elliptic points of
order 3 but only 3 of order 2. In order to eliminate double edges it suffices to move up to Xo(/N) where
indeed we differentiate all possible isogeny kernels. Thus, we might also want to consider curves of the form
X(F(2) NTo(3%)), X(I(4) NTo(3%)) or X(I'(3) NT(27)). In order to do that, we start by considering the
different curves involved and we eventually build the towers of modular curves on which they rely.

3.3.2 Adding level structure

When N = 2,3,4 or 6, the automorphism group [o(N?) is conjugate in PSL to the level N principal
congruence subgroup T(N) C SL»(Z); hence, the corresponding modular curves Xo(N?) and X(N) are
isomorphic. Further, for any p, the quotient curve XJ (p) is isomorphic to the curve Xs,(p):

Lemma 3.50 ([BKX, Lem. 1]). For N > 3, there exist morphisms 1 : X1(N?) — X(N) and 7o : X(N) —
Xo(N?) of degree ¢p(N)/2 defined over Q such that the composition is the natural forgetful map and the
following diagram commutes.
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X1(N?)
-
fi X(N)
V
Xo(N2) 2 Xo(2)
X1(N)
2
Wy Wy
Xo(N) < Xo(N) Xo(N) < Xo(N)

\\:X(l)//

where wy and wpe are Atkin-Lehner involutions, and the maps with no name are the usual forgetful maps.

Remark. The map f; is the natural forgetful map f; : X(N) — X1(N) given, in the moduli interpretation,
by sending the pair (E, @) to the pair (E, p~1(1,1)), since ¢~1(1,1) is a point of exact order N.

This lemma implies that for N = 3,4, 6, the modular curves X(N) and Xo(N?) are identical over Q(&y).
This is analogous to the case of the curves X;(N) and Xo(N) for N = 3,4, 6.

The map X(N) — Xo(N?) can be described on Y (N) by sending the point (E, ¢ : E[N] — Z/NZxZ/NZ)
on Y(N) to the N? cyclic isogeny obtained by composing the dual N-isogeny E — E/F; with the N-isogeny
E — E/F, where F; = ¢~ Y(Z/NZ x {1}) and F, = ¢~ ({1} x Z/NZ).

Corollary 3.51 ([BKX, Cor. 3]). The curve X(N) is isomorphic over Q to the fiber product of X1(N) and
Xo(N?) over Xo(N), with respect to the natural maps X1(N) — Xo(N) and Xo(N?) — Xo(N) =2+ X0(N)
(composition of the natural map with the Atkin-Lehner involution).

3.3.3 Modular curves X(N) for N =2,3,4,5

The Modular curve X(2)

We know that any elliptic curve £/C has a Legendre model y? = x(x — 1)(x — X), where A € C\ {0, 1} is
the A-invariant [Sil1, §ll.1]. The A-invariant can be chosen to be a single-valued function of 7 € H:

Aa) =2 (g2 — 803 + 4463 —192¢3 +...) =g =e™
The A-invariant is a Hauptmodul for X(2) and the j-invariant can be expressed in terms of it by

N =Xx+1)2° o (A+14x+1)3

J(r)=2° o1 ()= A — 1)

(27)

Since the group (2) and g(4) are conjugate to each other in PSL by a 2-isogeny, the curves X(2) and
Xo(4) are isomorphic and their canonical Hauptmoduls X\ and t are related by

M) =4 1+616 (g)

where t, = (n(7)/n(47))® is the classical n-product for Xo(4), see Appendix A.

The modular curve X(3)

Following [Cox, §12A], we can define the functions
B(r) =) and () = (= 12)M3(r)
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We Recall that in lemma 3.46, we proved that -y, is a Hauptmodul for X.(3). By proposition 12.3 of [Cox,
§12A], we obtain that »(37) is a modular function for the group M9(9) which is conjugate to '(3) in PSL.
By direct computation we get

(to + 3)(to + 9)(t3 + 27)
to(t2 + 9tg + 27)

12(37) =

where ty = (3n9(T)/m1(T))? is the normalized Hauptmodul for Xo(9), see [Mal].
Remark. We could use tg = (11/7m9)2 as well; we would get the same algebraic relation with 5.
Any elliptic curve over C has cubic Hesse model
Bty 41— (v+3)xy =0 (%)

where v € C\ {0,3(é3 —1),3(& - 1)} =C\ {O, %3%5} [Hes] (see also [Casl, Ch. 8]). We will study
this family of curves in more details in Section 4.1.6.

The =y invariant, as it happens for the A-invariant and the j-invariant may be taken to be a function on
the upper half plane with the following algebraic relation with the j-invariant

(Y +3)°(r +9°(r* +27)°
V(92 + 9y +27)3

(v +3)*(y* +9v2 + 27y + 3)*
Y(¥? + 97 +27)

J(7) = (1) = (37)

Remark. To see this, one simply compute the j-invariant of the model (). First, we observe that x3 4 y3 +
1 = 3Dxy is birationally equivalent to y? = x3 — 27D(D* + 8)x + 54(D°® — 20D® — 8) which is an elliptic
curve of j-invariant

J=1728

42> (3D(D*+8)\°
423 +27H2 D3 -1

In our case D = (v + 3)/3 and therefore

_ (r+3P(r+9P3(* +27)°
Y (y* + 97 +27)°

Remark. We note the equivalence between the two relations found so far

(v +3°(r+9°(y° +27)°
Y3 (¥? + 9y +27)3

(to + 3)(to + 9)(t3 + 27)
to(t2 + 9tg + 27)

J(1) = Y2(37) =
meaning that we could take (1) = t9(7/3). Since to(7/3) is a Hauptmodul for '(3), then the Hesse
invariant «y is also a Hauptmodul for I'(3) and the Hesse model is associated to (3) exactly as the Legendre
model is associated to (2) [Mal].

t= tg(T/3)
Hesse invariant = t ty = 33 (no/m)>
X(?’) tz = tg + 9t2 + 27ty
= (t+33)(t+§2))(t2+27)
t3+49t2427t
X1(3)
I
Xo(3)  t3=3%(nz/m)"
ro Xi(3)
4\A 3 3(+3 2 3
X(1) = (ts+3)°(ts+27) _ (to+3)°(t5+9t5+2719+3)
—(t43)3(t4+9)3 (12 427)°3 t3 to(t2+9t9+27)
J=r = sprony
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The modular curve X(4)

The Legendre form y? = x(x — 1)(x — X) provides a family of elliptic curves Ey with an isomorphism
Z/27 x u> — Ey and therefore, as we have seen, the parameter X provides a parametrization of X(2), i.e.,
k(I(2)) = k(X\). We can compute 14 /%5, the quotient of the two division polynomials of Ex with respect to
4 and 2, and obtain the primitive 4-division polynomial (encoding the points of exact order 4), see Chapter

- Ys  16—4 E[4]\E[2]

deg — = = =6
Y, T2 {1}
This represents the number of curves at distance 2 from any chosen elliptic curve in the 2-isogeny graph:
+2
|
°

o/ \o
+2 +2

The function field k(X (4)) is obtained by adjoining to k(X (2)) = k(\) roots of any two of the factors

Ya()/h2(x) = (2 = N = 2x + A — 22x + A)

X(4)
2
E[4]/E[2] ~ (Z./27)? 4 X(T(2)NTq(4))
2
X(2)

Let u? = X, then ¥4(x)/wa(x) = (x — w)(x + p) (x> = 2x + u?)(x? — 2u>x + u?). The discriminants of the
two quadratic polynomials are —4(u? — 1) and —4u?(u? — 1) respectively; hence, if k contains i = /—1,
then the splitting fields of f; and f> are the same.

k(X(4)) = k() [V B2 = 1] 2 k(A) = k(k?)

conic
V2=p?—1

A parametrization of the conic gives a rational function (of degree 1) generating the function field of X(4).

Figure 3.5 — Parametrization by P! in (u,v): we fix the point (1,0) and look at the system of lines
passing through it. Each line intersects the conic in exactly one point and the slope of the line defines the
parametrization.
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A straightforward computation gives

v (1+1¢2)?
slope 1 " W+ W= ey

We obtain a family of elliptic curves E; with a prescribed isomorphism Z/47Z x Z/AZ — E.[4]; the new
parameter t generates the function field of X(4) and the relation above describes the map X(4) — X(2).
The modular curve X(5)

(5) is the congruence subgroup of full level five. It has index 60 in SLy(Z) and signature (g, €, €2, €3) =
(0,12,0,0). We have the following tower

X(5) k(f)
d d
X1(5) k(v)
2 2
Xo(5) k(ts)
] 0
X(1) k()

The Dedekind n-product ts = (n1(7)/ns(T))° is a parameter on Xo(5) with maps down to the j-line

2 3 2 3
w0) = (tg + 250255 + 3125) and () = (tg + 1(2?.‘5 +5)

5 5
If we now look at the elliptic curve E, : y? + (v + 1)xy + vy = x3 + vx?, we note that P = (0,0) is a
5-torsion point on E,. Thus, the parameter v is a generator for the function field of X;(5). Note that
1(5) is a torsion free genus zero subgroup of SL,(Z) of index 12 and the lack of torsion implies that an
Hauptmodul on X1(5), as v, provides an isomorphism with the projective line. The j-invariant of £

(v +12v3 +14v% — 12v +1)3

JE) =~ vo(v2 + 11v — 1)

provides a map to X(1) and, by comparison, we get the relation

125v

tg= —
° vZ4+11lv—1

Finally, ['(5) corresponds to a cyclic cover of degree 5 of X1(5) and, therefore, a parameter on it is a quintic
root of v, v = f>.

3.3.4 A new modular curve

For simplicity we will write X;®X» for the normalization (non-singular model) of the fiber product X3 xx(l)XQ
given two modular curves X; — X (1) and X, — X(1). We will be interested in the following situation

X =Y ®X(3)

\

Xo(2) @ X (3)=Y

/ \ X(3)
Xo(2) X;S(3)/
X(1)
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Let us start by looking at the full level three modular curve X(3).

Hesse invariant

J-invariant

In Section 3.3.3 we have already described it and yet we will find another parameter on it in order to find
more compact relations with the j-invariant. We take t3, the Hauptmodul for Xy(3) to be

12 3
t3(t3 + 216
n3(7) (t3 —27)3

t3 =27 + (
As usual, we consider r, the parameter on X/ .(3) to be a cube root of the j-invariant. Thus, to pass from

Xo(3) to X(3) we need to add a cube root of j. We take t3 = t3. Hence,

t3(t3 4 216)°

(t3—27)3
and then
A £3(t3 +216)° . t(t® + 216)
RN C= T Y
We eventually look at the curve Y
u
Y
/ X
s Xo(2)
X3s(3)
X /
P — 3
X(1) o
J-invariant

On Xo(2) we define the classical Hauptmodul, see Appendix A

24 3
256
Ss=t = (7)1(T)> such that = w

n2(7) 52
In order to define a parameter on Y we need to add a cube root of j. Thus we define u® = s so that

(u® +256)3 u® + 256

ub u?

Remark. Note that we can use the Atkin-Lehner copy of Xo(2) in order to have j = (s + 16)3/s and then
take u® = —s to ease the construction of the Weber modular curve, as we will see shortly.

Finally we find a generator v for the function field of X.
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/\

X(3) ¢t
—u +256 \ /
o t(t3+216)
(3)
We have a complete description of the two maps
X(3) — X1.(3) Y — X1.(3)
N t(t3+216) L u® 4 256
- 27 u =

Setting these equal, we find

t(t34+216) v+ 256 3 5 3 3
o =5 = (t3+216)tu* — (v +256)(t> —27) =0

This is a (singular) model for X. Using magma we find out that X has genus 0. As we did in the previous
section for X(4), we can use the anti-canonical divisor (of degree 2) to obtain a plane conic model and,
eventually, find a rational parametrization (given any point) by

P! — X vi— (t,u) = (t(u), v(u))
Using magma, we find
vi—2 16(v3 +1)
t= y= ———————
v (v3 —8)v

Xo(2) ® X 3) =

/ t
/(m?;g)‘
(3) |
s +256)3 /

X(l) "J':r

J
Figure 3.6 — Constructing the modular curve X.
By successive approximations we can compute their g-expansions finding:
_1 2 5 8 u u u 6
u(q) =q 3 —8qg3 +28qg3 —64qg: + 134g3 —288g= +568g3 + O(q°)
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t(q) = q % +5q° — 795 +3q5 + 1597 —32g% +9¢% + O(q°)
_1 1 5 4 u u 10 13 20 5
v(g)=q 5 +q>+qs —q3 —q° +qg° +2g3 —2g% —3q° +0(q°)
Remark. We observe that the modular curve
X =X(3)® Xo(2) = X(I'o(2) N T(3))

is associated with the group I' = x(2) N T(3) which has index two in T'(6).

3.3.5 Weber modular curves

Weber modular functions

We will need one more class of modular functions. These have been first introduced by Weber in [Web] and
they are defined in terms of the Dedekind m-function (see §2.2.3). This new family of functions has the
advantage of providing effective ways of calculating . We recall that

+o0
77(7-) _ q1/24 H (l o qn)
n=1

and that, since the modular discriminant does not vanish on the upper half plane, we may define a cube root
of the j-invariant

Definition. The Weber modular functions f, f; and f, are defined to be

T+l 1 too 1
j(r) = a2 g IT(1+a?)

n(T) e
z 1 e 1
T RS (B
IV CL B n
fo(T) = V2 o V2g H (144"

These functions satisfy various identities, among which,
f1(27)f2(7) = {(T)f(Dfa(1) = V2

the latter showing that, unlike the case of the modular j-function, the values of these functions at singular
moduli are “almost” algebraic units [GS].

Remark. It is easy to see that each of the functions §, f; and f, have rational Fourier expansions.

The definition of Weber functions may seem quite arbitrary at first but they arise in a natural way when
studying the 2-torsion of the universal elliptic curve over C.

Theorem 3.52. Let e; = p(7/2), &2 = p(1/2) and e; = p((T + 1)/2), then
e — e = mn(1)*(1)°

€ — €3 = 7T277(7')4f1(7')8

€3 — €1 = 7T277(T)4f2(7)8

Corollary 3.53. The following identities hold

(1) = f(7)** =16 §1(1)** +16  f2(7)** + 16
A N Y o R N CO
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_ ({0 +8)(f1(1)° — f2(7)°)
’Y3(T) - f(;)g 2

From this we could also deduce an expression for j as a rational function in §, f; or fo. Finally, as a
consequence of the transformation laws of the Dedekind n-function, we have the following

Proposition 3.54. The Weber functions satisfy the following transformation properties
1 1
f(T+1) = (g F1(7) fl—=)=F)
B D=GHD (—) ~ fa(r)

T

f2(T + 1) = Coafa(T) f2 (—71_> = f1(1)

This proposition gives

Proposition 3.55. §(7)° is a modular function for

rs(8)={<i Z)bECEO mod8}

Proposition 3.56. ,(87)% is a modular function for ['4(32).
Proposition 3.57. §,(T) is a modular function for I (24).

Note that f, was the first to be studied by Weber, who eventually introduced the related functions § and
f1 satisfying
(X + )X = )X = 5) = X° —7X + 16

Each of these functions generates an extension of degree 72 of Q(j). We construct therefore a new modular
curve W with parameter fs.

Weber modular function f, = f W
24 3
such that j = “afﬂ

=X (To(2)NT(3))

t= vi-2

v

X (To(2)N r (3) X(3) t = Hesse invariant

_ u3+256 5
tz3=1t
(t3+216)t 3 s
3

) 24 ) 12
(ZQgg) =° XO(2) 5(3) XO(3) S <Z;(T§)
- <k / r
= ey
X(1)
. J’ .
J-Invariant

Figure 3.7 — Modular tower for the Weber modular curve W

We note that f has a non-rational coefficient. If we consider the twist of Xo(2) by the Atkin-Lehner
involution w,, we can avoid this issue by working with §f(7) instead of fo. Note that the same result
can be obtained simply by replacing the Hauptmodul s = (11/m2)?* of Xy(2) by its normalized version
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s = 22(my/m1)?*. In this case we also simplify some of the relations between the modular curves involved.
Note that the choice s = —u3 has been made in order to work with § (instead of f;).

Weber modular function f =f W

such that j = (f24f§}6)3

u-ro |8 X =X(o(2)NT(3))

v

)((3) t = Hesse invariant

s=—u?
_ 43
3 (t3+216)t 3 L=t

Xo(3 ty = 27 4 (D)
X50) o3)  w=2s (3)

_ ts(ts+216)°
= (27

J-invariant
Figure 3.8 — Normalized modular tower for W

Once established that W and X cover Y we can construct W ® X and find that W ® X — W is of degree
deg (W @ X — W) =deg (X = Y) =deg (X(3) = X5(3)) =

so that W does not cover any other intermediate curve. In other words, the two covers W — Y and X — Y
are independent.

Lemma 3.58. W ® X — W has genus 21.

Weber curves

Setting (ug, ur, u2) = (f, C16f1(7), (3¢ F2(7)) the triple (ug, ur, up) satisfies the common relations

(13 =16  (8* =16 (3'—16)°
= u24 = 124 = w24 '

and one verifies that the three orbits {(24u, J € ZJ247Z} run over the 72 roots of the modular polynomial
(X** — 16)° — j(g)X?* € Q(Caa)[aY],
and moreover, the functions u; satisfy transformations
(1o, u1, 1) 0 S = (ug, {5 Muz, Caur) and (o, uz, up) o T = (Coquty, {55 U0, Coatia).

The map determined by the normalized Weber functions (uf’ : uf” : uj’ : 1) determines a Weber modular
curve W), in P3

W o [ XEFXT+ X5 =0,
XoX1 X5 = /2" X3

for m and n such that mn = 8, with quotient Weber curve W, defined as the image of (u3™ : u3™ : u3™ : 1)
in P3:
X0+ XD+ XD = 48X,
") XoXiXo = V2OXE.

These defining relations follow directly from the relations & = & + 3 and §fif» = V2, and the curves are
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equipped with maps Wy, — W, for each product mn dividing 24. We will now show that Weber modular
curves fit in the description of previous sections.

Modular group

To each factorization mn = 24, the Weber curve W, in P23, defined by the triple of Weber functions
(ug', u", ul"), comes equipped with an action of PSLy(Z). We denote the kernel of the action by I'p,
identifying the Weber curves with the modular curve X(I';). The action of PSL,(Z) on Weber functions
induces a representation in GL3(Q(¢,)) determined by the images of the generators S and T.

PSL»(Z) GL3(Q(¢h))
10 0 0 (& 0
ST—— |00 ¢ ol oo
0¢r 0 0 0 ¢z

The image group is finite, whose kernel I, is a normal congruence subgroup of PSL»(Z). We reduce the
computation of I, by first proving that 'y = (2), then noting that 1 C '3 N g = a4, which reduces to
determining '3 and the chain ' C I, C 4 Clyg.

Let g = (Cm) be the group of m-th roots of unity, and define the anti-diagonal group,

Vipan) ={(Ch & ¢ ) 10< i) < m},

and the diagonal group A(pm) = {(¢4,. ¢h,. ¢lL) 10 < i< m}, each of which acts by coordinate scaling on
A3, and if m = 0mod 3, then V(u2,) N A(pm) = A(us), otherwise the intersection is trivial. For each
divisor mn of 24, the action of the anti-diagonal group V(ufn), extended to P3, stabilizes Wp.

Proposition 3.59. For each product mn dividing 24, the group V(u2,) acts on Wy, with quotient W,.
e /f m# 0 mod 3, then the group V(u?2,) acts faithfully and T, /T =2 V(12).
e /f m=0mod 3, then group V(u2,) acts with kernel A(p3), and T pmn/Tn =2 V(u2,)/A(p3).
In particular, if m divides 8, the degree of W, — W, is m? and the degree of W5, — W, is 3.
Proposition 3.60. The Weber kernel group Ty equals ['(2) and Wy = X(2).
Proposition 3.61. The Weber kernel group s equals T'(2) N T1.(3), and for each n dividing 8

M3, =T,NT(3).

It thus suffices to characterize the groups I, for n dividing 8.
Proposition 3.62. The Weber kernel group T» equals T'(4) and Wo = X(4).
Proposition 3.63. The Weber kernel group T4 equals ['s(8) and W4 = Xs(8).

It remains to characterize the group g under which the triple of functions (u3, u3, u3) is invariant. This
group is not the split Cartan subgroup I's(16), but we can show that

F(16)CF8CFS(8):{ (i Z) : bECEOmOd8},

and that the group 'g/I(16) is cyclic of order 4 generated by

13 8

21 27 —21 -2 —
T=UT U (8 5

) mod 16,

where U = STS™!. The equality is easily verified in SL,(Z/16Z) and the word expression on the left
maps to the identity under the above homomorphism to GL3(Q({g)), showing that the element is in the
kernel of the action on Ws. Moreover, the matrix on the right lifts to SL,(Z). Given that the degree of
Ws — Wy = Xs(8) is 4, and X(16) — X(8) is of degree 16, we obtain the following description of the
kernel group Ig.
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Proposition 3.64. The Weber kernel group T'g is the group generated by I'(16) and (183 i)

In particular we note that 'g contains the diagonal matrix in the center of SL,(Z/167Z):

2
13 8\ _ (9 O
(8 5) = (O 9> € SLy(Z/167Z)
hence contains the subgroup

|’(16,8,16){<i 2) €SLa(Z) : a=d=1mod8,b=c=0mod l6}~

Given that 's(8)/I(16) is an abelian group:

aoro={(8 96 96 D)=e

so that (8)/I(16,8,16) = C, x V; = C3; we have the following diagram of modular curves between
X(16) and X(8), where the curves represented by dots are intermediate quotients by the subgroups of
Vy = (T8, UB).

X(16)
(29)
X(16,8, 16) ((E9)
T e T
<ol x(r(16), (128)) Xs(16) X(r(ie). (5'2)) We
L O

e

3.3.6 Fermat curves

Let F,: X"+ Y" 4 Z" = 0 be the n-th Fermat curve in P2. The hyperplane relation X§ + X+ X5 =0 in
Ws, motivates the study of the relation with Fermat curves F,, in particular the projection 7 : Ws, — F,.

In order to obtain a cover of Ws,, we also introduce the twists FS : X" +Y" + cZ" = 0 of F, by
c. In particular, for ¢ = 16 and nm = 8, the degree 9 quotient, F3¢ — F, given by (X : Y : Z) —
(X3,Y3, /2" Z3), maps through the projection Wi, — Fp:

]:?}nG W?m fn
(X:Y:12Z) —— (X3:¥Y3: V2" 23 . XYZ) —— (X3:Y3:2"23)

each of degree 3. In fact we can establish that the quotient W5, — W, induces an isomorphism of F,
to W, such that the quotient of Weber curves is the composition of 7 : W5, — F, with the isomorphism
Fn— Wh.

W3n F n W”

- XoX1X2

(Xo: X1:Xa:X3) — (Xo: X1:X2) — (X3:X3:X3: N )= (X§: X3 :X3:X3)
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Remark. This shows that the curves F,,, for n dividing 8, are modular, in the sense of being a moduli space
for elliptic curves with a 2n-level structure.

The curves W, are generated by the triple of functions (¥, f1, f2), or rather their normalizations (ug’, uf", u7"),
where nm = 24. The quotient to f7 is a genus 0 quotient. For instance, for m = 24 (and n = 1), we have
Wi = X(2), but the quotient to §2* is isomorphic to Xo(2).

X244 y?* 1 162%4 =0

= \
/ N x

\ \ i
Fao -==-Ws \ / \
\ \ x3+y34+1623=0
/ \ / Elliptic curve of conductor 36
Fi - W= X \ b3
X /
X(1)
J-invariant
j=Eoter

Figure 3.9 — Normalized modular tower for W
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Chapter 4

Division Polynomials and Isogenies of
CM Curves

In previous chapters we have treated isogenies as moduli points. We now focus on a different approach which
consists in describing isogenies by the polynomials cutting out their kernels. We start by giving a classification
of different models of elliptic curves highlighting the natural level structure they carry. Eventually, we
introduce the notion of division polynomials, i.e., those polynomials characterizing the n-torsion subscheme
of an elliptic curve, and study their recursion formulae. Finally, in view of the applications of next chapters,
we describe how to adapt this construction to algebraic integers (following [Sat]) and then specialize to the
Gaussian end Eisenstein case.

4.1 Models of elliptic curves

An elliptic curve is a projective non-singular genus 1 curve with a fixed distinguished base point O.

In view of a classification of different models for elliptic curves, we present here the structures up to
which such a classification is made. To fix the notation, we will work with projective models to avoid
divisions, except in the case of Weierstrass curves where working with an affine equations is not too much
of a constraint since there is only one point missing, namely the point at infinity. A projective model for an
elliptic curve is an embedding ¢ : E — P". We will say that the model is projective normal if it is given by a
complete linear system, i.e., if its coordinate ring is integrally closed [Har, Ex. [1.3.18]. We let X, ..., X,
denote the coordinate functions on P". We obtain a surjective morphism of rings

k[Pl =k[Xo, ..., Xi] — k[E] =

for /g the defining ideal for the embedding.

Kohel observed that, using the completeness of the linear system defining the projective model, we can
infer the existence of a point S € E(k) such that every hyperplane intersects E in d = r+ 1 points summing
to S (counting their multiplicities) [Koh4].

On P" we have a natural invertible sheaf Opr(1) spanned by the global sections which are given by
the homogeneous coordinates { Xy, ..., X, }. Hence, for a projective model ¢ : E — P" we obtain a sheaf
on E given by the pullback £ = ¢*Opr(1) which is also invertible and is generated by the global sections
si = t*(X;). In the same way one can construct £L" = ¢*Op-(n) where Opr(n) is now generated by the
monomials of degree n in the X;'s. Its space of global sections I'(E, L") is a finite dimensional k vector

space [Har, Ex. 11.5.14] and
+o00

KIEl=EPT(E. L")

n=0

Now, if D is the divisor on E cut out by Xo = 0, we can identify ['(E, L") with the Riemann-Roch space
associated to nD [Koh4]. This means that a projective model is determined by a line bundle £(D) on the
curve which is given by a divisor D. Its space of global sections is the Riemann-Roch space L(D).

Definition. The divisor D encoding the information on the projective model is called the embedding divisor.
More precisely, its class is the embedding divisor class.
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It turns out that if £(D) is an invertible sheaf, then D has to be linearly equivalent to r(O) + (S) where
S is the sum of all points (with their multiplicity) lying in the intersection of any hyperplane with E, as
above. Thus, we will consider D = r(O) + (S) as the embedding divisor [Koh3, Lemma 2].

For the Weierstrass model we can take D = 3(O) which corresponds to 2(O) + (O) in the description
above. Hence, we are taking the point S to be the identity element itself but, as we will see, this is not
always the case. More in general, for quartic models, the only interesting divisors are 3(O) + S and 4(O).
When working with Edwards curves it is natural to take D = Y27 iT ~ 3(0) +2(S) with S = 2T.

Definition. A model is symmetric if [—1] acts projectively linearly.

Remark. This is equivalent to the divisor embedding D being equivalent to r(O) + (S) where S € E[2] is
some 2 torsion point. In fact, if we have an affine model and its divisor is the divisor at infinity, the fact that
—1 acts linearly means that S is either the point at infinity or a two torsion point.

Remark. By means of the choice of coordinate functions, [—1] can be diagonalized into eigenspaces, which
means that by —1 can be chosen to act by a swap of variables or a change of sign.

Since we are mostly interested in curves with efficient arithmetic, we will restrict to symmetric models.
The divisor embedding provides the first invariant in our classification since there exists a linear map between
two different models if and only if they have the same embedding divisor class [Koh4, Th 3.2]. A second
criterion in the classification would be the level structure encoded by the model: we will be interested in
elliptic curves with a given torsion subgroup G C E(k); moreover, we want this subgroup to stabilize the
embedding divisor D. This means that the pullback by the translation by P-map Tp acts as the identity on
D for all P € G: 75D = D. As a consequence G will act linearly on £ [Koh3, Lemma 29].

Remark. This means that 3-torsion points act linearly on degree 3 models, for degree 4 models 4-torsion
points act linearly (including 2 torsion points) and so on.

Finally, we will also look at the choice for the base point and at possible twists of the models.

Level 2 structure

We start by looking at families of elliptic curves parametrizing a 2-level structure. This means that they
naturally come equipped with some 2-torsion structure. In particular, we will be interested in quartic models
as two torsion acts linearly on these families.

Lemma 4.1 ([Koh3, Lemma 5]). Let E be a projective normal degree d model of an elliptic curve. The
translation by T map acts linearly if and only if T is in E[d].

This give a motivation to focus on quartic models in the framework of symmetric curves for which [—1]
acts linearly.

We will start by looking at a model encoding a g(2) structure to eventually climb the modular tower
adding a full level 2 structure, a I'1(4)-structure and, finally, a I'(4) structure.

4.1.1 Intersection of two quadrics

It is well known that any elliptic curve over k can be embedded in P* as the intersection of two quadrics (in
general defining a curve of genus 1). Cassels [CF, Ch. 7] shows that, provided the characteristic of k is not
2 or 3, a general elliptic curve y? = x3 + ax + b corresponds to the curve C in P3 defined by

X22 = bXS + 8XOX1 + X3X1
XoX3 = X2

via the embedding (x,y) — (1 : x : y : x?). The identity element corresponds to a flex point where the
tangent line has a multiplicity 2 intersection point. The group law is described geometrically in [Hus] and
arithmetically in [CF].

Remark. Here we are taking the divisor D to be 4(O) and a basis for the Riemann-Roch space given by
{1, x,y,x%}.
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Figure 4.1 — Group law in the intersection of two quadrics

We let O be the identity element and, similarly to the chord-tangent law defined on the affine model of
an elliptic curve, we let three points sum to O if they are coplanar to S, which equals O in this particular
case. The negation of a point P will be the third intersection of the plane passing through O and P and
containing the tangent line to the curve in O (Figure 4.1).

One of the advantages of this model is that the formulza for adding points also work for doubling and
has been therefore used in cryptography to prevent SPA-like attacks as in [BJ1] and [LS].

In practice, we will often be interested in elliptic curves with a 2-torsion point. In this case we can
transform a Weierstrass model of E into the form

E:y?=x(x*+ax+p)
with 2-torsion point (0,0). An embedding in P2 as a quartic curve C is obtained by the transformations
(x,y)— (1:x:y: x> +ax+0)
or in projective coordinates by
(X:Y :2)—=(Z°:XZ:YZ: X?>+aXZ+BZ?)
giving defining polynomials for C:

XQX3 = ,BX% + OlXoXl + X%
X1 X3 = X2

Remark. The choice between x? and x? 4+ ax + 3 as the fourth coordinate is justified by the projection to
the last two coordinates:

(y:x*+ax+p) = (y2 : (X2+ax+ﬁ)y) =(x:y)
versus the lack of cancellation between y and x2:
(y:x?)=(y?:x%y) = (x*+ax+B:xy)
As a result, the projection to the former two coordinates gives a map of degree 2 whereas the latter is of 3.

As we said above, the interest for looking at a level 2 structure on a quartic model is that the translation
by 2-torsion points is linear:

(Xo X1 Xo X3) — (XO +Ot/,6X1 — 1/ﬁX3 =Xy X —X3)
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Remark. This curve carries a [4(2) structure which is given by its 2-torsion point. We can explicitly find the
relations by a, 3 and the parameter s on X(2) satisfying j = (s+16)3/s. A simple magma computation gives
s = 2560/(a?>—43). Note that t = a?/3 is an invariant and therefore a twist consists in (a, B) — (Aa, A°03).
4.1.2 Jacobi normal form

Assuming the characteristic of the base field is not 2, we let J, ) be the elliptic curve given by the intersection
of the quadrics in P3

X3 = X? 4+ aX3

X3 = X3+ bX3

X2 = X2+ cX3

where a+ b+ ¢ = 0, with identity element (0:1:1:1). The full 2-torsion part of J, 1) is very explicit:
Jaml2l={(0:1:1:1), (0:-1:1:1), (0:1:-1:1), (0:1:1:-1)}
The embedding divisor is equivalent to the formal sum of all the two torsion points, which is 4(O).

Theorem 4.2 ([Koh3, Th. 35]). Let E/k be an elliptic curve with projective normal embedding in P* such
that Op(1) ~ L(4(0)) and E(k)[2] is isomorphic to (Z/2Z)?, then there exist a,b € k such that E is
linearly isomorphic to J p).

Remark. The Jacobi curve Ji, ) comes equipped with the full 2-torsion subgroup. Thus, it carries a r(2)
structure. The relation with the X invariant, which is a parameter for the modular curve X(2), is given by a
six-to-one cover [Sill, §lII.1]:

wel @2 b a b c ¢
b' a'a+b a+b a b

This is perhaps not the most natural model on which to study polynomial maps, since the Kummer curve
is a conic in P?. Indeed, the inversion map is given by

[—1](Xo : X1 : Xo: X3) =(—Xo: X1: X2 X3)
so that the Kummer curve is the projection to (X; : X» : X3) in P? defined by
aX?+bY? +cZ?=0
The Jacobi model is isomorphic to a curve in Legendre normal form
y?=x(x—1)(x = \)

for which A = —1 is in the family of Gaussian twists. Note that the X is exactly the A invariant above. An
isomorphisms with the curve (a, b, ¢) = (=1, =X+ 1, \) is given by

() — 2y x> =X x? = 2x+ A x2 = 22x + \)
The Kummer curve of J is parametrized by the Kummer line P! of E by the map
(X :2Z) — (X? =2XAXZ + AZ° : X? = NZ%: X? —2XZ + \Z?)
where the zeros of the coordinate images are at the x-coordinate of the 4-torsion points.

Remark. The existence of a 4-torsion point shows that this model parametrizes something more than a
[(2)-structure: it is indeed a point on X(I'1(4) N Xo(2)). Since there is no 4-torsion point over k(\), one
need u = v/A and then the cover X(I'1(4) N X(2)) — X(2) is given by p — X = u?.

Chudnovsky and Chudnovsky [CC] define a Jacobi form representing an elliptic curve as an intersection
of two quadrics:
= X§+Xi=X3
TNXE + X3 = X3

118



84.1. Models of elliptic curves IV. Division Polynomials and Isogenies of CM Curves

with base point (0 : 1 : 1 : 1), which is a model for a curve in Jacobi normal form with (a, b, c) =
(1, =22, 2% — 1) with map (Xo : X1 : X2 : X3) = (X0 : X1 : X3 : X2) [Koh3].

Liardet and Smart [LS] obtained explicit formuleae for point addition on E . Let P, = (ap: a1 : az : a3)
and P = (bg : by : bo 1 b3) be two points on E, then P+ P, = P; = (cp: ¢1 @ ¢ @ ¢3) with

(Co 106 C3) = (aob1b283+b02182b3 . 81b183b3—aob032b2 . 82b283b3—>\230b081b1 . (b183)2+(b032)2)

4.1.3 Jacobi quartic form

Jacobi quartic curves over a field of characteristic different from 2 are defined by the model
Joiy?=(1—-x*)(1-k*%%) withk #0,+1

with base point (0,1) and 2-torsion point (0, —1). These curves where introduced by Jacobi as they can
be parameterized with Jacobi’s elliptic functions. It is worth noting that its standard projective closure
Y272 = k2X* — (k%2 + 1)X2Z2 + Z* in P? is singular; the coordinates (X : Y : Z) stands for equivalence
classes of triplets where (X : Y; : Z1) ~ (X5 : Yo : Z5) if there exists t € k* such that X; = tX5, Y] = t2Y5
and Zl = tZQ.

As they have 2-torsion points, it is natural to ask if they provide a good parametrization of a [4(2)-
structure. Billet and Joye [BJ1] observed that if E := y? = x>+ ax + b has a rational 2-torsion point (6, 0)
(indeed any curve with even number of k-rational points), then it can be put in the more general affine form
(usually referred to as extended Jacobi quartic form)

Jse 1 y? =ex* +26x° + 1 (4.1)

with € = —(362% + 4a)/16 and § = —36/4.

Remark. In this context, “more general” means that it covers more isomorphism classes than the classic
Jacobi model. By contrast, we descend the modular tower as Jy is a family with level [';(4) NI (2)-structure.
In fact, if w is the square root of the A-invariant introduced above, then k = (u —1)/(u + 1).

This curves have identity element (0,1) and (0, —1) is a point of order 2. Their discriminant is A =
256(62 — €)? # 0 and the j invariant is given by 64(6° + 3¢)3/(e(6% — €)?).

As for the classical Jacobi model, the projective closure Y222 = eX* + 26X?Z?% + Z* has a unique
singular point © = (0 : 1: 0). The blow-up resolving this singularity produces two points at infinity, noted
Q1 and Q. The divisor at infinity is D = 2(;) + 2(£2,), and the Riemann—Roch space associated to it
is generated by {1, x, y, x?}. Thus the transformation (x,y) — (1 : x : y : x°) gives the projective normal
closure & C IP? with defining equations [Koh3]

X2 = XoX3
X2 = eX2 +26Xo X5 + X2

Liardet and Smart [LS] and Kohel [Koh3] considered the special case € = 1 which gives curves

X2 = XoX3
X2 = X2 426X X3 + X2

The map (Xo: X1: Xo: X3) — (X1 : Xo: Xg— X3 : Xo+ X3) defines an isomorphism to the Jacobi normal
model defined in the previous section with (a, b, ¢) = (—=2(6 +1),4,2(6 — 1)).

The geometric interpretation of the addition law goes as shown in Figure 4.2 and it is the analogue of
the chord-and-tangent rule for Weierstrass elliptic curves. The conic C passing through P, P and O and
tangent to Jse at Q has 8 intersections with our Jacobi quartic; this is a direct application of Bezout's
Theorem as the number of intersection of a conic with a degree 4 model is 2 - 4. Since, it has multiplicity 4
at 2 and 3 intersections Py, P> and O, it follows that C passes through a 4 point of the elliptic curve. We
let P, P and this third point to sum to O meaning that C crosses Js at —P; = —(Py + P).

Remark. The negation of a point is —(x,y) = (—x, y).
Proposition 4.3. Given two points P, = (ap : a1 : a2) and P> = (by : by : by) on the Jacobi quartic

Jse 1 Y222 = eX* 4+ 206X%Z? + Z*, the conic C passing through Py, P>, O and tangent to Js. at Q has
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\/

Figure 4.2 — Negation of a point, addition and doubling for Jacobi quartics

equation
C:eeX?+oyz2(Z2—-YZ)+cxzXZ =0

where the coefficients (cx> : cyz : cxz) € P? are given by

l. /f'Dl 7& :D2 and :Dl, :D2 75 O, then

cx2 = (a3 — a1a2)(boby) — (b3 — b1bo)(a0ao)
Cyz = b%aoaQ — agbobg
cxz = ag(b3 — byby) — b3(a3 — aras)

I. if P, = P>, then
cxz = 4ax(8a3 + a3) — 2a1ax(a1 + an)
vz = —2a3a;
cxz = —40a3 — 4apas + 4apar a-

Remark. There exist different interpretations. One may refer, for instance to [Wan+, Th. 1] for a description
in terms of cubics.

Corollary 4.4 ([His, §5.2.1]). Assuming that (ag : a1 : a2) + (bo : by : bo) = (co : ¢c1 1 &) we have

co = (aoby — a1bo)(aghs — a3bg)
c1 = (a1by — 20apbo) (a3 b3 + a3b3) — 2agbo(a3b3 + da3b3)

¢ = apbo(aghy — a1bg)?
Further, if2(ag : a1 : @) = (co : ¢1 : &), then

Co = 2apa1(2a3 — a3 + 26a3)
€1 =2a3(a? —26a3) — (2a3 — a3 + 26a3)?
o = (2a5 — a3 + 20a3)?
One could find the affine unified version of the addition law in [His+].
Remark. After embedding in P® the cubic becomes an hyperplane and we recover the general description

of Fig. 4.1, see [His, §5.2.2].

4.1.4 Edwards curves

In 2007 Edwards [Edw] introduced another quartic model for elliptic curves over a field of characteristic
different from 2 and observed that formulae for addition have interesting properties:

Ec:x*+y?=c(1+x°y%)

However, elliptic curve over k can all be transformed into Edwards form only if k is algebraically closed. Over
finite fields, only ~ 1/4 of isomorphism classes admits such a transformation to E. for some c. Subsequently,
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Bernstein and Lange [BL] considered a twisted family of Edwards curves
Eq: x> +y?>=1+dx%?

Remark. Edwards curves define a family over k(c) = k(X (4)). The choice of Bernstein and Lange permits
one to descend from X(4) to X1(4) with d = c¢*. This motivates the twist in the name as the image of
X(4)(k) — X1(4)(k) lies in a subset and therefore the choice of such a re-scaling allows one to cover a
larger family of curves.

We can observe that E4 has a distinguished point O = (0, 1) which plays the role of the identity element,
and a point of order 2, S = (0, —1). The points (£1,0) have order 4 and they can be used to construct
maps from Edwards curves to Weierstrass curves and to show that precisely those curves with a rational
4-torsion point are birationally equivalent to an Edwards curve.

Contrary to the prior models the divisor embedding is 3(O) + (S) and the Riemann-Roch space is then
spanned by {1, x, y, xy}. The embedding (x,y) — (1 : x : y : xy) defines the projective normal closure of
E4 in P with identity O =(1:0:1:0):

X3+ dX3=X?+X3
XoX3 = X1X2

The addition law on Edwards curves has a geometric interpretation once again described in terms of
divisors [Are+] and chord-and-tangent rule: given two points P; and P there is a conic C passing through
the 5 points Py, P, 5,2, =(1:0:0) and €2, = (0: 1:0) (the 2 points at infinity with multiplicity 2); the
remaining intersection C N E4 is the point —P5; and the associated divisors yield the equation P3 = P, + P».

Proposition 4.5 ([Are+, Th. 1]). Let E4 be an Edwards curve over k and let P, = (ap : a1 : a») and
P> = (bg : by : bo) be 2 affine points on E4 not necessarily distinct. Let C be the conic

C:co(Z?+YZ)+cxyXY +cxzXZ =0
passing through Py, P>, S, Q1 and Q.. The coefficients of C are given by
l. IfPL# P, P, P, #S, then

Cr2 = aobo(albg — blag)
cxy = axba(aoba — boaz + agby — boay)
Cxz = b0b1a§ — aoalb§ + 31b1(b032 — aobg).

. IfP,#£ P, =S5, then Cz2 = —ag, Cxy = a, Cxz = as.

. If P, = P>, then
Cz2 = apar(a — a1)
cxy = daja; — a3
Cxz = ax(azay — 83)
Proposition 4.6 ([His, §5.1.1]). Let E4 be an Edwards curve over k. If (ag : a1 : @)+ (bo : by : ba) = (cp :
C1: C), then
co = (aphy — a1bo)(agar b3 + bobya3)
a1 = (a1by + aobo)(apar b3 — bobya3)

G = arby(aphy — a1bo)(a1by + aoho)

Further, if2(ag : a1 : @) = (co : €1 : @), then

co = 2apa1(2a3 — a3 — a3)
a = (a7 — a)(a7 + ag)
e = (af + a3)(2a3 — a7 — a3)

The affine version of these addition formulae can be found in [BL].
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Figure 4.3 — Group law and doubling for Edwards curves

Remark. We can exploit addition laws as sum of points on a hyperplane in P* following Hisil [HWC]: using
x 1y : xy) described above, one could pass to the projective normal closure with

1282233)+(b01b1Zb2Zbg):(CoiClngng),then

the map (x,y) — (1 :
identity element (1:0:1:0). If (ap: a
C = (aobo + da3b3)(aob0 — d33b3)
c1 = (aobo — dazbs)(a1bs + a»b1)
¢ = (aobo + dazbs)(azbo — ayby)

c3 = (a1ba + axby)(axby — a1by)

Remark. Bernstein and Lange [BL] also defined twisted Edward curves as the 2 dimensional family

E,g:ax?+y? =1+ dxy?
These enlarge the family to include quadratic twists of Edwards curves.
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4.1.5 Huff model
In 1948 Huff [Huf] introduced the curves
Hap:ax(1—y?) = by(1 — x?) abck, a’—b>#0

while studying a Diophantine problem. These curves have identity element O = (0, 0), 3 points at infinity,
namely (1:0:0), (0:1:0) and (a: b:0), which are exactly the 3 primitive 2-torsion points of £ and 4
torsion points (£1:41:1).

Remark. Huff curves are a family on X(I'(2) NT1(4)) parametrized by b/a. A descent to X(2) is given by
considering ax(y? — d) = by(x? — d). On the other hand, the base extension a®> = b — c? gives a full level
4 structure X (4) ~ P!, with isomorhism given by the parametrization of the conic

P! — X(4):a° — b* = c?
(u:v)— (P +v?:u?—v?:2uv)

These are not the ideal models to work with since, as of degree 3, we lose the interesting property of
4-torsion acting linearly. However, we mention here the equivalence with other known families.
Huff showed that H, p/P? : aX1(X3 — X3) = bX2(X3 — X2) is isomorphic to the Weierstrass curve

Y2Z = X(X + a°2)(X + b*2)
via the transformations

T:(Xo: X1:X2) = (X:Y:Z)=(ab(aXs — bX1) : ab(a® — b?)Xp : aXq — bX>)
TH(U: VW)= (Xo: Xe: Xo) = (Y b(X +a%2) : a(X + b*2))

There is an isomorphism between H,, and the Jacobi normal curve

Z2 — Y2 + 32X2
J(az,bQ—az) {T2=Y24 (b2 — 32)X2
Y2 — T2 _ b2X2

via the map
(XY Z:T)r— (Xo: X1:X2) = (a°b*(Z—T): (&% — b?)a’b’X : —(a® — b)Y — b’ Z + a°T)
Further, we can describe an isomorphism with the twisted Edwards curve

a—b>2T2 a—b

E(afb)/(aer) X2 —-Z2=Y?%— (a s
via the transformation

(X:Y:Z:T)r— Xo: X1:Xo)=(X+Z:Y—c'T:Y+c'T)

Level 3 structure

We focus now on degree 3 models on which the 3-torsion acts linearly.

4.1.6 Hessian curves

Contrary to previous models, Hessian curves parametrize elliptic curves with 3 torsion structure. We suppose
the characteristic of the field is different form 2 and 3, and we used the distinguished 3-torsion point to
write our curve in the form

Hy: X3+ Y*+ 23 =dXYZ

with d € k such that d® # 1.
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Proposition 4.7 ([JQ, Prop. 1]). Hy is isomorphic to the Weierstrass elliptic curve

25 A 4216) | d° 5400 — 5832
y=x s X 864

with discriminant and j-invariant given by

d®(d® + 216)3

A(Hg) = (d® = 27)3 #0 J(Hq) = (B =27y

Remark. We obtain d = t + 3 for t the Hesse invariant on X(3), see Section 3.3.3. Thus, the Hessian

family parametrizes elliptic curves with full level 3-structure.

The identity element can be taken to be the point at infinity O = (1 : —1 : 0) and the points (0:1: —1)

and (1:0:—1) are two points of order 3.

We can interpret the group law on these curves geometrically as we did for the Weierstrass model,
namely letting three colinear points sum to O. Note that this means that, as divisors, they are equivalent
to 3(0): we consider two points P; and P> and the line r passing through them. The divisor of r is
div(r) = (P1) + (P2) + (—=P5) — 3(0). If ¢ is the line passing through the points —P; and P; then

div(r') = (Ps) + (—P3) — 2(O) and this gives Ps = P, + P,

Remark. The inverse of the point (X : Y : Z) is the symmetric with respect to the first diagonal —(X : Y :

Z)=(Y :X:2).

Figure 4.4 — Group law and doubling for Hessian curve Hp.

Proposition 4.8 ([GGX]). Let P, = (X1 : Y1 : Z1) and P, = (X2 : Ya : Zo) be two affine points on Hy.

Define Ps = P, + P>. The line r passing through Py, P> and —Ps has equation
cxX+cowY+czZ=0
where the coefficients are given by the following

l. If P, # P>, then
cx =122 — Z1Ys
oy = Z1Xo = X123
Cz = X1Ya = Y1.X5

l. If P, = P>, then the tangent line has coefficients

Cx = 3X% — leZl
Cy = 3\/12 — dX121
Cz = 3Z% — dX1Y1

The explicit formulee for addition and point doubling can be found using Cauchy-Desboves's formulae [JQ)].
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Corollary 4.9. Let P, = (ap : a1 : a2) and P> = (bg : by : by) be two points on Hy, then

Co = a%bobz — b%3032
P+P,=P;=(c:c:c) where c1 = agbiby — b3aar

co = a3bybg — b3ayag

co=a(a3 —a)
2P =Ps=(co:c1:c) where a1 = ap(a3 — a3)

= a(ap — a7)

Remark. In the literature, the definition of Hessian curve could present small differences in particular in the
choice of the coefficient of the term XY Z which Hesse defined to be 6d, while Joye and Quisquater [JQ]
set as 3d.

Remark. In [Ber+] the authors define a twisted Hessian curves aX® + Y3+ Z3 = dXY Z. It is worth noting
that they chose a different base point element, namely (0 : —1:1).

Remark. As we said, having two points of order 3, Hessian curves have a natural [(3) structure. Twisted
Hessian curves are more general in the sense that they represent a family over k(Xy(3)) and therefore cover
a larger family of curves while parametrizing a lower level structure.

4.2 Division polynomials

The group law on an elliptic curve defines a morphism of varieties E x E — E for which we gave explicit
rational functions and polynomials describing it.

Using these polynomials we can, in a natural way, construct the following maps extending to morphisms:

[n]. E— E
P—P+...+P

associating to a point P the sum of P with itself n times. The map [n] is an endomorphism in Endx(E) and

is therefore given by rational functions (SXX(&?} gyy((i})’/))) Recursively applying the addition law formulze and

the associativity of the group law, we can show that P, P,, Qx, Q, verify stronger constraints [Sill, Ex.
3.7]. In particular we obtain relatively prime polynomials ¢,,, ¥, and w, in k[x, y] such that

[n:E— E

d)n(XvJ/) wn(XnY) )
Yn(x,¥)?" Yn(x,¥)3

An alternative proof of this, using complex analysis and the Weierstrass g-function, could be found in [Was].

(6, 9) — (o) = (

Definition. The polynomials ¢,, ¥, and w, are the n-th division polynomials on E.

For its distinguished role, 1, is usually referred to as the n-th division polynomial since it cuts out the
closed subscheme E[n]\ {O} of degree (n> — 1) on E, i.e., its roots correspond to the affine coordinates of
points of order dividing n [Koh1]. These polynomials satisfy many recursion formulae and can be related one
another; in particular, we can express ¢, and w, in terms of ¥,,.

We present now explicit relations for these polynomials starting from an elliptic curve E in Weierstrass
form. One of the reasons behind using this model is to lower the degree of 1, but the drawback is the
appearance of the variable y for even n. Formula for elliptic curves in short Weierstrass form can be found
in [Lan1] and [Sil1l]; Morain [Mor] gives relations for ¢, and w, while Kohel [Koh1] and Lercier [Ler] deal
with the general case.
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Yo =10

P =1

Yo =2y + arx+as

W3 = 3x* + byx® 4 3byx? + 3bex + bg

Y4 = Yo (2x5 + box® + Bbax* + 10b6x> + 10bgx? + (babg — babg)x + babg — bZ)
Yomi1 = UmioWoy — Um-1Pmyy  for m>2

Yom = Pm (wm+2¢r2n—1 - 1/fm—zT/)r2n+1) /2 for m> 2

Remark. It can be shown that the numerator ¥ (Ymi2%2_1 — Ym—2¥2,,,) in the definition of Yoy, is
divisible by 2.

Division polynomials are computed modulo the equation of the curve and we can therefore assume that
the degree of the variable y never exceeds 1. Now, using the group law relation, we find [Casl, Formulary]

d)r'l/}?n - d’m'll)f = 'll)m—r'l/)m+r

and this yields
¢O =1 ¢1 =X ¢n = X'l/)n - 'll}n—lrd}n—kl
Finally, in characteristic different from 2 we get

W — Yn + 2"10%_1 - 'lpn72'll)§+1 . (ald)n + 331//%)¢n
" 25 2

or

2Ypw, = YPon — (31¢n + 831#5)1115

which comes from the action of the endomorphism [n] on the invariant differential of E.

Lemma 4.10. ¥, and ¢, are polynomials in Z[x, %3, {a;}] if n is odd and in P-Z[x,¥3, {a;}] if n is even.
Using the equation of the curve E, i.e., observing that these are polynomials in the set of global sections on
the sheaf Og, we get Y3 € Z[{a;}, x| and therefore

bn V5 W, € Z[{ai}][x] forallneN

We note in particular that on the Kummer line P!, determined by the projection 7 : E — P!, the morphism
mo[n]is given by (x :y : 1) (¢n(x) : Wn(x, ¥)?), inducing P — P!, noting that ¥,(x, y)? = ¥2(x) is a
polynomial in x.

4.2.1 Division polynomials on the Kummer curve

Let P € E[n] be a n-torsion point and x(P) € Kg the corresponding image on the Kummer line (see section
1.2.2). The torsion (or kernel) polynomial of G = (P) is given by

Yo()= [ x—=Imx(P))

(z/nz)\{0}
me {”ﬂ}

Note that [m](x(P)) = x([m]P) is well defined as the multiplication by m map on the elliptic curve induces
a map on the Kummer line (that we call [m] as well).

M
xj Jx
[m]

Ke —" ke

Division polynomials are usually computed by recursion formulae, as pointed out before, but this comes
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down to Kummer scalar multiplication where we take x(P), x([m]P), x([m — 1] P) and recover x([m+ 1]P);
this is a specialization of the differential addition law, see Algorithm 1.

Remark. Montgomery ladders ([Mon]) and Joye ladders ([Joy], [BJ2]) are algorithms performing scalar
multiplication of group elements which are efficient on elliptic curves and Kummer lines [CS3].

Kummer scalar multiplication has a nice interpretation in terms of level structure: points on Xi(n)
parametrize elliptic curves with an n-torsion point P. Since (E, P) and (E, —P) are in the same equivalence
class, we can identify each point on X1(n) by (E, x(P)) and the map described above is just the descending
map down to Xo(n). The Galois group acting on the points of X;(n) is (Z/nZ)*/{£1} and correspond to
the Kummer scalar multiplication.

Xi(n)  [E.PI=[E.x(P)] \ 1. caboic oun s ghen by the
(Z/nZ)7 /{*1} ‘ Kummer scalar multiplication
Xo(n)  [E,G]=[E, ¥g] [ : (E,x(P)) — (E,x([n]P))

X(1)  [E]

4.2.2 Quartic division polynomials

Let £ : y? = x(x® + ax + b) be an elliptic curve with a two torsion point (0, 0).
Applying the embedding + : £ < P3 given on projective coordinates by (x : vy : 1) = (1 : x : y :
x? + ax + b), and denoting C its image, we obtain a commutative diagram:

which determines the division polynomials for [n] : C — C:

o L da(x) . walx,y) | Bn(¥)2 + adn(X)Wn(x, ¥)? + ba(x, ¥)"
(1.X.)/.Z)'—> (1. '(»bn(X,y)2 . wn(va)3 . ’L,Dn(X,y)A )

This gives the division polynomials for the level-2 quartic model as:

('Lpn(XvJ/)4 : ¢n(x)¢n(XrY)2 Cwn(X, Y)¥n(x, y) £n(X))

where £(x) = ¢n(x)? + ad,(X)Wn(x, y)? + bPn(x, ¥)* = wa(x, ¥)?/dn(x). This shows that the division
polynomials associated to the quartic model C are parametrized by the usual division polynomials (v, ¢n, wy)
for the Weierstrass model.

Projection to the last two coordinates gives (y : z) = (x : y). Since by construction x and y have a
common zero, which implies that y/x = z/y is a function of degree 2, we can ask if there is a natural
simplification or recursion for the division polynomial projections

(wn’(/}n . En) = (¢n¢n . Wn)

More in general, anytime we define a map from our curve to its Kummer line we can try to compute
division polynomials there and then lift them back on our curve (see section 4.2.1). As we said in Section
1.2.2, the group law on an elliptic curve does not induce a group law on the Kummer line Kg. Still, given
two points P and Q, we can compute P 4+ Q once we know P — Q. For the generic Jacobi quartic J, , we
can use the map (x,y) — y + x? as done in [DKW1] or (y + 1)/x? as proposed in [CV].

Moody [Moo2] used another technique to get recursion formula for Jacobi quartics. This comes from a
similar approach introduced by Gauss while studying addition formulaeon the lemniscate. Suppose we have
P = (xp,yp) and @ = (xqg, yo) two points on Js.. We let (x4, y+) = (xp, vp) + (x0.¥o) = P+ Q and
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(x=,y—) = (xp,¥p) — (xq. ¥q) = P — Q. Using the addition formulze 4.4 we obtain

2x 2 1+ e(xpxp)?
XX = PYQ and  yety = yeya( (xpxq)*)

— 1-e(xpxq)? (1 — e(xpxg)?)?

We can now assume that P = (x,, y,) = [n]Q = [n](x, y) and that we have already computed the coordinates
of all integer multiples of Q up to n. Thus,

2XnYy
1 — e(xx,)2

2yny(1 + €(xax)?)
and + Yp—1 =
Yn+1 T Yn—1 (1 — e(XXn)Q)Q

Xnt1 + Xn—1 =

and this permits to recover new recursion formulae for Jacobi quartics.

Theorem 4.11 ([Moo2, Th. 3 and Lemma 1]). Let Js. : y?> = h(x) = ex* — 26x? + 1 be a Jacobi quartic
curve and P = (x,y) a point on it. If (xs, yn) indicates the coordinates of the point [n]P we have the
following recursion formulaze:

fa(x)  pa(x) >
Xn, = | X f
( 5 )/n) < ygn(x) gn(X)2
wherei=1,fh=-2,g1=1,¢ =ex* —1 and, foralln> 1,
f2 42 hf2 _ A2
f2n _ 2n—1 > 92n—1 and f2n+1 _ 2n2 9on
hf‘2r172 f2nfl

2 402
951 T &X fon—1

g%n — ehx* fZQn
9on =
f2
2n—2

2
9on—1

2 2 4 ex*hf2) — pop_102
and  pome1 = p2n(95, 22n) P2n—195n+1
92n-1

and  Gopy1 =

2hp2n71(g§n—1 + 6X4f22n—1) - p2n72g§n
g%n—2

p2n =

4.2.3 Jacobi division polynomials
The isomorphism E — J C IP3 is given by affine parametrization (see section 4.1.2)
(x1y:1)— y: x> =X:x2=2x+XA:x2=2Xx+\)
with inverse
(Xo: X1: Xo: X3) — (AM(Xa — X3) : A\ = 1)Xo : —(A — 1)X1 + AXo — X3)

Recalling that the identity point on Jis (0 : 1 : 1 : 1), the vanishing of the first coordinate defines the
kernel. The morphism [n] is parametrized by the division polynomials for E:

(Qwnp = ¢2 — APE 2 2 — 20,92 + AP+ §2 — 2APP2 + AY)

The same recursions apply to define the parametrizing triples (Y., ¢n, wy,), however we need to supply their
initialization in terms of (1 : x; : 2 : x3) on the affine Jacobian normal form:

x2—x2=1
X2 — x5 =\

2 2
x5 —x5=Xx—1

Remark. This model is the Jacobi normal form of the “generic” Legendre curve. The case j = 122 corre-
sponds to A = —1, the Legendre curve y?> = x(x?—1). In order to cover the quadratic twists y? = x(x>—u),
the generic family can be twisted by u as well (setting Au = v):

2,2 _
X{ —X5=uU
22
X{ — X5 =V

2,2
X5 — X3 =V—U
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isomorphic to the 2-parameter family curve y?> = x(x — u)(x — v), in which v = —u is the twisted curves
with j = 1728.

4.2.4 Edwards division polynomials

The Edwards curve x? + y? = 1 + dx?y? is isomorphic to the elliptic curve in short Weierstrass form

1+ 14d + d? 1—33d —33d%+ d®
L2 3 _
W:ves=u 18 u 564

via the transformations

(5—-d)+(1-5d)y (1-d)1 +y)>
12(1 — y) "o Ax(1-y)

(x,y) — <

(u,v)H(6“_(1+d) 12u+d—5>

6v "12u+1—5d

The composition with the projective normal closure (x,y) — (1 : x : y : xy) induces the [n] morphism
parametrized by the usual division polynomials. In [MHM], the authors deduce recursion formulae directly
from this isomorphism.

As we did in previous sections, we can work out different recursion formulae: given two points P = (xp, yp)
and Q = (xq.¥q). we let (x4, y1) = (xp, yp)+(xq. ¥o) = P+Q and (x-, y-) = (xp, yp) —(X@. ¥Q) = P—Q.
Using the addition formulae 4.6, we obtain

2xpyq(1 — dx3)

2(1 —d)ypyq
(1 —dxzx3) and - yy Fy- =

Xy +Xx_ = =
" 1—d(yp +y3) + dypya

The y-map associating to a point its y-coordinate is a quotient to the Kummer line and induces the following
recursion formulae

Proposition 4.12. Let (x,,y,) be the coordinates of [n](x,y). Then

P,(y? . .
(y2) if n is even
_ ) Quly g
g y B0 e s odd
QN(J/Q)

where P,, Q, are integral polynomials defined by recursion:
P(t)=1 @:i(t)=1 Py(t)=—-1+2t—dt> Qs(t)=1-2dt+dt?

2(1 = d)Qp_1PuQp — Pr1(Q2% — dP? + dt(P? — Q%)) if nis even

Poii(t) =
(1) {2(1 — d)tQp_1PyQn — Po_1(Q2% — dt(P? + Q2) + dt2P2)  ifn is odd

and
Qn1(Q% — dP? + dt(P? — Q2)) if n is even

Qny1(t) = {in(Q% — dt(P2 4+ Q3) + dt2P?)  ifn is odd

Remark. In [MMG, Th. 9.4], Moloney and McGuire find similar formulae for x. However, this does not
allow one to perform Kummer recursions as the polynomials involved have are not univariate.

Another interesting property of Edwards curves is that they are birationally equivalent to Montgomery
curves which permits one to speed up some computation [CS3]. the Edwards curve x> + y? = 1+ dx?y? is
indeed equivalent to

4 14+d
M o422
1_dv u + 1_du +u

via the transformations

= () e ()

this equivalence can be used to construct division polynomials for Montgomery curves using Montgomery
ladders.
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4.2.5 Hessian division polynomials

The arithmetic of the Hessian curve Hy : x3 4 y3 4+ 1 = 3xy is described in section 4.1.6. The distinguished
point is the point at infinity (1 : —1 : 0) and the negation is —(x, y) = (v, x). This gives different possibilities
for a degree 2 map down to P. In [DKW1] the authors use (x,y) + x + y while Farashahi and Joye [FJ]
choose (x,y) + x3 + y3.

Another possibility would be to take the product of the coordinates ¢ : (x, y) — xy. This produces

(1-do(P)) (1 - do(Q))
(0(Q) —a(P))’

In [FFT] the authors take a slightly different approach. By using the complete addition formulae of [FJ]

o(P+Q)=— —-o(P—-Q)

YQ — XpYPX5 XqYay? — XP>

(xe. o) + G 3) = ,
XpxG = YoYp ' Xpxg — YoV

they observed that xpiqyp—@ and xp_gyp+q have quite a simple form and permit therefore to find explicit
recursion formulee.

4.3 Complex multiplication

4.3.1 Generalized division polynomials

Let E/k with complex multiplication by the ring of integers O of a quadratic imaginary field F. For any
ideal a C OF, the group of a-torsion points on E is defined by

Ela)={P€E|aP =0 forall a € a}

where this definition depends on the embedding O — End(E).

Definition. The generalized division polynomial attached to the ideal a is defined by

ba()= [[  G=x(P)

PeE[a]\{O}

This generalizes the definition of standard division polynomials 9, for n € Z. From this definition we
obtain a condition on the divisor:

dvign) = Y. ((P=()= DY (P)=r*(0)= >  (P)—(n*-1)(0)

PeE[n]\{O} PeE[n] PeE[n]\{O}

which shows that the degree of ¥, is deg(,) = n>—1. If we proceed the other way around, this condition on
the divisor defines division polynomials up to a constant multiple. The choice of this normalization condition
is usually done by imposing ¥}w = nw for any invariant differential w of E.

Satoh [Sat] tried to mimic this construction for any ideal a C Of. It turns out that there exists a rational
function ¥, on E satisfying

div(es) = Z (P) — Nfgsg(a)(O)

P€EE[q]
if and only if > pcppq P = O.

Definition. An ideal a C Of is said to be unbiased if a + 20 = Of or 20fr. An element o € Of is
unbiased if the principal ideal () is unbiased. A subgroup G C E[n] is unbiased if ) p.c P = O.

Remark. Note that an ideal a C O is unbiased if and only if E[a] is unbiased, [Sat, Th. 2.5].

Lemma 4.13 ([Sat, Cor. 2.8]). An algebraic integer o« € Of is unbiased if and only if either 2 | a or
Nr/g(a) is odd. More explicitly, let d be a square free positive integer such that F = Q(v/—d) and let

v—d ifd=1,2 mod4
w =
(1++v-d)/2 ifd=3 mod4
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be a generator of the ring of integers Z[w] of F.
e fd=1 mod4, a =a+ bw is unbiased except for a= b =1 mod 2.
e [fd=2 mod4, a=a+ bw is unbiased except for a= 0 and b =1 modulo 2.
e /fd =3 mod 8, every element o = a+ bw of Of is unbiased.

e /[fd=7 mod 8, then o« = a+ bw is unbiased if and only if b =0 mod 2.

Proof. We characterize unbiased elements based on the splitting behavior of 2 in Of.

If 2 ramifies, then let w be an unbiased generator of Or. The quotient to the residue field O —
OFr/20F ~ T, sends the lattice of unbiased elements to 0, meaning that a = a+ bw is unbiased except for
a=b=1mod 2. The distinction between the first two points is that v/—d is biased if d = 2 mod 4 and it
is unbiased if d =1 mod 4.

If 2 remains prime, then w is unbiased since it has odd norm. In this case Of/20fr ~ F4 and all the
elements are unbiased.

If 2 splits both w and 1 + w are biased. By the quotient O — Op/20F ~ F, x F5 the biased elements
are (1,0) and (0, 1) which means that & = a + bw € OF is unbiased if and only if b =0 mod 2. O

For unbiased elements, we can define the a-th division polynomials as those functions such that

div(y) = Z (P) = Ng/g(a)(O)

Peker(a)

together with the normalization condition
PYo(x) =0 Yo (x) = (~1)N@LguNr(@)=1

In the following, we will write x, to indicate the x-coordinate of aP. For two non-zero elements a, 8 such
that a + 3 are unbiased, Satoh recovered the usual condition for division polynomials [CF, Appendix]

wa+ﬁwa—6
a

which permits one to show that the generalized division polynomials satisfy

wé¢a+’ywa—'y - 'll}i'l/)ﬁ+'y¢5—'y = ¢a+ﬁwa—ﬁ¢$

This difference equation is again a generalization of the integral formula

111,27¢m+1?l/m—1 - w%nwn+lwn—1 = ¢m+nwm—n

Such a relation was first studied by Ward [War3]; any sequence (¥,,)nen satisfying it together with the initial
conditions o = 0,91 = 1,913 # 0 and ¥, | P4 is called an elliptic divisibility sequence.

Remark. The divisibility in the name references to the divisibility property ¥, | ¥, whenever m | n.

It was again Ward who studied this kind of recursions over the Gaussian integers while Durst [Dur]
focused on the case of Eisenstein integers. Chudnovsky and Chudnovsky [CC] studied elliptic divisibility
sequences indexed by endomorphism rings of elliptic curves [Str3].

In this framework, Satoh was able to prove the following recursion formula

Proposition 4.14 ([Sat, Prop. 3.8]). Let o € Of be unbiased. Then, there exist an elliptic divisibility
sequence

Yo = (¥5, Y6 Yo: — W5, Vs Vos) /¥5

where By, . . ., Bs € O and 6 € {1,2,w, 1+ w,1 —w,1+ 2w} are unbiased elements and t € {0, 1,3}.
Further, it satisfies the following condition: ||G;|| < 3lc|| + 2 for all i. Here ||a+ bw|| = max(|al, |b|)

Now let E/k : y?> = x3 + ax + b be an elliptic curve in short Weierstrass form, generalized division
polynomials are defined over Ok where K = F(a, b):

Corollary 4.15 ([Sat, Cor. 4.3]). Let a € Of be unbiased. If Ng/g(cx) is odd, then 4, € Ok[x] while
Yo € yOk(x] in case Ng/g(a) is even.
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4.3.2 Division polynomials for the Gaussian integers

In this section we specialize the work of Satoh for the order Z[i] of Gaussian integers. In particular, since
the case of unbiased elements has already been described by Satoh [Sat], we will mainly focus on biased
elements.

We consider the elliptic curve E : y? = x(x? + u) with j-invariant 1728; it has complex multiplication by
the ring of Gaussian integers Z[i]. By Corollary 2.8 of [Sat] we know that biased elements are of the form
a—+ bi with a=b=1 mod 2.

Lemma 4.16. We recall that an element o € Z[i] is biased if and only if one of the following equivalent
conditions is satisfied:

(1) a=1+i mod2Z[i];
(2) N(a) =2 mod 4,
(3) pla) = 1;
(4) The p-adic expansion of ais (1 +1) + ax(1 + )%+ ...
where p = (1 + 1) is the unique prime over 2 in Z|[i]
The key observation is that every element 3 of the form (2k + 1) + (2k" 4 1)i is divisible by 1 + i:

2k +1)+ (2K +1)i=(1+i)(a+ bi)

a—b=2k+1 a=k+k+1
=
at+b=2k"+1 b=k—Kk

The new Gaussian integer a = (k+k’+1)+(k—k’)i has the property of being unbiased since k+k'+1 # k—k’
mod 2.

Remark. We know that an element w of a ring of integers Of is unbiased if and only if 2 | w or Nr(w) is
odd ([Sat, Cor. 2.6]). In our case, the second property holds since

Nr(o) = k? + Kk + 1+ 2kK + 2k + 2k + k* + k> —2kk' = 2(kK* + k> + k + K') + 1
We therefore have (a) + (1 + i) = Z[i] and, by consequence, E[3] = E[a] ® E[1 + 1].
Proposition 4.17. With the notation as above, the division polynomials of 3 is given by wé = (1412 pa.

Proof using addition Formulze. By Proposition 3.8 of [Sat] we know how to recursively construct the division
polynomial 4, for the unbiased part. We therefore suppose to have the complete description

8] = [(1 + i)a] = [1 + illo] = [o] + [][o] = (32 1‘;3) N (_32 ,;}3)

Now
By explicit addition formulae[Sil1, Alg. 111.2.3] we obtain

. 2
o (0 _((1—/>wa)2_ Wi
T\ B+ s 2¢ata (1+ 029262

This implies that g divides P2 ¢2.
On the other hand, we know that [a]P is still a point on the elliptic curve:

2 2
V2 =x(X2+u) = %:% (fj;JrU) = W) = Pa (93 + uhy)
Thus,
w2  Ga (B3 uY) 92+ ul

BT U928 T (U022 (1+1)°%2¢a
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and we cannot simplify further since ¢, and v, are coprime. In the same fashion, we observe that

. 2 .
e — i iseds +uads (a—mﬂ3<u+wmﬁ
y = — —_ — _— = — _— - - 7 - - =
g gy & 5 20t 2a

_ w  wada (= Dwi+ (40 Pwady (1w w2 — 243 B
AT %0308 (- 0gatd L+ 0P N0303 ST P - NEE
2¢3 — w; 202 — 93 — u ¢2 — uy,
B e (I =¥ R IR Y

O

Proof using composition. The advantage of using the composition [a]([1 + i](x,y)) and [i + i]([e](x, y¥)) is
that it is well defined on the x-coordinate (the Kummer line).

% %
[1+/-]<¢a (/Ja)_ @+u @_U wi ( d)(%z—’—uwgc w ¢§—U¢3 )
V3P (L+02% 1+i)2% ¥ (L+ )22’ (14 10)3¢293

Definition. We define 15 = (1 + )YaPa-

Remark. The definition of (¢14;, Y14/, wis) for [1+ /] requires a different multiplicity of the factor (1 4+ /)
and x in the denominators:
xX>+u  (x2- u)y)

[L+00y) = <(1 X L+ )32
The same happens for the division polynomial of every unbiased element: ¥g = (1 + i)1ao but
v, )
(L+i293da" (1 + 130393

where the unbiased part is represented by (1 + /)14, and the biased part by ¢y.

Bl =

We can infer something more observing the composition formulas for division polynomials [Strl, §2],

[Sat, Lemm 3.5].
Datiya = (qba o d’;“) P2 = (qml o d’“) 4

T V3
Gr+i ¢
¢(21+/)a = (wg o 12+, wfill_r(a) = (vy3, 0 11702( P
14i a

Remark. Only even powers of 914, are involved and therefore we only have to deal with meromorphic
functions.

Remark. Since 93 has degree Nr(a) — 1, then 47, divides 93. This, together with the fact that ¥, | ¥
confirms the result of Corollary 4.2 of [Str1].

Lemma 4.18. The leading coefficient of 1, is o for every o € Z[i].

Proof. For unbiased elements, this is the normalization condition used in [Sat, Def. 3.1] to define division
polynomials. By the formula ¥ = (1 + i)1oPn above we can extend the result to biased elements. O]

The same result comes from the following observation. For any a = a+ib € Z[i] we have [a+ bi]| P = O
if and only if [a] P = —[ib] P. In particular,

<¢a wa) _ (_¢b _,wb)

¥: Y3 v Y

Thus, Yo | $2932 + ¢p1h2. Since the same holds for & and no other Gaussian integer, we get
VYaa = GaVp + G5
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Note that both a and /b are unbiased elements. Now,

VaWa = Ga¥i + GpW3 = Vi (X3 — Yar1¥a—1) + 95 (XUE — Ypr19p-1)

We know [Sutl, Lemma 6.21]

n?-1 . .
5 nx -z 4 ... if nis odd

Gn(x) =x" + ... Yn(x) = 22 .
3% (nxT + .. ) if nis even

Thus, denoted £(P) the leading coefficient of P(X) € Z[/][X], we have

LY )l(Ya) = L) [L(03) — L(Was1)e(Ya1)] +£(W3) [£(W5) — £(Yp11)e(Pp-1)] =
=b?[a®—(a+1)(a—1)]+a*[P* = (b+1)(b—1)] = b* + a° = Nr(a)

At the same time, composition formula says that, for unbiased elements «,

Nr(a) = L(Pnra)) = L(a)l(Pa)e(da)"

implying £(¢o) = 1; in particular, since all Gaussian primes are unbiased, ¢, is monic for any prime in Z][/].

Switching the roles of a and its conjugate, for Gaussian primes we get £(¥) = a or £(¢) = &. By
composition, we extend the same result to all unbiased elements. Finally, given the formula for biased
elements we reduce to the former and we extend the result to all Gaussian integers.

Lemma 4.19. /f o is an unbiased element of odd norm, then 1, is an even polynomial.

Proof. We consider the composition [i] [@]. Since both i and a are unbiased we can once more employ the
composition formula.

Via() = <¢"‘(X)> WO () = i Palx)

Ya(x)
On the other hand, we can switch the roles and obtain
(bi(X) > Nr(e) Nr(o)
ia\X) = VYo | 777 i X)=Wal—X) I
Vi) = o (505) 9100 = a(-x)

Observe that Nr(a) = Nr(a+ ib) = a*> + b?. A famous theorem by Fermat (see [Hat, Ch. 6]) states
that the values represented by the quadratic form x? + y? where x and y run over all integers are exactly
the numbers of the form m?p; - ... px where m is an arbitrary integer and each p; is either 2 or a prime
congruent to 1 mod 4.

In particular this means that Nr(a) can be congruent to 0,1 or 2 mod 4 but not 3. By the assumptions
made on a we conclude that Nr(a) = 1 mod 4 meaning

Yia(X) = Yo (—x) "D = iho(—x)
Finally, comparing the two different expressions for ;o (x), we obtain
Yo (—x) = iPa(x) = PYa(—x) = Pa(x) O

Endomorphisms of E induce endomorphisms of the Kummer quotient P! = E/{#£1}, but also the
Kummer quotient P! = E/{£1, £/} in x°.

E— E
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In particular, 1, is a polynomial in x2 when « is unbiased.
Corollary 4.20. If o is an unbiased element divisible by 2, then 4?2 is an odd polynomial.
Proof. We write a = 2X3 with (3,2) = 1. We have to distinguish between 2 cases

(B unbiased) We will work on induction on k.

(k =1) By composition %5 = g (¢2/93) g/vr(ﬁ).
Suppose that we know the expansion of 3

Nr(B)—1
B2
Jj=0

Thus,
Nr(B)—1 (bj Nr(B)—1 Nr(B)—1 NF(E)—j-1
2Nr(B i1 2Nr(B8)—2j ' r(B)—j—
d’%ﬁ =¥ ) Z aj §j = Z 2595 e =5 Z ajdh (ﬂ)g)
j=0 2 j=0 J=0

We know that ¢, is an even polynomial (¢(x) = x* — 2ux? + v?) and 9¥3(x) = 4x(x> + uv) is
odd.

By the lemma, we know that 'wé is even. Then, j runs over the even numbers meaning that
Nr(B) —j — 1 is always even and, therefore, the sum is an even polynomial. Finally the multipli-
cation by 93 brings a factor of x which makes ¥, = 125 an odd polynomial.

(Induction step) We suppose that z,bgk,lﬁ is odd. With a little abuse of notation we look again at the
composition formula above (with 25~ in the role of 3) then

Nr(2k718)—1 i Nr(21g)-1

2Nr(2K18 ®, i 2NF(21B)—2)
w?m =Y t ) Z == = Z a5 t =
j=0 2 j=0
Nr(2618)—1 1) Nr(2518)—1 o)
; Nr(2¥18)—j—1 ; 4INF(B)—j—1
=93 D agh(¥3) =95 D a¢h(v3)
j=0 j=0

Now, by induction hypothesis, j ranges over all the odd integers in {0, ..., Nr(2k-18) — 1} and
therefore 41 Nr(B) — j — 1 is always even meaning that, again, the sum on the right is an even
polynomial. As before, we conclude that 4, is odd.

(B biased) In this situation we know that 8 = (1 + /)B’. Therefore, a = (1 + /)2%3’ with B’ unbiased. We
have already found that 1o = Y14 1yokg = (1+ i)Wk Parp and by the discussion above we know that
Yo is odd. It only remains to show that ¢o«a is even in which case the lemma would be proved.

We will discuss the subject in the next section and we will conclude the proof of the lemma there.

O

Remark. The extra factor of x in the case of an unbiased element a divisible by two comes indeed from
the 2-torsion part of E[a]; in other words, ¥4 /%5 is even.

The numerator ¢,

The description of ¢, streams from the recursion formula

¢67/)$ - ¢'yd’§ = ¢7+6w7—5
outlined in [Casl, Formulary] for integers and extended in [Sat, Prop. 3.6] for unbiased elements.

Remark. The proof of the above formula requires v + 6 and v — § to be unbiased.
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We will distinguish two cases. In case k and k’ have the same parity, then o &= 1 is unbiased. Hence,
bo = X?ﬂi — Yot1Pa-1
Otherwise (k £ k' mod 2), ac &= 1 is biased but o =+ / is unbiased. Thus,
ba = VariVa—i — XP2
Lemma 4.21. /f o is an unbiased element of odd norm, then ¢, is an odd polynomial.

Proof. We will use the same strategy exploited in Lemma 4.19.

Pa(x)
Ya(X)

Pa(x)
Ya(X)

Bia(x) = Y2 (), ( ) — a0 2 g

At the same time

Bia(x) = Y2V () g <> = PN D, (—=x) = ¢ (—x)

Thus ¢q (—x) = —p(x). O

Corollary 4.22. If o is an unbiased element divisible of the form a = 2%3 where 3 is unbiased with odd
norm, then ¢>2 is an even polynomial.

Proof. As we did in Corollary 4.20, we can reduce to study the simplest case k = 1. If a = 20 then
¢2
d) _ 2Nr(6)¢ <

203 2 (6] ,lpg

Since we already know that ¢ is odd, we can write ¢ = Eji’é(ﬁ)flw bix¥T1. Thus,

(Nr(B)-1)/2 2j+1  (Nr(B)-1)/2
b, ( b2 ) _
] ,lpg

b = o5 = ngr(ﬁ) Z Z bj¢§j+1w§Nr(ﬁ)—2(2j+1)

Jj=0 Jj=0

It is now easy to see that 2Nr(B) —2(2j+ 1) =0 mod 4 for all j =0, ..., (Nr(B) —1)/2.
Therefore, since all the factor of x carried by 3 are squared, the entire polynomial ¢, is even. O

End of proof of Corollary 4.20. Since the product of an even and an odd polynomial is odd, this concludes
the proof we left incomplete in the previous section O

Remark. We already knew that [—1] stabilizes the torsion group E[a]. In particular, we have [—1] stabilizing
the quotient ¢4 /%2. Does this imply that it fixes both 14 and ¢,? A straightforward observation shows

that ¢—o = ¢o and Yo = —Y4.

Remark. What happens with [i]? We have seen that ¢ = ¢ and Vi, = Po. Indeed, [{](x,y) = (—x, iy),
S0 Pin(X) = Pa(x) if and only if ¢y is even and P2, (x) = P3(—x) = £P3(x).

Gaussian multiplication

In conclusion, supposing that E is the elliptic curve y? = x(x? + u), recursions for the division polynomial
can be defined by

(i) the action on the invariant differential

[a]*% _ g
2 2y

(ii) composition law; in particular with [14 /], noting that [c+di] = [1+/][a+bi] where (¢, d) = (a—b, a+b)
or equivalently (a, b) = ((c + d)/2,(d — ¢)/2) when a= b mod 2.

(iii) addition laws in terms of (x : y : z) = (x : y : x*> + u).

An initial table of Gaussian division polynomials is below

136



8§4.3. Complex multiplication IV. Division Polynomials and Isogenies of CM Curves

a+ bi VYo ba Wy

1 1 X vy

i i X y
L+ (1+0)x x2+u (x2—u)y
1—i (1—i)x x2+u (X2 —u)y

1+2i (1+20)x°>+u x>+ (2+4)ux®— (3 —4i)u’x
1-2i (1=20)x>4+u x>+ (2—4)ux®— (3+4i)u’x

Table 4.1 — Initialization table for Gaussian division polynomials

4.3.3 Division polynomials for the Eisenstein integers

We now focus on the elliptic curve y? = x3 4 u with j invariant 0 and complex multiplication by the ring of
integers of Q(v/—3), namely the class number one order of Eisenstein integers Z [w] where w? +w +1 = 0.
By Lemma 4.13, we know that every element of Z[w] is unbiased. An initial table of Eisenstein division

polynomials follows where the important relations are 1 + w = —w? = —w and w(l — kw) = k + (k + 1w
a-+ bw Vo Pa Wq
1 1 X )%
w w X y
1+w w+1 X )%
1—w (1 —w)x x3 +4u (x® —8u)y
142w (1 +2w)x x3 +4u (x® —8u)y
1-2w (1-2w)x*+4w+1Du  x"—4(1+ 12w)ux* — 16(2 + 3w)u’x
2+ w (2 + w)x x3 4+ 4u (x® —8u)y

2—w (2-ww)x®*—4w+1u x"+4(11+ 12w)ux* + 16(1 + 3w)u’x

Table 4.2 — Initialization table for Eisenstein division polynomials

from which we infer the similarity between the division polynomials for 1 — w and 1 + 2w.
If we look at the map down to the Kummer line we observe that on E,

Yo —Yp o —YQ — YP\o
X = ()" — xp — X Xp_o = (——)" — xp — X,
P+Q (XQ_XP) P — XQ P-Q (XQ_XP) P — XQ
and therefore 4
Yo —Yp o Yo —YP\2 —4YPYQ
X — Xp_o = — =
P+Q P-Q (XQ — XP) Xo — Xp ) (XQ — XP)2

Supposing Q = [w](x,y) and P = [a](x, y) with & = a + bw, then

o ba—w 4 YVaWay

X =
P T g2 (P — wxYZ)?

This yields
Votw = "pa—w(d)a - wX'(ﬂi)

In the same way

¢a+w = 'l//afl(qba - X’l/Ji)
4.3.4 Edwards generalized division polynomials
Discriminant —3

The elliptic curve with j-invariant 0 has 6 automorphisms Aut(Eq) = {[+1], [£(3], [£¢3]} where (3 is a
primitive cube root of unity. In Weierstrass form, it has equation

Eo:vP=u+c
and the action of (3 is given by [(3](u, v) = (Czu, v).
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We want to describe this map on its Edwards model. First of all, we note that the general Edwards curve
Eq: x>+ y? =1+ dx?y? has j-invariant

~16(1 + 14d + d?)?
d(1—d)*

The Edwards model of Eq has d = —7 & 44/3. There is an isomorphism between these two curves [Liu+]:

(pZE7774\/§—>W0 (ﬁ:Wo—> E7774\/§
14y 14y Uu—=c U—Cs
— _— _— _ | — —
b (Cll—y+c2’cl><(1—y)> (0.4 ( v 'U+C4)
where
1—d 1+d 2 5—d 1—5d 5
Cl—T—Z‘i‘\@ CQ—T——l—g\@ CG3 = ——(— 12 =1+ \f Cyp = 1o —3+§\/§

In order to construct the rational maps describing the automorphism [(3] we can use the equivalence to get
to Wp, act by (3 and finally apply the equivalence once again to find ourselves back to Ey.

[Gl(x,y) =@o[Glop(x,y) =
= @o[5] (Clii_); + o, C1X(11+_yy)) =

- 1+ 1+y
(oot o] o) -
< Hy +C3C2—C2 C3C11 * +C3C2—C1—C2>

c 14y -
Xll - Ga stGaeta—-o

_ <C3C1 A+y)+(G-Dl-ye Gal+y)+al-1)1-y) - al —y)) _
a(l+y) "Ga(l+y)t+ta(G-1)A-y)+a(l-y)
. <J/(C3C1 (3¢ + ) + (361 + (3¢ — C2 y((3ar — (o +a+ )+ (3a + (30— — Cz) _
B a(l+y) yviGa-Go-a+ta)+Ga+Gaota—a)
_ (Xc5y+c6 C7y+c8)
y+1 ' y+o
where
 (3(5d —1)—2d —2

= 3(d—1)

o (3(d—5)+2d+2

0 3(d —1)

 G(5d—1)+d—5
 (G-1)(5d-1)
d—5

Cg =

5d -1
. _ (3(d—5)+5d—1
T (G -1)(5d - 1)

Since the cube root of unity (3 satisfies the polynomial x2 + x + 1, the action of 1+ (3 is given by —(3 = (5.

1+ Gl y) = (x“”y T )

y+1 ' Y+ Co

where we indicate by ¢; the coefficient ¢; with (3 replaced by its conjugate.

Discriminant —4

The elliptic curve with j-invariant 1728 has Weierstrass form Wi7og @ v = u® + cu and it admits an
endomorphism [i], for i the primitive 4-th root of unity, given by

[1]:(u,v)— (—u,iv)
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The Edwards curve with j-invariant 1728 is defined by E_
equivalence

w0 E 1 —> Wiz v
<11+y

21
to recover the action of / on E_;.

=u®+1/4u

11+y>

by = —y'2x(1~y)

11+y

[1(x,y)=@o[ilow(x,y) =

11 x2

+y? =1—x°y?. We can use the birational

@ Wizog — E_3

(1) —s <u u—1/2

)

viu+1/2
I 14y i 1

o (-
This map fixes the identity O but it is not defined when y =0
two primitive 4 torsion points.

In the same way, one could compute the image of [1 + /]:

21—y’

i) = (%5)

, i.e., for points of the form (+£1, 0) which are

+i)2(1—y?)’
1 1 2y

[1+/xy)=@o[l+ilop(x,y)=
N (114+y 1 14y
= ]_ — — =
Gel +I](21—y'2 X(l—y)>
1 (1+y)? +1 11+ 104y 1
_ (ﬁ 4 (1—-y)? 4 2><.1—y 4 (1—y)? 4 _
(140257 0 (L+1)25 1
_N( (1+y)2+(1—-y)? 1 (1+y)2—(1—-y)? >_
Y a0 2a ) — ) @+ x 200+ N2+ ) —y)
_ N( 1+y? 1 2y >_
BRANE (T+i)x (T+i2(1—y2))

(141)2x2" (1+17)3x3 1+ y?

X

)_

(1+1)3x3 1+y2 e — 3 _
(1+17)2x2 2y WJF%
14+y? 1—ix? 14+y? 1+iy?
= — X, . =[x —, —
(1—=1)y "1+ ix2 (1=1)y" i+y?
and the action of its conjugate

1 lxy) = 1+y2X1+ix2 B X1+y2 1—iy?

Y=\ 1) T \Xar gy Siry2

We can now start to deduce some recursion formulze. Using the same technique as in section 4.2.4 we

obtain

2x14iy(1 — dx?)

4yr4iy

2+ 71 y) = Geri yori) = ( (1 +x12+,-x2>

— IX,
1 +y12+, +y? _y1+,

_1):

y +2(1+)y?+1 (=1+2)y*+1
y+2 —1—=0Ny24+1"y>+(-1+2)y
[2—/(xy:< yr+2(1—Ny?+1 (=1-20)y* +1)
y +2(=14+ Ny + 1" y>+(-1-2i)y
yr 21— Dy? +1 y+( 1—2i)
14 2/](x X
14210 y) = ( yr+2(-1+0Ny2+1’ (1 2Ny*+1
yr+2(— 1—/)y +1 v+ (- l+2/)>
1—2i](x, X
1 =270 y) < V21— 2+ 17 (1 2y  + 1
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Discriminant —7

2

The elliptic curve W_za75 : v2 = u® — 350 + 98 has j-invariant —15% and its endomorphism ring contains
1+V/=7

the ring of integers of Q(v/—7) which is the class number one order Z[a] generated by a = === whose
minimal polynomial is x? — x + 2 [Sil2, §I1.2].

F o= (o (- 5E) o (-5 e )

We find that the Edwards curve E : x? 4 y? = 1 + dx?y? with coefficient d = —48v/7 — 127 also has j-
invariant —153 and it is birationally equivalent to the curve W : v = 13— (240+/7+635)u+(4048+/7+10710)
via the maps

0. E— W oW —E

a(l+y) ca(l+y) Uu—c U—Ccs
(X.Y)—>< 1=y +C2'X(1—y)) (u,v)l—>< v 'u+c4)

where ¢; = 12/7 + 32, ¢ = —8V/7 — 21, ¢3 = 4/7 + 11 and c4 = 201/7 + 53.
Composing with the isomorphisms between W and W (which are defined over a quadratic extension of
Q(V/7)), we recover the action of a on E.

_ (Y +d)y—d3) ¥y’ +dsy+ds
o] () = (dlx -y +1) Y2 —dey + ds)

with di = 2(3a+ 2)V7 + (a + 1), do = 2(Ba + 2)V7 — (e + 1), d5 = 1(~16a + 8)V7 + 6a — 3,
ds = 1B = 5)V7 — o+ 2 and ds = 2(10c + 2)V/7 — 4av.

Discriminant —8

There exists a third curve that possesses an endomorphism of degree 2 [Sil2, Prop. 2.3.1], namely Waqqp :
v? = 13 4 4x% + 2x which has j-invariant 8000 and admits an embedding of the class number one order

Z[v/—2] of discriminant —8 into its endomorphism ring:
V=2](u,v) = (6_2 (u+4+i),ﬁ_3v (1—52)) B=v-2

The Edwards model for j-invariant 20° elliptic curves is E;_, 5 1 X* + y? = 1+ (3 — 2v/2)x?y? with
maps to Waooo - v2 = 1 + (2vV2 = 2)u+ (—555V2 + 2

QY E372ﬁ — Wgooo (ﬁ . Wgooo — E372ﬁ
a(l+y) a(l+y) U—0c U—Cs
—
(x,y) — ( 1=y + &, (1 =) (u,v) S iTa

The endomorphism [v/—2] on E is therefore

y2—(2v2+3) y?—(V2+1)
V=2 (X(4/ﬁ)y (1 —-V2)y2 - 1)

4.3.5 Hessian generalized division polynomials
Discriminant —3

In section 4.1.6 we have seen that the Hessian curve Hy : X3 + Y3 + Z3 = 3dXYZ has j-invariant
3

(3%) . Therefore, it has j invariant 0 if d = 0, —2. Setting d = 0 we get Hg : X3 +Y3+ 23 =0

which is birationally equivalent to the Weierstrass curve Wy : V2 = U — 16/27 via the maps
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(p:Ho—)Wo (Z)ZWo—)HQ
X U 0 0 4 X U X 0 3 4 U
Y| +— =1-4 4 0 Y V]+— = 0O -3 4 Vv
Z w -1 -1 0 Z w Z -6 0 0 w
Then,
[GIX:Y Z2)=(X:Y :(2)
Since

0 3 4 ¢z 00 0 0 4 -24 0 0

0 -3 4 0 1 0 -4 4 0] = 0 —24 0

-6 0 O 0 0 1 -1 -1 0 0 0 —24(s

In the same way 3
I+GIX: Y 2)=(Y: X:(3Z)

Using addition formulae 4.9 we find

I-GIX:Y:Z)=(X:Y:2)+ (Y : X:G2)=(V(G+)+Z22: X3 (G+1)+ 272 (1-G)XY2)
= (V3 -GZ2 X3 -GZ2 (1-G)XY2)

Discriminant —4

The Hessian curve with j-invariant 1728 has coefficient d = 1 4+ v/3 and it is isomorphic to the Weierstrass
curve Wizog : V2 = U3 — (12 + 8v/3)U via the maps

X ] 4423 4423 —2-2V3\ (/X
0 Hy — W, Y|— [V ]=[[12+8/3 —-12-8V3 0 Y
V4 W -1 -1 —-1-+3 4

U X 14v3 1 —2-2%3\ /U
@ Wo — Ho (V)»—) ( ):(1+\/§ -1 —2—2*¢§) (v)
W Z -2 0 —-8—-4xv3/ \W

By consequence
NX:Y:2)=(GX+EY+Z:EX+GBY+Z:X+Y +2)
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Chapter 5

Class Groups Actions

5.1 CM groups

In this section we introduce a computational framework for computing actions of ray class groups of imaginary
quadratic fields. We establish equivalences of categories that enable one to choose the best environment
in which to work in different situations. In particular, we construct equivalences between quadratic forms,
ideals in imaginary quadratic orders and points on the j-line X(1). We eventually endow these objects with
level structure.

5.1.1 The category of binary quadratic forms

We start by formalizing the notion of quadratic forms. The main references will be [Cox] and [Cas2] but
some alternative books on the topic are [Hat] and [Conw] which take a more geometric point of view.

Definition. A binary quadratic form is a homogeneous polynomial of degree 2 in Z[x, y]
F(x,y) = ax®+ bxy + cy?
We say that F is primitive if gcd(a, b, ¢) = 1.

The discriminant of F is A = b? — 4ac and provides an important invariant in the study of quadratic
forms. Forms with A > 0 are called indefinite, those with A < 0 are called definite and those with A =0
are said to be parabolic.

An integer n is said to be represented by a quadratic form F if there exist (xg,vp) € Z° such that
F(xo0,¥0) = n. If (x0,Y0) is coprime to n, we say that n is properly represented. The set of represented
integers provides another invariant of F.

In view of the construction of an equivalence of categories with CM-points on the upper half plane, we
equip the set of quadratic forms with an action of SL>(Z). For a matrix

y= (fj 5) € SLy(2)

we define v - F(x,y) = F(sx + ty, ux + vy). One can check that this action preserves primitive forms and
leave the discriminant unvaried.

Notation. We will usually denote F(x, y) = ax? + bxy + xy? by its coefficients (a, b, ¢).

The action of SL,(Z) is translated into

a 52 su u? a
vy-{a b c)={(a b, ) where | b | = [2st sv+tu 2uv b
c t2 tv v2 c

Two quadratic forms are said to be equivalent of they lie in the same SL,(Z)-orbit; we write (a, b, ¢) ~
(., b, c).
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§5.1. CM groups V. Class Groups Actions

Remark. Note that this action can be extended to the slightly larger group GL2(Z). This has the advantage
that quadratic forms in the same GL(Z)-orbit represent the same integers. However, SL,(Z) equivalence
encodes more significant information.

Lemma 5.1. SL,(Z)-equivalent quadratic forms represent properly the same set of integers.
Remark. Note that the converse is not true.

The study of reduced forms differs depending on the sign of the discriminant. We specialize now on
definite quadratic forms since these are the ones related to imaginary quadratic fields. Further, the theory
of reduced forms is much richer in the definite case.

Definite quadratic forms

Definite quadratic forms split into two main classes: positive definite forms representing only positive integers
and negative definite forms which only represent negative integers. Every orbit consists of either positive or
negative definite quadratic forms and the operation (a, b, ¢) — (—a, b, —c) permits one to pass from one
to the other. Thus, they can be treated in the same way meaning there is no substantial difference between
the two theories. Therefore, without loss of generality, we consider positive definite quadratic forms.

Definition. A positive definite quadratic form F = (a, b, ¢) is reduced if
bl <a<c and b>0ifeither |bj=aora=c
A negative definite form is reduced if the corresponding positive definite form is reduced.

This definition has a geometric interpretation: we define the roots of F as the roots of F(x,1) € Z[x],
namely 7. = (—b=£+/A)/(2a). Then a form is reduced if an only if one of its roots lies in the fundamental
domain for the action of SL»(Z) on upper half plane H, see Figure 2.1.

Reduced forms are distinguished objects in SL>(Z)-equivalence classes as they form a complete set of
representatives (once a fundamental domain has been chosen).

Theorem 5.2. Every primitive positive definite quadratic form is equivalent to a unique reduced form.

Corollary 5.3. The number of equivalence classes of primitive positive definite quadratic forms of discriminant
A is finite.

Proof. For a reduced form b?> < 3% and a < c. Thus, A = b? — 4ac < —3a® and this shows that there are
a finite number of choices for a and then for b. The relation A = b?> — 4ac determines ¢ consequently. [

Definition. For a discriminant A we let hr(A) denote the number of equivalence classes of primitive positive
definite quadratic forms and call it the (form) class number of A.

The proof above yields an algorithm for reducing quadratic forms [Coh, §5.4.2].

' Algorithm 6. Reduction of primitive positive definite quadratic forms

'Input: A primitive positive definite form F = (a, b, ¢)
' Output: The unique reduced form in the SL,(Z)-orbit of F

e If a>c (or c=aand b<0)replace F by (c,—b, a) ~ (a, b, ¢).

o If |b| >aor b= —a, replace F by (a, b/, c’) ~ (a, b, c) where b’ = b modulo 2a, —a < b’ < a and

While F is not reduced do: i
¢/ = ()2~ B)/(4a). 1

The two transformations above corresponds exactly to the action of S and T for k = (b’ — b)/(2a).

Example. Let F = (31,134, 151). Applying the Algorithm 6, we get

(31,134, 151) —> (31,10,7) — (7, —10,31) — (7, 4, 28)
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TZ

. / W .
-1 _1 0 1 1 >
2 2

Figure 5.1 — Reduction algorithm for primitive positive definite quadratic forms

In practice the algorithm consists in acting on F with S and T until its root does not fall into the fundamental
domain F.

The proof of the corollary also allows one to construct algorithms that enumerates all reduced forms.

i Algorithm 7. Enumeration of all primitive positive definite quadratic forms

|
i Input: A discriminant A <0
i Output: The set of reduced primitive quadratic forms of discriminant A

1. For a reduced form of discriminant A, we have |b| < +/|A|/3 and b =6 mod 2. We list all possible
values for b.

V(b2 4+ A)/4. We list all possible choices for a and compute the corresponding c's.

32. Next we note that a is a divisor of (b> — §)/4 and |b| < a. Since we need a < ¢ we need a <
' 3. For each triple we check whether (a, b, ¢) ~ (a, —b, ¢) and return one or both accordingly.

In the following table we enumerate and count reduced forms for small discriminants.

A he(A) Reduced forms A he(A) Reduced forms

-3 1 (1,1,1) ~31 3 (1,1,8), (2, £1,4)

—4 1 (1,0,1) ~32 2 (1,0,8),(3.2,3)

—7 1 (1,1,2) -35 2 (1,1,9),(3,1,3)

-8 1 (1,0,2) —36 2 (1,0,9),(2,2,5)

~11 1 (1,1,3) —39 4 (1,1,10), (2, +1,5),(3,3,4)
~12 1 (1,0,1) —40 2 (1,0,10),(2,0,5)
~15 2 (1,1,4),(2,1,2) —43 1 (1,1,11)

~16 1 (1,0,4) —44 3 (1,0,11), (3, +2, 4)
-19 1 (1,1,5) —47 5 (1,1,12),(2,41,6), (3, £1,4)
—20 2 (1,0,5),(2,2,3) —48 2 (1,0,12),(3,0,4)

—23 3 (1,1,6),(2,+1,3) —51 2 (1,1,13),(3,3,5)
—24 2 (1,0,6),(2,0,3) —52 2 (1,0,13),(2,2,7)

—27 1 (1,1,7) —55 4 (1,1,14),(2,%+1,7), (4,3, 4)
—28 1 (1,0,7) —56 4 (1,0,14),(2,0,7), (3, £2,5)

Table 5.1 — List of reduced forms and h¢(A) for small discriminants
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Remark ([BM]). In a series of articles in the 30's, Deuring, Heilbronn and Siegel showed that hs(A) grows
as v/A by proving that for every € > 0 there exists a positive constant C, such that hg(A) > C€|A\%’€;
unfortunately this constant is not effective. This implies that for any h there are finitely many discriminant
with class number h, though it gives no explicit way of finding them.

A more effective result comes from the work of Goldfeld (1976), Gross and Zagier (1986) and Oesterlé;
they related this problem to L-functions attached to elliptic curves, showing that the necessary elliptic curve
exits, and found

he(A) > Celog|A|z~¢  for Ce = 1/7000

Automorphisms
Definition. An automorphism of a form F is an element in the stabilizer of F under the action of SL,(Z).
Aut(F)={y€SLx(Z) |~v-F =F}

Proposition 5.4. If F and G are two equivalent forms, i.e. F = « -G for some v € SLx(Z), then
Aut(F) = yAut(G)y~!

If v is an automorphism for a reduced quadratic form F, then it fixes its root 7 in the fundamental
domain for the action of SL,(Z) on H which means that 7 is an elliptic point. We know by 1.35 that there
are only two such points and they are associated to the reduced forms (1,0,1) and (1,1, 1).

It follows that the automorphism group of any definite quadratic form is isomorphic to Co = (£/), unless
it is equivalent to one of the above two forms, in which case Aut(F) ~ C4 or Cg respectively.

Gauss composition and Bhargava cubes

We can now introduce an operation on the set of SL,(Z)-orbits, equivalently on the set of reduced forms.
Note that the existence of such a group law is one of the reasons to prefer the SL,(Z) action over the
GLo(Z) one.

Definition (Gauss, [Gau, Art. 235]). H(x,y) is a direct composition of F(x,y) and G(x, y) if there exits
two bilinear forms B;(x,y, z, w) = ajxz + bixw + ¢jyz + d;yw for i = 1,2 such that

F(x,¥)G(z,w) = H(B1(x,y,z,w), Ba(x,y,z, w)) and {a1b2 —ab=F(1,0)
diCp — adxC; = G(l, O)

This definition is not very satisfying since it does not make clear how to find the composition of any
two forms, or whether any two such compositions are SL>(Z)-equivalent. Gauss [Gau, Art. 236-241] gave
a positive answer to both questions and went on proving that this operation endows the set of equivalence
classes of definite quadratic forms with a structure of abelian group, called the class group. However, we
will not follow Gauss but we will take a different point of view; in 2004 Bhargava [Bha] reformulated this
composition law in a more explicit and direct way.

Definition. A Bhargava cube is a 2 x 2 x 2 cube with integers associated to its vertices.

Figure 5.2 — A Bhargava cube
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To any Bhargava cube we associate 3 quadratic forms

Ql(x,y)=—det(<g E)”(g g>y)
Qg(x,y)——det(<é g)”@ f/)y>
Q3(va):—det((é g>x+(g //:_/>J/>

These three forms all have the same discriminant and if any two of them are primitive so it the third one
(in this case the cube is said to be projective). Further, it turns out that Qs(x, —y) is direct composition of
Q1(x,y) and Q2(x, y) in the sense of Gauss.

Remark. Note that the cube carries an action of its symmetry group, isomorphic to S4x C,. Each rotation or
reflection results in well defined transformations on the three forms associated to the cube: if Q; = (a;, b;, ¢;)
are the three quadratic forms giving rise to a Bhargava cube, we note Q; = (¢, bj, a;); then

e Rotation by 7/2 around the vertical axis sends (Q1, Q2, Q3) — (—Q1, Qs, —Q>).

e Rotation by 27/3 around the diagonal AH sends (Q1, @2, Q3) — (Q3, Q1, Q2).

e Reflection switching from face and back face sends (Q1, Q2, Q3) — (—Q1, —Q2, Q3).
The first two generates the S4 component while the last transformation corresponds to Cs.

Since Bhargava cubes represents triples of quadratic forms it is natural to ask how the action of SL,(Z)
affects it. Let A be a Bhargava cube in (Z2)®3. A matrix

5= (j 5) € SLa(2Z)

acts on A by replacing the cube top face F; and bottom face F» by sF; + uF, and tF; + vF,. This
induces the action 7 - (Q1, @2, Q3) = (v Q1,Q2,Q3). By defining similar actions on the left/right faces
and front/back ones we get an action of SL,(Z) x SL2(Z) x SL»(Z) on A.

Remark. The association A — (Q1, @, Q3) is described above. Lemmermeyer [Lem, §3.4] gives an explicit
formula for the inverse. Given two quadratic forms Q1 = (a1, by, ¢1) and Q2 = (a2, bo, ¢2) of discriminant
A, there is a cube A such that A — (Q1, Q2, @1Q>) :

where b = (b1 + b2)/2, e = gcd(a1, a2, b) and g, f, h are integral solutions to

ay a

fob=b , fb-eq
e e 2 ai

If Q3 is also known, one could find the suitable v € SL>(Z) which transforms Q1Q@> in Q3 and use the
transformation A — A!dx!dx7,

5.1.2 The category of fractional ideals

We construct now the category of fractional ideals in quadratic fields and eventually specialize to the imag-
inary case. We will mainly follow [Cox] and [IK].
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Let d be a square-free integer and Q(\@) the corresponding quadratic number field of discriminant
Ak = 4d except for the case d = 1 mod 4 in which case Ak = d. We set w = (t + /Ak)/2 where
t € {0,1} is such that Ax = t mod 2. It is well known that w generates the ring of integers of K:
Ok =7+ Zw.

The order of conductor f is the unique subring O of Ok of index f. It is of the form O = Z + Zfw and
it has discriminant f2A.

Definition. A fractional ideal of an order O is a non-zero finitely generated O-module, i.e., it is of the form
aa for a € K* and a an ideal of O.

Definition. A fractional ideal a of O is proper if O = {a € K| aa C a}.

A fractional O-ideal a is invertible if there exists another fractional O-ideal b such that ab = O. An
important result show that proper fractional ideals are invertible and viceversa. It is therefore standard to
refer to proper fractional ideals simply as ideals.

We define the Picard group of an order O as

I(O)  {Proper fractional O-ideals}

Pic(0) = P(®)  {Principal fractional O-ideals}

In the same way, when Ak > 0, we define the narrow Picard group

(0) {Proper fractional O-ideals}
P+(®)  {Principal fractional O-ideals generated by elements of positive norm}

Pict(0) =

We call Pic(O) the (ideal) class group of A and we indicate it as C4(A) or C(O).
As we anticipated, the goal of the section is to construct equivalences of categories. We present here
the first result in this direction, although we will make the construction explicit in Section 5.1.4.

Theorem 5.5 ([IK, Th. 6.7]). Let K be an quadratic field of discriminant Ax and O the order of conductor
finOk.

If K is a quadratic imaginary field, i.e., Ak < 0, there exists a bijection between the set of equivalence
classes of proper O ideals to the set of SLy(Z)-equivalence classes of primitive positive definite quadratic
forms with discriminant f2Ax.

If K is a real quadratic field, i.e., Ax > 0, then there exist bijections between the set of narrow
(respectively, wide) equivalence classes of proper O-ideals and the set of SL,(Z)-equivalence (respectively
GLo(Z)-equivalence) classes of primitive indefinite quadratic forms of discriminant f2Ak.

A principal ideal is generated by an element of positive norm if such element is positive for every real
embedding of K. Then, if K is an imaginary quadratic field, there are no embeddings K — R, thus
the condition above is trivially satisfied by all principal fractional ideals and then Pic™(©) = Pic(O). For
imaginary quadratic fields, we will extend the notation introduced before writing C£(O) to indicate the Picard
group and we call it the class group of O. This way we match the notation adopted for quadratic forms.
The cardinality of the class group is called class number and it is indicated by h(O).

From now on K will be an imaginary quadratic field. There are multiple ways of computing the class
number of a given order. One of these comes from the study of a subclass of proper O-ideals. We say that
an ideal a € O is prime to the conductor of O if a+ fO = O. These ideals are enough to describe the
entire class group.

Theorem 5.6. Given an order O of conductor f in Ok, the maps

{fractional O-ideals coprime to f} «— {fractional Ok-ideals coprime to f}
ar— ag
bNO+—b

are one the inverse of the other and induce an isomorphism between the class group of O and the set
lo(f)/Po.z(f) where Io(f) is the set of fractional O-ideals coprime to f and Po z(f) is the set of principal
fractional O-ideals coprime to f and congruent to an integer modulo f.
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More precisely, we have a short exact sequence

(Ok/fOK)*

OX(ZITL)" — (0) — C(Ok) — 1

This shows that the class group may be interpreted as an explicit quotient of the ray class group C4(f), and
therefore is the Galois group of some finite abelian extension of K, the ring class field of O.
The short exact sequence above yields the following formula

Theorem 5.7 ([Cox, Th. 7.24]). Let O be the order of conductor f in Ok.

0= or 10~ (5)5)

and h(O) is an integer multiple of h(Ok).

5.1.3 The category of CM lattices or CM points

In Section1.2.5 we gave the general description of lattices. Here we focus on lattices associated to imaginary
quadratic fields or, equivalently, to ordinary elliptic curves. We will mainly refer to [Sta] for the first part
and to [Shi], [Lan2] and [Koh1] for the second one.

Assume that K is an imaginary quadratic field and suppose we fixed an embedding K <— C. A complex
lattice A = w1 Z + woZ is a K-lattice if wy/w; € K. Note that the action of SL,(Z) on H sends K to itself
meaning that this definition does not depend on the choice of the basis.

Remark. The property of being a K-lattice is invariant under homothety.

Remark. K-lattices can be scaled to be sub-lattices of Ox. This comes from the fact that (wy,w-) is a
fractional ideal of Ok and then d(wy,w2) C Ok for some d in Ok; thus, d\A C Ok. Hence, K-lattices are
exactly those associated to 7 € K — H. For this reason we will often identify the category of K-lattices
with the one of CM-points consisting of points in the upper half plane coming from a quadratic imaginary
field by defining 7 = w»/wy.

The most important invariant will be the order of A:
ord(A)={xeC | xXACA}={xe K | xANCA}

This object is invariant under homothety and SL,(Z)-action and does not depend on the choice of a basis
for A. More importantly it provides a bridge to the theory of ideals. On can prove that ord(A) is an order
in OK.

Theorem 5.8. Fix an embedding of K in C. There is a one to one-correspondence between K-lattices of
order O up to homothety and fractional O-ideals up to equivalence.

The order of a K-lattice A; is obtained by embedding 7 in C, constructing its minimal polynomial
ax® + bx + ¢ € Z[x] with gcd(a, b, ¢) = 1 and taking Z[aT] [Lan2, Th. 8.1.5].

From this result we can deduce that quadratic forms and their roots are strongly related with K-lattices.
This fits in the general idea of this chapter to relate all the objects described up to here. We will make these
equivalences explicit in the next section. In the remaining, we will instead give a brief introduction to class
field theory.

Class field theory

The idea behind class field theory is to construct a framework which permits one to describe (abelian)
extensions of number fields. Let K be a number field, Ok the integral closure of Z in K and L/K a finite
extension. For any prime p of Ok and any prime B of O, above it, we get an extension of residue fields
Fy /F, of degree fyz. We recall that

> epfy =I[L:K]

PBlpOL

where ey is the exponent of ‘B in the prime factorization of pO, .
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If L/K is a Galois extension, then the Galois group Gaé(L/K) acts transitively on the prime ideals above
p; for any of them, say B3, we can define the decomposition subgroup as

D(B | p) ={o € Gal(L/K) [ P* =}
Remark. Decomposition groups are the Galois groups of the associated local field extensions Ly /K.

There is a natural map
D(B | p) — Gal(Fy/F,)

which is a surjection of kernel /(3 | p), the ramification group. If p is unramified in L, then D(B | p) =~
Gal(Fy /F,) and then, for any P | pO, there exists a unique o5y € D(P | p) mapping to Froby, : x — xNr®),
the Frobenius map on the residue field extension.

Suppose now that L/K is an abelian extension, then we denote o, = o for any prime 3 above p. Since
conjugation is trivial this is a well defined element and does not depend on the choice of 3. We get a map

[ L/K]: Ik(Ayk) — Gab(L/K)
p— oy

a= HP? — H (Up,)n

extending multiplicatively the construction above to all ideals coprime to A, /x, the discriminant of L/K.
Definition. The homomorphism [-, L/K] is the Artin map.

The Artin map is surjective with kernel Ny (/1 )Px (A k) where I, is the group of non-zero fractional
ideals of L [Sil2, Th. 3.2].

Ray class fields. For any ideal m in Ok we note

Ix = {Fractional ideals of Ok}

Ik (m) = {Fractional ideals of Okcoprime to m}

Pi (m) = {Principal ideals of Oxcoprime to m}

Pi(m) = {(a) € Px(m) such that a =1 mod *m}

Pz(m) = {(a) € Px(m) such that a/n =1 mod *m for some n € Z}

We define the ray class field of K (modulo m) as the finite abelian extension Ky, /K with the property
that for any abelian extension L/K such that the conductor ¢, /x divides m, then L C Ky,. Equivalently, Ky,
is the largest unramified abelian extension of K such that P;(m) is contained in the kernel of the the Artin
map [, Km/K] : I(m) = Gal(Kn/K).

Ray class fields provide an answer to the problem of describing abelian extension of K as any such
extension lie in K, for some m. One could also prove that it suffices to consider ray class fields modulo an
integer N, i.e., m = NOk.

Hilbert class field. We define the Hilbert class field of K as the maximal unramified extension of K.

From now on K will be an imaginary quadratic field. For a K-lattice A = w1Z + w»Z of order O in Ok
we write T = wp/w; € K — H and we denote

J(AN) =J(AN) =4(0) = ()
where the last term is the value of the j-function at T, see Lemma 2.23.
Theorem 5.9. With the notation as above, j(Ox) is an algebraic integer and generates the Hilbert class
field of K. If {a;} is a complete set of representatives of ideal classes of Ok, then the values of j(a;) are
the Galois conjugates of j(Ok) and the Artin map defines an isomorphism C(Ox) — Gab(H/K).
Proof. See [Lan2, Th. 10.1], [Sil2, Th. 11.4.3] or [Cox, §11.D]. O
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Definition. The Weber function associated to a lattice A is the complex function

2
Lo e =0
h(z,A) = -Cf((//\\))@(z, A)3 if g2(A) =0
92(227\3)(/\)9(2, N) otherwise

where g», and gs are the normalized Eisenstein series, g is the Weierstrass gp-function (see Section 1.2.5)
and A is the Weierstrass modular discriminant (see Section 2.2.3).

Theorem 5.10. Let K/Q be a quadratic imaginary field and N a positive integer. Then,
K((Ok). h(1/N, Ok))
is the ray class field for NOk.
Proof. See [Cox, Th. 11.39] or [Lan2, Th. 10.1.2] and [Sil2, Th. 11.5.6] for the general case. O

Ring class fields. Generalizing the construction of the Hilbert class field we define the ring class field for
and order O in Ok as the unique abelian extension of K with Galois group the class group C¢(O).

Theorem 5.11. Let K be a quadratic imaginary field and O an order of conductor f in K. Then j(O) is
an algebraic integer and it generates the ring class field Ko for the order O. If {a;} is a complete set of
representatives for the ideal classes of O, then the values j(a;) are the Galois conjugates for j(O). The
Artin map defines an isomorphism CL(O) — Gab(Ko/K).

Let O be an order in a quadratic imaginary field of discriminant A and class number h(O) = h(A) and
suppose that {a;} is a complete set of representatives for the ideal classes of @; the polynomial

h(O)

Ho(X) = Ha(X) = [T (X —J(a)) € ZIX]
=1

is irreducible and generates Ky by the theorem above. We call Ha, the Hilbert class polynomial.

Idelic formulation of class field theory

We briefly recall here the language of adéles and idéles which gives a more concise formulation of many
results in class field theory. For more details one can refer to [Sil2, §l1.3].

Let K be a number field, for each place v of K we denote K, the completion of K at v and O, its ring
of integers.

Definition. The ring of adéles of K is defined as
!/
Ac=]] K.
14

where the notation [’ means that (a,), € Ax must have a, € Oyv for all but finitely many v. For any
finite set of places S containing the infinite places, we define

As =[] K, x [[ onv

ves vésS

We can define a topology on Ak by setting [, Onv with its product topology to be open. We obtain a
topology on As making it locally compact. Finally, Ak is the union of As for every finite set S of places of
K containing the infinite places. This induces a topology on Ak as a topological ring.

The units in Ak form a multiplicative group, called the Idéle group and denoted lx. We endow it not with
the subspace topology from Ak which is not sufficient to get a topological group, but imposing [[, Onv*™
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with its product topology, to be open. For an idéle s € Ik, we define the ideal of s to be the fractional ideal

(s) of K given by
(5) _ Hpordpsp
p

The quotient Cx = lx /K> is called the idele class group of K. The global Artin map is the surjective
homomorphism

Cx — Gal(K*®/K)
5— [s, K]

with the property that for every finite abelian extension L/K such that no prime ramifying in L divides the
ideal (s) of s, then

[s. K]l = [(s. L/ K)]
where the map on the right is the classical Artin map, see [Sil2, Th. 11.3.5].

The kernel of the global Artin map is the connected component of the identity. It becomes an isomorphism
of topological groups when we take the inverse limit.

Cx ——— Gal(K*®Ky  for €k = lim Cc /U
U
where the limit runs over every open subgroup of finite index. This map is compatible with the norm map
NL/K A — Ag
since A; >~ Ak ® L. This gives a commutative diagram

Cr —Hs Gagob /1y

NL/Kl JRes

ab
CK—’[.’K] Gal(K*/K)

the Artin map induces a correspondence between finite index open subgroups of Cx and finite index subgroups
of Gal(K?/K) which , in turns, is in bijection with finite extensions of K inside K2P.

5.1.4 Equivalence of categories

As anticipated, in this section we are going to make explicit the connections between the objects described
in the previous sections. We will start by providing maps connecting the sets of binary quadratic forms,
ideals in imaginary quadratic fields and K-lattices or points on the upper half plane; eventually, we will define
the corresponding categories providing a computational setup for the following.

Binary quadratic forms and ideal classes

In Theorem 5.5 we stated the existence of a bijection between the set of SL,(Z)-equivalence classes of
primitive positive definite quadratic forms of discriminant A = f2A, C4(A), and the ideal class group of the
order O inside Ok of conductor f, C4(O).

To any primitive quadratic form (a, b, ¢) = ax® + bxy + cy? of discriminant A we attach the ideal in the
order O of discriminant A given by

—b+ VA

(a —5—

2
Conversely, we associate to any ideal a = (o, B) of O the quadratic form

Nr(ax —By)
Nr(a)

)C O

Theorem 5.12. The maps
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a(0) —— (L) a(L) —— &(0)
a Nr(,\‘,"rx(;f” (a,b,c) — (a LZ‘/Z)

are bijective and one the inverse of the other.

Binary quadratic forms and K-lattices

As we anticipated in Section 5.1.3, given a quadratic form ax? + bxy + cy? one can associate its root
T = (—b++v/A)/(2a) and this is a point in the upper half plane.

Each lattice A can be expressed in the form Zsq + TZ with T = wy/w;. If the minimal polynomial of T
is ax? + bx + ¢ with gcd(a, b, ¢) = 1, we associate to it the quadratic form (a, b, ¢) which corresponds to
Nr(wix — woy)/Nr(wy).

Theorem 5.13. The maps

(A) —— {K-lattices of order O}/ ~ {K-lattices of order O}/ ~ —— Cl(A)
(a, b, ¢) ——— aZ+ — \/EZ W1Z + woZ t Nr{rx — way)
2 Nr(w)

are bijective and one the inverse of the other.

Binary quadratic forms and K-lattices

The immediate consequence of Theorem 5.8 is that the identification between K-lattices of order O and
ideal classes of O is given by a fixed embedding of K in C by considering ideals as lattices.

Theorem 5.14. The maps

C(O) —— {K-lattices of order O}/ ~ {K-lattices of orderOQ}/ ~ —— CL(O)
(a.B) ————— oZ+ L WiZ + Wl > (w1, w>)

are bijective and one the inverse of the other.

Description of the categories

Let K be an imaginary quadratic field of discriminant Ak, and fix an embedding K — C, so that for each
A = f2Ax, we have a unique element VA € H,N K. In what follows we define three categories associated
to complex multiplication structures and functors between them.

Matrix endomorphisms. Let I" be a congruence subgroup of SL,(Z) with I'(n) C I'. We define the matrix
subring
M() = Z[I'] € M(Z)

such that M(SL>(Z)) = M(Z). In general, we have M(I") NSL>(Z) = (—/5,T). The classical adjoint
()" : Ma(Z) — M(Z)

determines an involution of the subrings M(I") taking v € T to v* =+~! and
(s t) ( v —t)
—
u v —u s

Action on bases and forms. An element v € M(I") with det(y) # 0, of the form

acts on the left on pairs B = (w1, w») via
v - B = (swy + tws, uwy + vws)
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on binary quadratic forms f by (see Section 5.1.1)
vy-f(x,y) = f(sx+ty, ux+ vy)

and on K-points 7 € HN K* by (see Sections 1.2.3 and 5.1.3)

sT+t
ut +v

YT =

This action extends to v = 0 with yB = (0,0), «v- f(x,y) = 0 and y7 = 0,respectively.

Fractional ideal category. \We first consider the category Z whose objects are fractional ideals in K, and
whose morphisms are
Hom(a, b) = {\ € K| Xa C b}

The degree of a morphism A € Hom(a, b) is [6/Xa|, or 0 if A = 0. The fact that ¢ = Hom(a, b) is itself
a fractional ideal, lets us define a group action ¢-a = b on the subcategories Z(O) of objects a with
O = End(a).

A fractional ideal admits a normalized quadratic map: N : a — Z given by o — N(a)/N(a), but the
association of a binary quadratic form requires the additional structure of a basis. While this category permits
us to introduce well-defined ideal class groups (including ring class groups), in order to define additional level
structure it will be necessary to add additional structure on this category. With a view to the equivalence with
binary quadratic forms, we introduce a category with basis, then show, in each of the equivalent categories,
how to model class groups with a I level structure for any subgroup ' of SL»(Z).

Fractional ideals with basis. The categories which follow parametrize more data than just a fractional ideal
class. This motivates us to introduce a category Z., of pairs (a, B), whose objects are fractional ideals with
oriented basis B = (w1, w») such that wy/w; € H,. A morphism of

Hom ((a, B), (b, B'))
in Zoo is the set of A € K such that Aa ="b and \B = 5.
Remark. This category can be extended to include morphisms Z ~ End ((a, B)) — Z x M({/>}), whose

morphisms (m, mly) give mB = mlB'.

Binary quadratic forms category. The second category F., consists of integral binary quadratic forms
f = ax? + bxy + cy?, which are primitive (gcd(a, b, ¢) = 1), of discriminant A = b? — 4ac = m?Ax. There
exists an identity morphism in Hom(fi, ) if fi = f>, otherwise Hom(f;, f2) is empty. In particular each form
f of F represents a distinct isomorphism class.

Remark. This category can be extended to include morphisms End(f) = M({/>}) = Z/>.

Poincaré CM points The third category Q. consists of objects in HHN K*, such that the set of morphisms
Hom(7y, T») contains the identity if 73 = 7> and is otherwise empty. In particular each object is in a distinct
isomorphism class in bijection with H N K*.

Remark. This category is equivalent to the previous two, but the endomorphisms of the objects are trivial,
since the induced action of m/, is trivial.

Establishing the equivalences of the three categories 7., F., and Q.

The categories Z,., Foo, and Q. should be viewed as universal lifts of the CM points:
SL(Z)\Q —— {j(1) |7 € Q} € X(1)(K™).

In particular Z = M({/»}) is the injective limit of the inclusions

M({/2}) = lim M(T'(n)) = (| M(T(n)) € Ma(Z).

n n>1

The categorial description of Theorems 5.12, 5.13 and 5.14 goes as follows:
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Lemma 5.15. There exists a functor F : T, — Fw sending (a, (w1, w2)) to

N(wix — woy)

and conversely, a functor | : Foo — Iy, sending f(x,y) = ax? + bxy + cy? of discriminant D = b — 4ac to
(w1, w2) = (a, (=b+ VD)/2).
The functors F and | are equivalences of the categories T, and F.,, inverse to one another.

Lemma 5.16. There exists a functor Q : Fo — Qo Sending f(x,y) = ax® + bxy + cy? of discriminant
D = b?> — 4ac to

e HNK".

—b++VD
2a
Conversely, there exists a functor G . Qs — Foo Sending an object T to the form

f(x,y)=alx —Ty)(x = Ty),

where a € Z is the unique positive integer such that f(x,y) is primitive.

5.1.5 Level structures

In this section we are going to discuss how this categories can be provided of additional level structure.
The usual subgroups o(N), 1 (N) and I'(N) produce the following subrings

b

M(Mo(N)) = Z[Fo(N)] = {<i d> € M(Z) | c =0 modulo /v}

b

M(M1(N)) = Z[T1(N)] = {(j d) € Mx(Z)|c=0and a=d modulo /\/}

Finally,
M(T(N)) = Z[[(N)] = Z + NM(Z)

For a given embedding ¢ : Ox — M(Z), and 7 : SLo(Z) — SL>(Z/nZ) for and N a power of a prime g,
L (Ok/nOk)* — GLa(Z/NZ)
we obtain an associated split ['s(N) or non-split [',s(N) Cartan subgroup
7T (O /nOK)"))

depending on whether g is split or inert in K.

The forgetful functor Z, — Z sending (a, B) to a is the quotient by the action of SLo(Z). Specifically,
the set of objects mapping to a are (a,yB) where B is any basis for a and v € SL>(Z). However, in
T+, €ach such pair (a,vB) represents a distinct isomorphism class. This motivates the introduction of a
category Z(SL2(Z)), equipped with a richer structure of morphisms, which on objects is the quotient of Z,
by SLo(Z). Specifically, a morphism (a, B) to (b, B') is a pair (A,y) € K x M»(Z) such that

Xa C b and AB=~B
By construction Z(SL(Z)) is equivalent to Z, and the composition
O = End(a) — End((a, B)) C O x Mx(Z) — M5(Z)

determines a homomorphism of rings O — M(Z). In particular, —1 € O maps to —/, € M»(Z), and the

automorphism groups
((=1,=1)) € Aut((a, B)) = End((a, B))"

with equality unless the endomorphism ring of a admits extra automorphisms.
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Example. We consider the automorphism groups in Z(SL»(Z)). If O = a = Z[i] with /> = —1, then the
automorphism group has order 4:

Aut((Z[i], (1,1))) = (i, S)) where S = ((1) ‘(1))
and if O = a = Z[(3], where (2 + {3 + 1 = 0, the automorphism group has order 6:

AUt((Z[Cs). (1, G3))) = (£(Cs, W) where W = (1 é)

Every other ideal not homothetic to Z[i] or Z[(3] has trivial automorphism group {£(1, /2)}. These examples
exhibit the induced isomorphisms

pa = (i) = (S) and pe = (£(3) = (W),
with subgroups po = (—1) — (—/, = S?).

In order to classify objects with level structure, we define equivalent categories Z(I"), F(I') and Q(I") for
which the isomorphism classes are equivalence classes under the group ' C SL,(Z). We can interpret the
categories Zo,, Foo and Q, as projective limits of the categories Z(I"), F(I") and Q(I).

Ideals with -structure. The set of morphisms Hom((a, B), (b, B')) in the category Z(I") are pairs (\,7y) €
K x M(T) such that Aa C b and AB = vB’. The degree of a morphism, |b/Xa| = det(vy), is well-defined,
and the dual morphism is (A~! det(7y), v*).

Binary quadratic forms with -structure. The category F(I') consists of primitive integral binary quadratic
forms f = ax? + bxy + cy? of discriminant D = b?> — 4ac = m?Dk. The set of morphisms Hom(fi, )
consists of proper integral similarities (n,y) € N x M(I") such that

nfi(x,y) = (f-7)(x,y).
The integer det(y) > 0 is the degree of the morphism, and the dual morphism of (n, ) is (n~! det(y)?, v*).
N.B. The scalar n is uniquely determined by from -y and (f1, ). In particular, if f; and f> are of conductors
my and mo, i.e. their discriminants are respectively m?Dx and m3Dy, then comparing the conductors of

the transformed forms gives the relation nm; = det(y)mo, and if m; = m,, we have n = det(y) and the
dual morphism is (n,v*). This corresponds to a horizontal isogeny.

Poincaré CM points with -structure. The category Q(I") consists of objects in H N K>, whose set of
morphisms Hom(7y, 72) consists of elements v € M(I"), with v = 0, or det(y) > 0 such that v(11) = 7.
The degree of «y is defined to be det(y) and the dual morphism is y*.

Example (Endomorphisms of 7). . Let T be an object of Q(I") satisfying the quadratic equation at? + b7 +
¢ = 0. While T represents the ideal class of any ideal a with oriented basis of the form (w1, wz) = (w1, Twy),
we show that the endomorphism ring of End(7) is nevertheless nontrivial.

Coving and quotient functors. For each inclusion '; C 1 in SLy(Z) there exists a functor Z(I) — Z('1)
compatible with the covering functor from Z, and forgetful functors to Z:

RN

I(M2) —— Z(I'y)
& T

We identify Z(SL»(Z) with Z via the equivalence of categories induced by the forgetful functor to Z.
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5.2 Isogeny graphs

Definition. Given an elliptic curve E defined over a field k and a finite set of primes S coprime to the
characteristic of k, we associate the isogeny graph G = Gs(E) such that

Vertices: k-isomorphism classes of elliptic curves over k which are k-isogenous to E.

Edges: Isogenies of degree £ € S, up to isomorphism.

If S = {£}, we call G the £-isogeny graph of E and denote it G,(E).

Remark. Since we consider isomorphisms over an algebraic closure, nodes are parametrized by j-invariants.

Remark. In the literature one may find different definitions of an isogeny graphs. The differences are mainly
due to the field over which curves, isomorphism and isogenies are considered. See for instance [Pan].

The isogeny graph is, a priori, a directed graph since isogenies have well defined domain and codomain.
However, the existence of dual isogenies (see Section 1.2.3) shows that, in practice, one can think of
these objects as undirected graphs by identifying each isogeny with its dual. The caution used in the last
statement is due to the fact that Gs is only “nearly” an undirected graph. Vertices are defined up to k-
isomorphisms an edges from a given vertex are defined up to isomorphisms of the codomain, i.e., they are
identified post composition with an automorphism of the second curve. This means that at curves with
extra-automorphisms (out the usual ones +1), this identification may fail and therefore, at neighboring
curves to the problematic ones, the number of outgoing and ingoing isogenies might differ.

The next theorem shows that this occurs only in a handful of cases and, therefore, one can think of Gg
as undirected without losing global information.

Theorem 5.17 ([Sill, Th. [11.10.1]). Let E be an elliptic curve defined over k. The automorphism group
of E is a finite group of cardinality dividing 24.

Gy ifj(E) #0,1728 2
Cy if j(E) = 1728 and char(k) # 2,3 3
Aut(E) =< Cg if j(E) =0 and char(k) # 2,3 #AUt(E) =46
C3xCy if j(E) = 0= 1728 and char(k) =3 12
Q4 xCs ifj(E)=0=1728 and char(k) =2 24

where C; is the cyclic group of order i and Q4 represents the quaternion group {+1, +i, +J, +k}.

Example. Let us consider p = 71. Eo/F7; has 6 automorphisms, Aut(Eq) = {[£1, (3, £¢3]}. There are
three isogenies Eg — E4o and their duals differ by post composition with an automorphism of Eg which
means that they result in a single arrow in the isogeny graph (on the right).

(o)

()4
Gl ( Gl ¢ é (314 ) &1 “'

An f-isogeny graph I is equipped with an action of G = Gal(k/k), with the vertex [E] a fixed point, as
follows. We have

E[€) ={P € E(K) | ¢P = O} = (Z/¢Z.)>.

The set cyclic subgroups is in bijection with P(E[£]) = P1(Z/4Z), which in turn is in bijection with the set
of £-isogenies from E. The G-action on E[¢] induces an action by G on the £ + 1 cyclic subgroups. This
action extends to paths without backtracking of length n, via the action on the cyclic subgroups G of order
2" in

E[("] ={P € E(k) | £"P = O} = (Z/L"Z).
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which are in bijection with P(E[¢"]) = P}(Z/£"Z). This determines a compatible Galois action on vertices
[E/G] and edges ¢ : E/G; — E/G;+1 where G; C G4 is of index £.

Thus, an £-isogeny graph is (£ + 1)-regular for outgoing edges. The existence of curves of j-invariant
0 or 123 with additional automorphisms in the graph implies a reduced number of incoming edges at these
vertices.

Remark. This regularity only appears on the algebraic closure. If we restrict to different fields of definition in
constructing the isogeny graphs we will obtain more irregular subgraphs. A result of Atkin [Atk1; Atk2] shows
that the number of distinct Fq-rational £-isogenies of E equals the number of linear factors of ®,(j(E), y),
the ¢-modular polynomial, over [F, and this is either 0,1,2 or £ 4 1.

Figure 5.3 — Isogeny graphs Go(E) and G3(E) for an elliptic curve E without complex multiplication

Definition. We define an undirected quotient graph G,(E) by identifying an isogeny ¢ : Eq — E; with its
dual @ : Eg — Eq, and if Aut(Ep) # {£1} or Aut(E7) # {£1} the orbits

Aut(E1)wAut(Eg) and Aut(Eg)@Aut(Er)

are identified with @ and @, respectively. Taking the quotient gives a bijective correspondence between edges
and dual edges. On the contrary, without taking the quotient, there exist problematic vertices.

The action of the Galois group can be extended to the whole graph by the Galois action on the projective
Tate module P(T4(E)) = P!(Z;). In the same way we define the Gal-action on Gs(E) derived from the
Gal-set structure of P(Ts(E)), where

Ts(E) = [ [ Te(E).

LeS

The choice of base curve E distinguishes the Galois action on G from a conjugate Galois action derived
from a twist of E.
If we fix a basis of T;(E) we get a representation

Gat(k/k) = GL2(Qe)

permitting one to associate to each vertex of G,(E) a matrix in GL2(Q,). One can prove that the matrix
associated to ¢ : E; — E5 is one of the form

£ 0 1 a
(O 1) (0 2) where 0 < a<{

and by composing them we obtain matrices for £" isogenies. The resulting structure is an infinite tree on
PSL2(Qe)/PSLa(Zy).
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Figure 5.4 — Serre trees associated to Go(E) and G3(E) for an elliptic curve E without complex multiplication

In the next sections we will describe isogeny graphs for curves over finite fields. These has been studied
by Mestre [Mes], Pizer [Piz3] and Kohel [Kohl]. By Theorem 1.20, we know that isogenous curves are
always either both ordinary, or both supersingular and we will see that the structure of their isogeny graph
is very different. We start by a preliminary classification.

Remark. Being ordinary or supersingular depends on the trace of the Frobenius endomorphism, see Theorem
1.21. The invariance of the trace of Frobenius in an isogeny class dates back to Hasse (1936) for curves,
and Weil (1946) for abelian varieties in general.

Lemma 5.18. Let E be an elliptic curve over k with endomorphism ring O, and for a prime £ # char(k) let
Gy(E) be its undirected £-isogeny graph.

1. If O = 7Z, then each component of Gy4(E) is an infinite tree.
2. If O is an order in a CM field K, then each component G of Gy(E) is infinite and either

o the prime £ is split in K and G has a unique cycle, or
e the prime £ is ramified or inert in K and G is a tree.

3. If O is an order in a quaternion algebra, then G4(E) is finite and connected.

5.2.1 Ordinary isogeny graphs

We start by studying the ordinary case. Let E be an elliptic curve defined over a finite field k with complex
multiplication by a quadratic imaginary field K, by which we mean that its endomorphism algebra is K. We
denote Ak the discriminant of Ok, the ring of integers of K. We know that any order O in K is completely
determined by its conductor f, or equivalently by its discriminant A = f2Ax. In general, if 7 is the Frobenius
endomorphism of E we have the following chain of inclusions

Z[r] € End(E) € Ok

The goal of the section is to describe the £-isogeny graph G,(E). This consists of all elliptic curves over k
with complex multiplication by K (up to k isomorphism) by Theorem 1.20. We therefore need to study this
set and find a convenient way of describing isogenies.

Main theorem of class field theory I. Let C/(O) ~ C{(A) denote the class group of the order O with
discriminant A and h(Q) = h(A) its cardinality, namely the class number of O. Class field theory tells us
that there exists a number field Hp, called the Hilbert class field (or the ring class field) of K with Galois
group isomorphic to the class group of O, see Theorems 5.9 and 5.11.

Further, the class group of O is in bijection with the set of K-lattices of order O (see 5.8) which in
turns is equivalent to the set of elliptic curves over C with endomorphism ring O, see Section 1.2.5. Thus,
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for every fractional ideal @ C O we associate the complex elliptic curve C/a corresponding to the lattice
attached to a; this is defined over Hp and has endomorphism ring O.

Theorem 5.19 (Deuring Reduction Theorem). Let E be an elliptic curve over a number field, with End(E) ~
O for and order O in a quadratic imaginary field K. Let B be a place of Q above a prime p in Q, where E
has non-degenerate reduction E, i.e., E is again a smooth curve. Suppose that p splits completely in K, let
f be the conductor of O and write f = p"fy with (p, fo) = 1. Then we have an isomorphism

End(E) — End(E)
A— A
Proof. See [Lan2, Th. 13.4.12]. O

Over F, this reduction theorem is even more meaningful. As above, let O be an order in an imaginary
quadratic field K, Hp be the ring class field of O and p a prime which splits completely in Ho. We will fix
a prime P of Hp lying above p, so that Oy /B ~ F,,.

Theorem 5.20. Let E be an elliptic curve over Ho which has good reduction at 3 and endomorphism ring
End(E) ~ O. By the Deuring reduction theorem, E is an elliptic curve over F,. Then there exists A\ € O
such that p = XX and #E(F,) = p+ 1 — (A + X). Further, End(E) = O and every elliptic curve over F,,
with endomorphism ring isomorphic to O arises in this way.

In other words, there exists an isomorphism (which depends on the choice of the prime p above p in K)
between fractional ideals classes in C£(Q) and isomorphism classes of elliptic curves E/F, with End(E) ~ O.
The next theorem shows that the reduction process can be reversed also if we move away from F,.

Theorem 5.21 (Deuring Lifting Theorem). Let E be an elliptic curve in characteristic p, with a non-trivial
endomorphism a. Then there exists an elliptic curve E defined over a number field, an endomorphism &
of E, and a non-degenerate reduction of E at a place B lying above p, such that we have an isomorphism

E~ (E) and a correspond to the reduction of & under this isomorphism.

Proof. See [Lan2, Th. 13.5.14]. O

Main theorem of class field theory Il. With the notation as above we can state a beautiful result telling
us how the Galois group acts on j-invariants of CM elliptic curves. Let K/Q be an imaginary quadratic field
and let £/C be an elliptic curve with End®(E) ~ K .

Theorem 5.22. Let 0 € Aut(C) and s € Ik be an idéle corresponding to the restriction of o to K2 via the
Artin map, [s, K] = o|x=. Fix an analytic isomorphism & : C/a ——— E(C) for a fractional ideal a of K.
Then there exists a unique complex analytic isomorphism

¢ :C/sta — E°

such that the following diagram commutes

K/a E
51‘[ l"
K/s ta : E°
Proof. See [Shi, Th. 5.4]. O

Principal homogeneous space. The results above bring us to the following theorem. Let k be a finite field,
K a quadratic imaginary field with ring of integers Ok and O and order in Ok. Let us denote Ell,(O) the set
of k-isomorphism classes of elliptic curves over k with endomorphism ring isomorphic to O.In defining Ell,(O)
we suppose that every elliptic curve E € Ell,(O) comes equipped with a fixed isomorphism tg : O — End(E).

Theorem 5.23 ([Watl, Th. 4.5] and [SchR, Th. 4.5]). If p = char(k) > O is not inert in O, then the set
Ellk(O) is a principal homogeneous space for the group C(O).
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Being a principal homogeneous space (or a torsor) means that there is an action

% A(O) x Ell (O) —s Ellg(O)
(0, E)—> ax E

and this action is free and transitive; thus, for every fixed elliptic curve E, it induces a bijection

CU(O) — Ell(O)
[a] — [ax* E]

The action x is defined by the composition of theorems 5.19, 5.21 and 5.22. More explicitly, for a fractional
ideal a, let us define
Ela] = {P € E(k) |aP = O for all a € a}

This is a finite subgroup of E of cardinality N(a) and therefore induces the separable isogeny ¢, : E —
E/E[a]. Then a* E corresponds to the isomorphism class of £/E[a].

All these results answer the question about the description of Elliptic curves over k with endomorphism
ring an order in K. It remains to study relations between them.

The isogeny volcano

Let us fix an elliptic curve E over a finite field k with endomorphism ring an order O in a quadratic imaginary
field K of discriminant Ax. We denote f the conductor of @ and A = f2A its discriminant. Finally, let £
be a prime.

Following the terminology of Kohel [Koh1], if O is maximal at £ we say that E lies at the surface (relative
to £), if O has index divisible by £t and not by £¢+1, then we say that E lies at depth or level t and if the
index of Z[w] in O is not divisible by £ we say that E lies at the floor.

Definition. An {-volcano is an undirected graph consisting of a cycle (which may be as well reduced to a
single node) where each node is the root of a complete tree of same length. The cycle is called surface or
crater, the level (or depth) of a node is the distance from the surface and the floor consists of nodes at
maximal distance from the crater. Edges between nodes at the same depth are called horizontal, those from
a certain level to a higher one are called ascending and, those from a level to a lower depth are said to be
descending.

Kohel shows that CM isogeny graphs are, in fact, volcanoes.

Theorem 5.24 ([Kohl, Prop. 21]). Let E; and E, be ordinary elliptic curves over k and ¢ : E; — E;
an isogeny between them of prime degree £ # chark. Then O; = End(E;) contains O, = End(E,) or Oa
contains O1 and the index of one in the other divides ¢.

With the terminology above, we say that
e ¢ is horizontal if O1 = O;
e ¢ is ascending if O1 C O, with index £
e ¢ is descending if O, C O7 with index £
Theorem 5.25. The £-isogeny graph G4(E) of an ordinary elliptic curve E is an £-volcano.

It only remains to study the size of the crater (how many elliptic curves lie at the surface), the height of it
and its degree.

Horizontal isogenies. Horizontal isogenies come from the action of a fractional ideal a of O as described
above [Koh1, Prop. 22]. If £ divides the index of O in Ok then no such isogeny exists. Otherwise, if we are
on the crater, the number of isogenies to curves with the same endomorphism ring is

A 0 iffisinertin O
1+ (f) =<1 if2is ramified in ©
2 if £splitsin O

Therefore the crater consists of either
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(a) a single node with no horizontal isogenies;

(b) two (isomorphism classes of) elliptic curves with one horizontal isogeny between them or a single node
with a horizontal loop;

(c) a cycle of isomorphism classes of elliptic curves.

Note that if £ splits as £0 = I, the isogenies ¢, and ¢y are one the dual of the other.

E—E / \
® )
®©D \ /

Figure 5.5 — Possible crater structures in an £-volcano.

Number of connected components. Instead of studying the isogeny graph of a fixed elliptic curve one
may look at the isogeny graph of Ell, (O, 1), the set of elliptic curves over k with endomorphism ring O and
Frobenius endomorphism 7. This consists in the union of the isogeny graph of all elliptic curve over k with
complex multiplication by @ and same trace of Frobenius,

G(o.m = |J GiE)
EEEN(O,m)

It is clear that this is the union of a certain number of volcanoes. Once again, their number depends on the
splitting behavior of £ in the £-maximal order ©. By the classification of horizontal isogenies above,

(a) if £is inert in O, then there are h(O) distinct £-isogeny volcanoes of with surface in Ell(O);

(b) if £ ramifies in O, i.e., £0 = I?, then there are h(O) or h(©)/2 distinct £-isogeny volcanoes with surface
in Ell¢(O) depending on whether [ is principal or not;

(c) if £ splits in O as the product of [ and I, then there are h(Q)/n distinct £-isogeny volcanoes with surface
in Ellx(O) of size n, where n is the order of [ in CZ(O).

If there is more than one connected component, we refer to the union of distinct volcanoes with the term
cordillera.

Vertical isogenies. Let O be an imaginary quadratic order and @' = Z + £O be the index £ suborder.
Sutherland [Sut4] proved that the vertical isogenies from Ell,(O’) to Ell,(O) correspond to the surjective
map of Section 5.1.2

a0 = a0)

In general, there are 0 or 1 ascending £-isogenies from E depending on whether £ | [Ok : O].

Floor of rationality. As we have already stated, Z[w] C End(E) which means that the £-isogeny volcano
has depth vy([Ok : Z[7]]). A set of Lemmas in [Fou] and [FM] conclude the description of the £-isogeny
volcano: it is a volcano truncated at the level of Z[n], see [Koh1, §4.2].

Lemma 5.26. Let E, E; and E, be elliptic curves over k with endomorphism rings O, O; and O> in K,
respectively.

(a) IfZ[r] is maximal at £, then all £-isogenies are horizontal.

(b) IfL]| Ok : Z[n]] but £1[O : Z[x]], i.e., E lies at the floor of rationality, then the only isogeny from E
Is ascending.

(c) If there is a descending isogeny ¢ : Ey — E, and £ | [O : Z[r]], any isogeny 1 from E, different from ¢
Is descending.
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v([Ok : 0]) | w(lO:Z[x]]) | Positionof £ | (%) | (5) Isogenies No(E)
-1 -1 none 0
_ 21]0 : Zm] Crater=Floor +1 +1 2 horizontal 2
110k 0] 0 0 1 horizontal 1
&) hori [
2110 Z[n]] Crater ; 0 L (;) orizonta 2+1
{— (7) descending
. : 1 ascending
L | [OK : (’)] ¢ | [O ’ Z[,/T]] Side 0 0 £ descending £+1
1[0 Z]~]] Floor 0 0 1 ascending 1

Table 5.2 — Number and type of isogenies from E depending on its endomorphism ring End(E) ~ O

All these information can be resumed in the following table where A, (E) denotes the number of linear factors
of the modular polynomial ®,(X, j(E)).

In other words, the crater is a regular graph of degree at most 2 and it is composed of all possible
horizontal isogenies; its size is given by the behavior of £ in the £-maximal order O. Moving along the side of
the volcano, i.e., descending, we encounter elliptic curves with smaller and smaller endomorphism ring; they
all have one neighbor in the higher level and £ descending isogenies corresponding to the surjective morphism
CUZ + LO) — C(O); thus they all have degree £ + 1. We reach the floor when £ does not divide the index
of Z[~] in the last order. Here we have nodes of degree 1 with only ascending isogenies.
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Figure 5.6 — Aerial and side view of a 2-isogeny volcano.

Special vertices. All we have said up to her still holds in case our volcano contains elliptic curves with
extra automorphisms j = 0, 1728 except for some minor modification. First of all we note that these special
curve can only appear on the crater. Further,

( Case j = 0) If level 1 is non empty, then it contains
1 -3
—_ e _ .
((3))
curves each of which has 3 incoming isogenies from j = 0 but only one going back up;
(Case j = 1728) If level 1 is non empty, then it contains
1 -1
:(-(3))
curves each of which has 2 incoming isogenies from j = 1728 but only one going back up.
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5.2.2 Supersingular isogeny graphs

We focus now on supersingular elliptic curves. Before describing their isogeny graphs we describe their
endomorphism rings, which are isomorphic to orders in a quaternion algebra.

Quaternion algebras

A quaternion algebra 2 over Q is a central simple Q-algebra over Q of dimension 4. This means that
is a Q-algebra with no non-trivial 2-sided ideals and center Q. The isomorphism Q — Z(2() makes 2l into
a Q-vector space of dimension 4. Wedderburn structure theorem implies that a quaternion algebra 2 over
Q is either a division algebra over Q, if all its elements have inverses, or it is isomorphic to M>(Q), the
matrix algebra over Q. As a consequence, for every non-central element a € 2, the ring K = Q(&) is a
quadratic extension of Q. Any quaternion algebra over Q is therefore isomorphic to K + KB where K is a
quadratic extension of Q and (3 is a non-central element of 2l such that 8% = b € Q* and Ba = o(a)B for
every a € K, where ¢ is the non-trivial automorphism of K. Equivalently, 2{ ~ Q{«, 8) for o, 8 non-central
elements of 2 such that a2, 8% € Q* and a3 = —Ba.

To each element in 2 we can associate its conjugate & = o(a) in Q(a); this defines an involution on
2. We define the reduced norm and the reduced trace by

N:2A—Q Tr:A—Q

a— ao a—a+a
Further, for elements a1, as, az, as € A, we define their discriminant as

Ao, az, as, aa) = det (Tr(aioy)) < j<4

A quaternion algebra 2( is said to ramify (or to be ramified) at a prime p if 2, = A®gQ,, is a division algebra
and it is defined to split at p if 2, ~ M(Qp). We say that  is ramified (or splits) at oo if A,00 = A®g R
is a division algebra (respectively, A >~ M>(R)). We define 2, « as the quaternion algebra ramified only
at p and infinity.

Lattices, orders and ideals. Let 2l be a quaternion algebra over Q. As we did in dimension 2 we define a
lattice in 2 to be a finitely generated Z-module which contains a basis for 2 over Q. An order of a 2 will be
a lattice which is also a subring containing 1. We will denote O an order in a quaternion algebra. An order
consists of elements with integral norm and trace. However, unlikely the quadratic case, the set of all such
elements might not be a ring. In fact, a quaternion algebra has more than one maximal order.

Given an order O of 2, we define a fractional left (right) ideal / to be a lattice in 2 such that a/ C |
(laa C 1) for all & € O. [ is integral if it is contained in . The reduced norm N(/) of an ideal /
is the fractional ideal of Z generated by the reduced norms of its elements. Finally, the inverse ideal is
I7t ={a €| lal CI}. For an ideal /, we define its left and right orders as

O (N=ord () ={ae|al C I} (Or()=ordg(l) ={aeA|la CI})

An important invariant of quaternion orders is represented by their discriminant. It is defined as follows: let
| be the ideal generated by all Aoy, oo, a3, ag) for ag, oz, a3, g € O; one can prove that it is the square
of an ideal in Z. We define A(D) as this Z-ideal (the square root of /).

Lemma 5.27 ([Vig]). Let © and O’ be two orders of A. If O' C O, then A(D’) divides A(D) and
A(D") = A(D) if and only if O' = ©O. An order is maximal if and only if its discriminant is the product of
the finite primes of Q ramifying in .

Ideal classes. Two ideals /, J are said to be left (right) equivalent if there exists a € 2* such that | = aJ
(I = Jar). Let O be an order in 2, the left ideal classes of O are the right-equivalence classes of ideals with
left order equal to ©. Once again the right ideal classes of O are left-equivalence classes of ideals with right
order O.

Lemma 5.28. The inverse map | — |~ establishes a bijection between right and left ideal classes of an
order O.

Therefore, there is a well defined notion of class number h(O) as the number of right or left equivalence
classes of O.
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We say that two orders O and £’ are of the same type if there exists an element a € 2 such that
aDa~l = ie., they are conjugate by . Note that this is equivalent to the existence of a principal ideal
I such that O/(/) = O and Dg(/) = O’. Being of the same type is an equivalence relation and we define
the type number t(2() of 2 as the number of conjugacy classes of maximal orders.

Lemma 5.29. Orders of the same type have the same number of left (or right) ideal classes.
Corollary 5.30. All maximal orders have the same class number. We define it as the class number of 2.

Proof. See [Vig, Th. I11.5.4] or [Rei, §26]. O

An equivalence of categories

We will now establish the equivalence of categories between supersingular elliptic curves over finite fields and
quaternion orders; as in the ordinary case this will enables us to exploit properties of one to infer properties
of the other though the non-commutativity of the quaternion world will prevent us from obtaining the same
nice structure of ordinary graphs.

Deuring [Deu] proved the existence of a bijection between the set of supersingular j-invariants in char-
acteristic p and the class number of a O for any of the types of maximal orders O in 2, o, the unique
quaternion algebra ramified only at p and infinity. The already cited Theorem of Waterhouse [Watl, Th.
4.5] exploits this correspondence in terms of kernel ideals.

Theorem 5.31. Given a type of maximal order, there exist one or two supersingular j-invariants such that
the corresponding endomorphism ring is of the given type depending on whether the prime ideal 3 over p is
principal or not.

In his thesis, Kohel [Koh1] gives a functorial description of this correspondence. We define Sk as the
category of supersingular elliptic curves over a field k of g = p” elements. The objects are pairs (E, )
where E is a supersingular elliptic curve over k and 7 is the Frobenius endomorphism. A morphism is a map
P (E1, M) — (Ez, m2) such that Y o my = M 0.

Now let © be a maximal order in 2(, o, containing an element of reduced norm g. The second category
is Mg 4 consisting of projective right modules of rank 1 over ©. The objects are pairs (/, ¢) where [ is a
projective O-module of rank 1 and ¢ is an endomorphism of / of norm g. A morphismis 1 : (I1, $1) — (l2, $2)
such that ¥ : /1 — 5 is a homomorphism such that 1 o ¢1 = ¢ 0 9. We can think of O as O(/) for some
ideal /; then projective orders of rank 1 are left ideals of O, see [Voi, §20.3].

Then there is an equivalence of categories established by the functor I from Sk to Mg 4 such that

(E, ) rrrrnret> (I(E), I()) = (End(E), i)

where Ly is the endomorphism of End(E) given by composition with 7.

Supersingular j-invariants

In this section we are going to make explicit use of this correspondence to study isogeny graphs of super-
singular elliptic curves. Unfortunately, the lack of a commutative action of the class group on the set of
J-invariants prevents one to obtain the rigid structure of the volcano. Nevertheless, supersingular curves still
have some interesting properties.

Field of definition. One of the characterization of supersingular elliptic curves is that they have no torsion
p-points in characteristic p, see Theorem 1.21. Then the endomorphism [p] = @7 has trivial kernel an
therefore @ has trivial kernel and it is therefore purely inseparable. Now we can decompose it as fsep,m by
Proposition 1.14, where we factor through the separable isogeny 7. We get [p] = ﬁsepwz and, since Tsep IS
an isomorphism, then 72 is separable of degree p?. This means that 72 fixes the j-invariant of £ which is
then defined over IF2; therefore, every supersingular elliptic curve is isomorphic to one defined over F .

By a similar argument, one can prove that the subset of supersingular elliptic curves defined over [,
consists of those whose endomorphism ring contains an element with minimal polynomial x + p. If j #
0, 1728 this element can only be the Frobenius endomorphism (up to sign). Ibukiyama [Ibu] gave an explicit
description (on the quaternion side) of maximal orders containing such an element.

Although j-invariants are always defined over a quadratic extension of F,, in general the isogenies will
still be defined over F,,. Concerning the field of definition of endomorphisms of a supersingular elliptic curve,
we can once again resort to [Watl, Th. 4.5].
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We conclude this brief overview by looking at special curves j = 0,1728. These are supersingular in
characteristic p if and only if p does not split in Q(+/—3), respectively Q(/), [Lan2, Th. 13.4.12] and [Sil1,
Eg V.4.4-5]; equivalently, if and only if p #Z 1 modulo 3, respectively 4.

Number of curves. The number of supersingular j-invariants over . is given by [Sill, Th. V.4.1]

) 0 Ifp=1 mod 12
spzva+ 1 fp=57 mod 12
2 If p=11 mod 12

The subset of j-invariants defined over F,, has cardinality

h(—4p)/2 Ifp=1 mod 4
Sp =14 2h(—p) If p=3 mod 8
h(—p) If p=7 mod 8

where h(A) is the class number of an imaginary quadratic order of discriminant A, see [Cox, Th. 14.18].

Deuring correspondence. We will now make explicit the connection between ideals and orders in a quater-
nion algebra and supersingular j-invariants.

Theorem 5.32 ([Deu]). Let E be a supersingular elliptic curve over F.. Then End°(E) ~ A, . Further,

(@) The number of isomorphism classes of supersingular elliptic curves over Fp. equals the class number
h(p) of Ap .

(b) There is a bijection

Isomorphism classes of

. . Maximal orders
Supersingular elliptic > of 2
curves over F /Gat(F,/F,) p.oo / Type
E¢ End(E)

which means that the number of Gal(F,/F,)-conjugacy classes of j-invariants of supersingular elliptic
curves over F . is the type number t(p) of A, .

(c) Let O be a maximal order of A, and {l;} be a set of left ideal class representatives for . There
Is a bijection between the set of supersingular j invariants j; over Fp2 and the set of maximal orders
{Or (1))} such that End(j;) ~ Or(l;).

Remark. If £ is defined over 2 \ F,, there exists two ideal classes [/] and [J] such that End(E) ~ Or(/) ~
Or(J) and this corresponds to the existence of the Galois conjugate E? such that End(E) ~ End(E?) (here
o is the non-trivial automorphism of F.); therefore, without fixing a set of representatives for left ideal
classes, the correspondence of Theorem 5.32.c is only defined up to conjugation, see [Bel, Th. 2.2.4].

We will now look at the relation between ideals and isogenies. Let E be a supersingular elliptic curve over
F,. with endomorphism End(E); we fix an isomorphism ¢ : O — End(E) for a maximal order O in 2, .
For a left O-ideal | one can define

ElN={PeE®[,)|a(P)=0foralacil)}= () Ela

acu(l)

This induces is a unique separable isogeny ¢, : E — E/E[l] of degree N(/), up to isomorphism of the
codomain.
We say that an isogeny ¢ : E; — E5 is normalized if ¢p*w> = w1 where w; is the invariant differential of
E;. A normalized isogeny ¢, : E — E/E[l] induces an isomorphism
i Ap oo — End®(E) = End(E) @ Q

ar— ¢i(a)d; @ deg(¢))?
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Lemma 5.33. The endomorphism ring of E/E[l] is isomorphic to the maximal order Og(I).

Cervino [Cer2; Cer1] proposes an explicit algorithm that given, a prime number p, returns a list of all the
supersingular j-invariants together with a Z-basis for the maximal order © of 2, », isomorphic to End(E).
This is based on the correspondence between quaternionic orders and ternary quadratic forms, see [Voi, Ch.
22].

Supersingular isogeny graphs

Despite the rich theory of quaternion algebras, the fact that the quaternion ideal classes do not form a
group prevents us to obtain the nice structure of the volcano. In fact, they usually do not have a regular
shape and looks quite complicated Nevertheless, supersingular isogeny graphs still have good probabilistic

® ° \ ® ° ¢ l AN %7'
- Y%
\lcog \\./

Figure 5.7 — The supersingular 2 and 3-isogeny graphs over Fig3

properties that make them good candidates for applications. We provide here a short summary of graph
theory. Most of the following only applies to finite graphs and we state it here to motivate the interest in
studying supersingular isogeny graphs.

Graph theory. Given a graph G we say that it is connected if there is a path connecting any two vertices.
The distance between two vertices is the minimal length of a path between them, i.e., the length of the
shortest path. If G is connected, its diameter, noted diam(G), is the longest distance between any two
of its vertices. Finally, the adjacency matrix of G with vertex set V = {vq,..., Va} is the n x n matrix
A(G) = (aj)ij such that a;; = 1 if there is an edge between v; and v;, and 0 otherwise. For undirected
graphs, the adjacency matrix is symmetric; thus it has n real eigenvalues Ay > ... > X,. A k-regular graph
G has the property that k > Ay > ... > X\, > —k. We say that it is an expander graph if there exists € > 0
such that (1 —e)k > Xx > ... A\, > —(1 —€)k. If we can further reduce the bound to 2v/'k — 1, we say that
the graphs has the Ramanujan property.

Expander graphs have small diameters (bounded by O(log(n))) and random paths of generate any vertex
with probability that becomes close to uniform as their length approaches the diameter.

Theorem 5.34. Let p be a prime. If £ # p is a prime number, the £-isogeny graph of supersingular curves
over F 2 is connected, (£ + 1)-regular, and has the Ramanujan property.

Proof. See [Piz3, Th. 1]. O

Special j-invariants. Looking at Figure 5.7 we notice some curious behavior. We have already explained
what causes a different number of incoming and outgoing isogenies; we may therefore ask ourselves what
determines loops or multiple edges between two nodes. Cycles corresponds to endomorphisms of degree £
and they happen at j invariants that satisfy the modular polynomial ®,(X, X); hence, they are bounded in
number by deg (P4(X, X)) On the other hand a j-invariants j; admits two isogenies to some j, if it is a root
of the resultant in Y of ®; and 8y ®, [Arp+, Lemma 2.4]:

Resy (CD(, 8% q)g)
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Arpin [Arp1] resumes conditions on the prime p which produce supersingular graphs with no loops or multiple
edges for 2 and 3 isogeny graphs.

The isogeny graph over F,. Supersingular isogeny graphs do not have very regular shapes, however one
can find more rigid structures if focusing on subgraphs; in turns, the study of these smaller graphs may
provide information about the whole picture. Delfs and Galbraith [DG] studied the subgraph consisting of j
invariants and isogenies all defined over F,; Adj, Ahmadi and Menezes [AAM], instead work with the whole
set of j invariants but only consider isogenies defined over .. In [Arp+], the authors consider the set of
F,-rational j invariants but allow all isogenies between them and they call the resulting graph the spine.

Remark. We point out here that the restriction to a category of k-isogenies is equivalent to imposing an
orientation by Z[r] in the sense of Section 5.3.1.

The main reason to restrict set of edges to those isogenies defined over F, comes from the following
result which is a direct consequence of Theorems 1.19 and 1.17.

Theorem 5.35 ([DG, Th. 2.1]). Let p > 5 be a prime and q = p®. There exist an isogeny class of
supersingular elliptic curves defined over F, with trace of Frobenius t if and only if one of the following
holds:

(a) e is even and either
(i) t==+2,7

(ii) p#£1mod3andt==,/q;
(iii) p£1mod4 andt=0.

(b) e is odd and t = 0.

In the case a(i), End]%q(E) is the quaternion algebra 2, o, over Q, m is a rational integer and Endg (E) is a

maximal order in 2, . In the other three cases End%q(E) ~ K = Q(m) is an imaginary quadratic field and
Endr,(E) is an order in it with conductor prime to p.

In particular, the restriction of the endomorphism ring to F, is an order in a quadratic imaginary field.
Since w2 + p = 0 we must have K = Q(y/—p). Since

Zlr] = Z[v—p] C Endg,(E) C Ok

and Z[y/—p] has conductor either 1 (if p =1 mod 4)or 2 (if p =3 mod 4) in Ok, then Endg, (E) can only
be

e Z[/—p] = Ok if p=1 mod 4.
o Z[/—p)| =ZZ+20k or Ox = Z[(1 ++/—p)/2] if p=3 mod 4.

The resulting graph Gy(TF,) is a cordillera (of volcanoes) of height 1 or 2 depending on p modulo 4 [DG].

5.2.3 Supersingular isogeny graphs with level structure

We recall that an isogeny graph G = Gs(E), of an elliptic curve E/k is a graph whose vertices are elliptic
curves k-isogenous to E, and whose directed edges are isogenies of prime degree £ € S.

If T C SLx(Z) is a congruence subgroup of level N, then we define Gs(E, ") as the graph whose vertices
are pairs (E,T(P,Q)) where ['(P,Q) is the orbit of an ordered basis (P, Q) of E[N] such that the Weil
pairing e,(P, Q) = (y is a fixed root of unity in k, and whose edges are isogenies of prime degree £ € S.
The orbit is defined with respect to the left action of ', given by

(j 2) (P.Q) = (aP + bQ, cP + dQ).

We identify Gs(E) with Gs(E, SL»>(Z)) and for each inclusion ['; C ', we obtain a morphism of graphs

Gs(E, Fl) — Gs(E, F2).
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We can identify the vertices of Gs(E, ") with points on the modular curve X(I") and edges with points on
the modular curve X(I' NTo(£)) for £ in S different from the level of I, and otherwise X (I N o(£')), where
i is the smallest exponent such that I is not contained in I'o(¢'). When S = £, we will write simply G,(E)
and Gy(E,T). We stress the fact that adding level structure gives a covering graph, which maps surjectively
down to the I'(1)-structure one.

Supersingular fields of definition. We will now study the field of definition of supersingular invariants on
modular curves with particular focus on Weber modular curves, see Section 3.3.5.

Theorem 5.36. For any positive integer N, the supersingular invariants on the modular curve Xo(N) are
defined over IF 2, and if p = +1 mod N, then the supersingular invariants also split over F. on X1(N).

Proof. For any elliptic curve E in the isogeny class of a curve over Fj, the full endomorphism ring © is
defined over F,.. Since the action of O/NO = M,(Z/NZ) on the E[N] is defined over F, it follows that
the Galois action on E[N], which commutes with ©/N©, acts through the center (Z/NZ)* of GL,(Z/NZ),
and more precisely, Frobenius acts as —p on E[N]. Consequently, the lines are Galois stable and every cyclic
N-isogeny is defined over F.. In view of the action of Frobenius, if p = £1 mod N, the Galois action on
the N-torsion of E or its twist is trivial, so the supersingular moduli are defined in F .. O

Remark. Equivalently, for Xo(/N) we can state that every supersingular j-invariant jp splits completely under
the map Xo(N) — X(1), or that the polynomial ®x(x, jo) splits completely, where ®n(x, y) is the classical
modular polynomial. For X1(N), the splitting of the supersingular points is recognized by the factorization
of the N-division polynomial ¥y.

As a consequence, the split Cartan modular curve Xs(N), defined by the congruence subgroup

FS(N):{(i S)bECEOmodN},

parametrizing elliptic curves with a disjoint pair of cyclic N-isogenies, also splits the supersingular moduli.

Corollary 5.37. For any positive integer N, then the supersingular invariants on the split Cartan modular
curve Xs(N) are defined over F .. In particular, if p = £1 mod N, then the supersingular invariants on the
modular curve X(N) are defined over ..

Proof. The first statement follows from the splitting of N-isogenies over F,2. In addition if p = 41 mod N,
the points of each kernel are fixed, hence a basis is defined over Fj. (up to twist). O

Remark. For the levels N in {1,2,3,4,6}, the unit group (Z/NZ)*/{£1} is trivial so the supersingular
points split for all p. This corresponds to the geometric equalities X1(N) = Xo(N) and X(N) = Xs(N).

The Weber moduli are functions on X(48) which map through Wh4. To show the splitting of supersingular
points on Why it suffices to prove it for Wi and Ws. However, X(6) covers W5, so the supersingular moduli
on Ws split over . by the previous theorem. To prove that they split on Ws it is necessary to consider
the factorization

X(16,8,16) —— X(8)

(0| [K(ED)

Ws —— X(8),

where X(16, 8, 16) is the quotient of X(16) by the diagonal matrix group (£9/,) C SLo(Z/16Z)/{%1}.
The supersingular points split in Xs(8) by the previous theorem. On the other hand, for the classes

p mod 8 in the coset {+5} C (Z/8Z)* /{£1} form an obstruction to lifting supersingular points to X(8)

over Fj.. Clearly, since (9/5) C '(16,8,16)/I(16), for the primes p such that p mod 16 lie in the kernel

(—1,9) = {£1,£9} C (Z/16)*/{£1l} — (Z/8)*/{£1},

the supersingular invariants in X (16,8, 16) split over Fj.. It remains to show that the obstruction vanishes
also on the coset {£3, £5}. However, this follows since the subgroup of 'g/I(16) surjects on the diagonal

subgroup of ¢(8)/I(8):
(53— (6 )
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under SLo(Z/16Z) — SL2(Z/8Z), corresponding to the fact that Ws does not factor through X(8). This
establishes the following theorem.

Theorem 5.38. The supersingular Weber invariants on Why are defined over F ..

Remark. A point (ug, U1, u2) on Why over the j-invariant j consists of a triple of common roots of the
polynomial (x?* —16) — jox*, and the set roots is precisely { (b u; |0 << 24,0 <j < 3}. The property
that jo splits completely under Whs — X(1) over F,2 is equivalent to this polynomial splitting completely
over Fp.

Endomorphism rings. Let I be a congruence subgroup. We define the endomorphism ring of the pair
(E,T(P,Q)) as the subring of End(E)

End(E,T(P,Q)) ={a € End(E) |a(T(P,Q)) CT(P,Q)}

In case ' = g(N), it is well known that the End(E, (P, Q)) is an Eichler order of level N; in fact, on the
quaternion side, an Eichler order is an equivalent data to two maximal orders with a connecting ideal of
norm N, see [KLPT] and [Arp2].

D>
@
@

x3

(0)e—
x2

/xw)\ (ﬁ/\

2 00
Xo(3) X503 (=
3x }
@\—/@2 \X(l)/ M
@Q@O

Figure 5.8 — Adding level 3 structure to the supersingular isogeny graph over Fy;2 = Fy1[i] for / a root of
x? 4 1. We use the Hesse invariant on X(3), the classical n quotient (n1/m3)*? on Xo(3) and the cube root
of the j invariant on X;.(3).

The cover X(3) — Xo(3) has the following description: {0} — 6, {5,3 + 4w,3 + 7w} — 10, {10,6 +
3w,6+ 8w} —5and {7,2+w,2+ 10w} — 8.

In X(3) = X;5(3) we find {0,5,3+4w,3+ 7w} — 0, {6+8w,2+ 10w} — 5+ 3w, {6+3w,2+w} — 5+8w
and {7, 10w} — 1.

Concerning Xo(3), X/.(3) — X(1), the coverings have to be read column by column.

The change of the endomorphism ring results in a rigidification of the isogeny graph. In Figure 5.8 we
observe how adding level structure progressively eliminates loops and multiple edges.
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5.3 Orientations, isogeny chains, and ladders

We introduce now a category of supersingular elliptic curves oriented by an imaginary quadratic order O, and
derive properties of the associated oriented and non-oriented supersingular £-isogeny graphs. In other words
we enhance the category of supersingular curves with an extra piece of information that come in the form
of an embedding © < End(E). This permits one to derive a faithful group action on a subset of oriented
supersingular curves, equipped with a forgetful map to the set of non-oriented supersingular curves. Further,
it allows to impose compatible actions of the class groups of the suborders of this quadratic order on the
descending isogeny chains and therefore on the isogeny volcano of oriented curves.

5.3.1 Orientations

Suppose that E is a supersingular elliptic curve over a finite field k of characteristic p, and denote by End(E)
the full endomorphism ring. We assume moreover that k contains F2 and E is in an isogeny class such that
Endx(E) = End(E). We denote by End’(E) the Q-algebra End(E) ®7 Q = A, . Let K be a quadratic
imaginary field of discriminant A, with maximal order Ox. Then there exists an embedding ¢ : K — End®(E)
if and only if p is inert or ramified in Ok, and there exists an order O C O such that t(O) = «(K)NEnd(E).

Definition. A K-orientation on a supersingular elliptic curve £/k is a homomorphism ¢ : K — End°(E).
An O-orientation on E is a K-orientation such that the image of the restriction of ¢ to O is contained in
End(E). We write End((E, ¢)) for the order End(E)Nu(K) in L(K). An O-orientation is primitive if ¢ induces
an isomorphism of O with End((E, ¢)).

Let ¢ : E — F be an isogeny of degree £. A K-orientation ¢ : K < End®(E) determines a K-orientation
¢.(t) - K < End°(F) on F, defined by

$u(1)(ar) = %4; o u(a) o b

Conversely, given K-oriented elliptic curves (E,tg) and (F,tr) we say that an isogeny ¢ : E — F is
K-oriented if ¢.(tg) = tg, i.e. if the orientation on F is induced by ¢. The restriction to K-oriented
isogenies determines a category of K-oriented elliptic curves, hence of K-oriented isomorphism classes, and
a subcategory of O-oriented elliptic curves.

If E admits a primitive O-orientation by an order O in K, ¢ : E — F is an isogeny then F admits an
induced primitive O@’-orientation for an order O’ satisfying

Z4+L0 CO and Z+4L0' C O.

We say that an isogeny ¢ : E — F is an O-oriented isogeny if O = O'.
The introduction of an orientation permits one to recover the terminology and the approach used in the
ordinary case, see 5.2.1. If £ is prime, as direct analogue of [Koh1, Prop. 4.2.23], one of the following holds:

e O = (' and we say that ¢ is horizontal,
e O C O with index £ and we say that ¢ is ascending,
e (O’ C O with index £ and we say that ¢ is descending.

Moreover if the discriminant of O is A, then there are exactly £ — (%) descending isogenies. If O is maximal
at £, then there are (%) + 1 horizontal isogenies, and if O is non-maximal at £, then there is exactly one
ascending £-isogeny and no horizontal isogenies.

For an oriented class (E,t) with endomorphism ring @ = End((E,t)), we define (E,t) to be at the
surface (or depth 0) if O is £-maximal, and to be at depth n if the valuation at £ of [Ok : O] is n. In the next
section we introduce £-isogeny chains linking oriented curves at the surface to oriented curves at depth n.

The oriented graph Gs(E, ) is the graph whose vertices are K-oriented isomorphism classes, with fixed
base vertex (E,t), and whose edges are K-oriented £-isogenies for £ in S.

5.3.2 Isogeny chains and ladders

Let Eg/k be a fixed supersingular elliptic curve, equipped with an O-orientation, and let £ # p be a prime.
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Definition. We define an £-isogeny chain of length n from Eg to E to be a sequence of £-isogenies:

Eo —2 N S

Eq

We say that the £-isogeny chain is without backtracking if ker(¢;r10¢;) # E;[€] foreachi=0,..., n—1, and
say that the isogeny chain is descending (or ascending, or horizontal) if each ¢; is descending (or ascending,
or horizontal, respectively).

Since the dual isogeny of ¢;, up to isomorphism, is the only isogeny ¢;.1 satisfying ker(¢;1100¢;) = E;[£],
an isogeny chain is without backtracking if and only if the composition of two consecutive isogenies is cyclic.
Moreover, we can extend this characterization in terms of cyclicity to the entire £-isogeny chain.

Lemma 5.39. The composition of the isogenies in an £-isogeny chain is cyclic if and only if the £-isogeny
chain is without backtracking.

Remark. If an isogeny ¢ is descending, then the unique ascending isogeny from ¢(E), up to isomorphism,
is the dual isogeny @, satisfying ¢¢ = [£]. As an immediate consequence, a descending £-isogeny chain is
automatically without backtracking, and an £-isogeny chain without backtracking is descending if and only
if ¢g is descending.

Remark. An £-isogeny chain corresponds to a path in the underlying £-isogeny graph Gg(E). The concept
of backtracking, however, is more subtle in the £-isogeny graph with level structure I'. In particular, an
£-isogeny chain with ¢;11 0 ¢; = E;[¢] to E;y» = E; may induce a nontrivial automorphism of -orbits in
E;[N]. One of the interests of introducing level structure on graphs is to avoid backtracking, loops and
cycles of order 2 in an £-isogeny graphs.

Suppose that (E;, ¢;) is an £-isogeny chain, with Eq equipped with an Ok-orientation to : Ox — End(Ey).
For each i, let 1; : K — End®(E;) be the induced K-orientation on E;; we note O; = End(E;) N t;(K) with
O = Ok and A; = discr(0;) with Ag = Ak. In particular, if (E;, ¢;) is a descending £-chain, then ¢; induces
an isomorphism

L ZA L0k — O

Let g be a prime different from p and £ that splits in Ok, let q be a fixed prime over q. For each i we
set q(;) = ti(q) N O;, and define
Ci = Eilqu]l = {P € Ei[q] | %(P) =0 for all ¥ € q;y}.

We define F; = E;/C;, and let ¥; : E; — F;, an isogeny of degree q. By construction, it follows that
¢i(C))=Cipqg foralli=0,..., n—1. In particular, if (E;, ¢;) is a descending £-ladder, then ¢; induces an
isomorphism

L Z+£jOK — O,.

The isogeny g : Eqg — Fo = E/Cq gives the following diagram of isogenies:

%) $o E.1 o1 122 ®2 R ) E."
?!Joi
o
Fo
and for each 1 =0, ..., n — 1 there exists a unique ¢} : F; — Fix1 with kernel 1;(ker(¢;)) such that the

following diagram commutes:
C CE y Eiy1 2 Cina
P l"//:ﬁrl
o———0

Fi d)// Fi+1

The isogenies ¥; : E; — F; induce orientations L; : (9; — End(F;). This construction motivates the following
definition.
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Definition. An £-/adder of length n and degree g is a commutative diagram of £-isogeny chains (E;, ¢;) and
(Fi, ¢}) of length n connected by g-isogenies (; : E; — F;):

®o b1 E.2 2 o1 En

Eo =
(] [ J (]
wol 'l/}ll ’d’{ lllln
° . ° . o————F——@
Fo & F ¢ F, -1 Fp
We also refer to an £-ladder of degree g as a g-isogeny of £-isogeny chains, which we express as 9 : (E;, ¢;) —

(Fi, #7).

We say that an £-ladder is ascending (or descending, or horizontal) if the £-isogeny chain (E;, ¢;) is
ascending (or descending, or horizontal, respectively). We say that the ¢-ladder is level if 4 is a horizontal
g-isogeny. If the £-ladder is descending (or ascending), then we refer to the length of the ladder as its depth
(or, respectively, as its height).

Lemma 5.40. An{-ladder : (E;, ¢;) — (Fi, @) of oriented elliptic curves is level if and only if End((E;, ¢))
is isomorphic to End((F;, })) for all0 < i < n. In particular, if the £-ladder is level, then (E;, ¢;) is descending
(or ascending, or horizontal) if and only if (F;, ;) is descending (or ascending, or horizontal).

Remark. In the sequel we will assume that Eg is oriented by a maximal order Ok. In Section 5.3.3 we
investigate using the effective horizontal isogenies of Egy to derive an effective class group action, and
introduce a modular version of this action in Section 5.3.4. Walking down a descending isogeny chain, each
elliptic curve will be oriented by an order of decreasing size and the final elliptic curve, which will be our final
object of study, will have an orientation by an order of large index in Ok with action by a large class group.

Since the supersingular Z-isogeny graph is connected, every supersingular elliptic curve admits an #¢-
isogeny chain back to a curve oriented by any given maximal order O, so such a construction exists for any
supersingular elliptic curve.

5.3.3 Oriented curves and class group action

As before, we let K be an imaginary quadratic field, Ok its maximal order and O C Ok an arbitrary
order. Let 2 denote a quaternion algebra in which K embeds and © an arbitrary maximal order. By the
hypothesis that K embeds in 2, there exist unique primes p C O and P C O over p. We recall that
O is locally at p a non-commutative discrete valuation ring with residue field O/ isomorphic to Fp2. In
what follows we assume that E is a supersingular elliptic curve over E), and suppose that © = End(E) and
A=Ay = End’(E) = End(E) ®Q, and that £ admits a primitive orientation by O (which is consequently
p-maximal). We denote by o the arithmetic Frobenius map on Fp, and its induced map on Fj2:

@p*", F,

| }

g
]Fp2 R — sz

and the Frobenius p-isogeny m, : E — E, where E° is sometimes denoted E(P).

Class group action

Let SS(p) denote the set of supersingular elliptic curves over F, up to isomorphism, and let SSo(p) be

the set of O-oriented supersingular elliptic curves up to K-isomorphism over I, and denote the subset of
primitive O-oriented curves by SS7(p).

SS& (p) = {primitive oriented supersingular elliptic curve/F,}/ ~

An element of SSZ(p) consists of the data of
e a supersingular elliptic curve E/F),

e a primitive orientation ¢ : O < End(E).
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The additional structure of a p-orientation is a homomorphism p : O — Fp. We note that End(E) is
equipped with a p-orientation p : End(E) — ?p given by its action on the 1-dimensional vector space of
invariant differentials, with kernel 3:

a*we = p(a)we for all o € End(E).

For this fixed End(E)/9B < F,2 C F,, a p-orientation on O is determined by ¢, as it is the unique choice of
reduction such that wg o t(a) = p(a)w for all a € O. :

o 0fp —*

End(E)/B C F,.

0

Remark. On the quaternion algebra side these are called normalized optimal embeddings, see [Bel]. We
are distinguishing between the two optimal embedding which are one the complex conjugate of the other.
Indeed, there are two conjugate choices for p and they correspond to primitive orientations on a curve E
and its twist E%: p and p determine two points (£,¢) and (E(), (@)} in SSE where ¢(9) is the Frobenius
conjugate of ¢.

If we look at it the other way around, once we fix a choice for p then we get a choice for ¢: out of the
two embeddings with the same image (conjugate to one another) we pick the one which is normalized by
the choice of p.

Remark. What Onuki [Onu], and others following him, do is to start from the set ££4(O) of isomorphism
classes of elliptic curves over Ho —the ring class field of O— with CM by O, and eventually take their
reduction modulo p

p: ELL(O) — SSE(p)
E — (E, 1) = (E mod p, [] mod p)
where [-] is the isomorphism @ — End(E). Here lies the choice of the reduction in the sense that this

isomorphism can be chosen so to be normalized or not.

_ Wedenote by SSo(p) the set of oriented supersingular elliptic curves with p induced by ¢ and End(E) /P —
Fp,, and SSo(p) the opposite p-orientation class. In the notation of Belding [Bel, § 2.3.2], the set SS7) (p)
consists of normalized optimal embeddings.

Remark. The p-orientation p restricts to the same subset SSFy(p) of SSZ (p) as the image of the canonical
lift:
p 1 ELU(O) — SSE (p),

in the notation of Onuki [Onu].

Remark. The Frobenius automorphism ¢ induces an isomorphism SSp(p) — SSeo(p) taking (E,t) to
(E?,19), noting that p =0 o p.

Remark. Since K embeds in 2, the prime p is either ramified or inert (if p splits in K, then SSf;(p) is
empty, [Onu, Th 3.2] and [ACL+2, Prop. 2.19]). In the former case, p = p, hence

SSo(p) = SSo(p) = SSo(p).

This follows since the image of p lies in IFp:

O O/p F,C Fp.

p=p

In the latter case, SSp(p) decomposes into the disjoint union of the set of normalized oriented curves and
its conjugate:
SSo(p) = SSo(p) USSo(p) = SSo(p) USSo(p)’.
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With this notation for SSp(p), distinguished from SSp(p), we restate the theorem from [CK1]

Theorem 5.41. SS{ (p) is a torsor for C4(O).

N.B.! This result is restated as [Onu, Th. 3.4] and follows from [Bel]; theorem 3.3 in [Onu] implies the
equality
SS¢ (p) = SSg, (p) USSP (P).

In [ACL+2, Prop. 4.2], the fact that these two orbits are disjoint when p is inert in O is proved.
In this context the class group action is given by
(C(0) » (0)) x SS (p) — SS (p)
By lifting o to complex conjugation, the dihedral group C£(O) x (¢, can be identified with the Galois group
Gal(Ho/Q) acting on the set of canonical lifts ££4(O).
Remark. We note that C4(O) acts on SSp(p) via the conjugate action (with respect to that on SSp(p)),

giving a dihedral group action.

The action of the class group is given as in the ordinary case

&(0) x SSo(p) SSo(p)
([a] E) [a] - E = E/E]a]

where a is any representative ideal coprime to the index [Ox : O] so that the isogeny E — E/E]q] is
horizontal. In particular, for fixed primitive O-oriented E, we hence obtain a bijection of sets:
&(0) —— SS5(p)

[a] ——— [a] - E

For any ideal class [a] and generating set {q1, ..., q-} of small primes, coprime to [Ok : O], we can find an
identity [a] = [q7* - ... - %], in order to compute the action via a sequence of low-degree isogenies.

Oriented supersingular isogeny graphs

For an ordinary £-isogeny isogeny graph Gg(E), the points defined over F,,» are determined by the condition
Z|7m"] C End(E). Since the class numbers of orders O in K are unbounded, the previous theorem implies
that the oriented supersingular graphs are infinite. While all supersingular curves and isogenies can be defined
over Fj2, we can use the inclusion of an order O C End(E) to restrict to a finite subgraph.

Corollary 5.42. Let (E, L) be a K-oriented elliptic curve. The £-isogeny graph Gy(E, L) is an infinite graph
which is the union of the finite subgraphs whose vertices are restricted to SSe(p) for an order O in K.

The subrings O, = Z + £"O are a linearly ordered family which serve to bound the depth of K-oriented
curves relative to a curve at the surface with orientation by an £-maximal order O.

Example. Let Ey/F;; be the supersingular elliptic curve with j(E) = 0, oriented by the order Ox = Z[w],
where w? +w + 1 = 0. The unoriented 2-isogeny graph is the finite graph:

1With respect to our original article [CK1] there is a change of notation from SSp(p) to SSp(p). This is due to an
omission in our original work where we implicitly assumed that SSp(p) respected the p-orientation, but failed to state this
in our definition. Since there are now multiple citations of our work, rather than change the definition, we introduce a new
notation SSp(p) for oriented curves respecting the p-orientation (referred to as a normalized orientation in Belding’s thesis
[Bel].
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The orientation by K = Q|w] differentiates vertices in the descending paths from Eg, determining a lift to
an infinite graph shown here to depth 4:

17) @4 69 (60) 49) (69) 4D @)

Consider the descending path along vertex j-invariants (0, 40, 17,41, 66), and let p; be a prime over the split
prime 7. Since Ak = —3 and A; = disc(O1) = —12 are of class number one, p7 ~ 1, and the 7-isogenous
chain is likewise of the form (0, 40, ...).

At depth 2, the class number of O, of discriminant —48 is 2, and a Minkowski reduction of p7 is
equivalent to a prime p3 over 3. In particular, this prime is non-principal of order 2, so the image chain
extends (0, 40,48, ...).

At depth 3, the class number of O3 is 4, and p7; ~ p7 are primes of order 2 in the class group, hence
the two 7-isogenies are to the same chain (0,40,48,48,...). Finally at depth 4 we differentiate the two
primes p7 and p7 in O4 each of order 4. The two extensions (0, 40, 48, 48,66) and (0, 40, 48,48, 40), each
of which corresponds to one of the primes over 7. For a choice of prime p; we have thus determined the
following ladder inducing the action of p7 on the £-isogeny chain.

L]

(O

The forgetful map to unoriented isogeny graphs

In this section we address the extent of non-injectivity of the forgetful map from oriented curves in the
infinite oriented supersingular £-isogeny graphs to the finite supersingular graph.
By Theorem 5.41, we have a bijection (isomorphism of sets with C4(O)-action):

C(0O) =SS, (p) € SSo(p)

determined by any choice of base point. On the other hand, for a descending chain of imaginary quadratic

orders of index £,
OKZOQD(QlD"'DO/D"'
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determined by a descending £-isogeny chain, the class numbers satisfy the geometric growth h(O;1) =
£h(O;) for all i > 1. In particular, the inclusion O;11 C O; determines an inclusion SSo,(p) C SSoe,,,(p) =
SSo,(p) U SSf{l+1 (p). Consequently we have an unbounded chain of sets

SSox(p) CSSe,(p) C -+ CSSp,(p) C -+

equipped with forgetful maps SSe,(p) — SS(p) sending the Oj-isomorphism class [(E, O;)] to the isomor-
phism class [E] determined by the j-invariant j(E).

This motivates the questions of when the map SSp,(p) — SS(p) and its restriction to SSg (p) are
injective, and when these maps are surjective. We adopt the notation H(p) for the cardinality |[SS(p)| of
supersingular curves, denote by X; the image of SSo,(p) in SS(p) and write Y; for the image of SS{ (o).
Moreover we write A; = log,(|A|) where A; = £2'Ayc = A(O;). With this notation, Tables 5.3-5.6 give
tables of values for |Yj|, | X;|, and X;, for primes of 10, 11, 12 and 13 bits respectively, depicting the boundary
line for injectivity at A; = 1 and the critical line for surjectivity at A\; = 2. We conclude this section with
a general proposition, which follows from the following algebraic lemma, in order to justify the injectivity
bound.

Lemma 5.43. Let a1 and a» be elements of a maximal quaternion order in a quaternion algebra over Q
ramified at a prime p. Set A; = disc(Z[e]) for i € {1,2}, and define w to be the commutator (o, o] =
ajap —asay. Then w satisfies Tr(w) = 0, N(w) = (A1Ax — T2)/4 where T = 2Tr(oyas) — Tr(an) Tr(az),
and N(w) = 0 mod p.

Proof. The equality Tr(w) = 0 follows from the relation Tr(a;an) = Tr(aza1) and linearity of the reduced
trace. The expression for the reduced norm N(w) is an elementary calculation. The congruence N(w) =
0 mod p holds since the unique maximal ideal 8 over p in the quaternion order is the subset of elements o
with N(a) = 0 mod p, and the quotient by ‘B is isomorphic to the (commutative) finite field F,.. Hence
a1as = axa; mod P which implies w mod B = 0, from which N(w) = 0 mod p holds. O

Proposition 5.44. [ et O be an imaginary quadratic order of discriminant A and p a prime which is inert in
O. If|A] < p, then the map SSo(p) — SS(p) is injective.

Proof. If the map is not injective, there exists a supersingular elliptic curve E/R,, such that End(E) admits
distinct embeddings ¢; : O = Z[a] — End(E), for i € {1,2}. Let a; = ¢;(a) and set w = [a1, ap]. By the
previous lemma, we have

AZ _ T2

N(w) = TzOmod p.

Since p is prime, and T = A mod 2, we have either [A|—|T| = 0 mod 2p or |A|+|T| = 0 mod 2p. Moreover,
since End(E) is an order in a definite quaternion algebra, we have N(w) > 0, hence |T| < |A|. It follows
that 2p < |A|+|T| < 2]A|, and hence p < |A|. As a consequence, we conclude that if the map is injective,
then |A| < p. O

Remark. See also [Kan, Th. 2'] for a similar result on the quaternion side.

p=1013 p=1019
ON|IVil[IXil|H(p)| i h(O) [ IYil[IXil|[H(p)| i
1 [ 1] 1] 85 |0.3590 1 [ 1] 1] 86 |0.3587
2 | 2| 3| 85 [0.5593 2 | 2] 3] 86 |0.5588
4
8

4| 7 | 85 |0.7596 4 4|7 | 86 |0.7590
8 | 15| 85 [0.9599 8 |8 |15] 86 [0.9591
16129 | 85 |1.1603 1530 | 86 |1.1593
32 |26| 47| 85 [1.3606 32 29|49 | 86 |1.3594
64 |43| 66| 85 |1.5609 64 |46|69 | 86 |1.5595
128 |70 82| 85 [1.7612 128 |64 |81 | 86 |1.7597
256 | 79|85 | 85 |1.9615 256 |83 |84 | 86 |1.9598
512 |83| 85| 85 |2.1618 512 |86 |86 | 86 |2.1600

O 00 N O Ol WN |~
=
(@)

©O© 0 ~NO O W N - -
=
(@)

—
(@)
=
o

Table 5.3 — Sizes of images of oriented classes mapping to supersingular curves for primes of 10 bits
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p = 2027 p = 2039
i [hO) | IYil [IXil[H(P)| i I hO) | VI [IXil[H(p)| A
1 1 [1 117003263 1] 1 [ 1|1 [1710.3260
2| 2 | 2] 3|170]0.5084] 2| 2 |2 |3 |171(0.5080
3] 4 | 4] 7]170]0.6904] 3| 4 | 4| 7 |171]0.6899
4| 8 | 8|15|170]0.8725| 4| 8 |8 |15|171(0.8718
5| 16 | 16|31 |170|1.0546| 5| 16 |15]|30 ] 171 |1.0537
6| 32 |30|57|170(1.2366] 6| 32 |29|56 | 171 |1.2357
7| 64 |55|98|170(1.4187| 7| 64 |54 |94 |171|1.4176
8| 128 | 92 |144| 170 |1.6007| 8| 128 | 87 |130| 171 |1.5995
9| 256 |136|166| 170 [1.7828| 9| 256 |132|157| 171 |1.7814
10| 512 |165[169| 170 [1.9649| 10| 512 |155|169| 171 |1.9634
11]1024 [166(170] 170 [2.1469| 11| 1024|169|171| 171 |2.1453

Table 5.4 — Sizes of images of oriented classes mapping to supersingular curves for primes of 11 bits

p = 4079 p=4091

I hO) YL |IXil[H(p)| A A0 | VI IXl[H(p) | Ai

1] 1 1| 1 |341(0.2988 1] 1 1|1 |342]0.2987
2| 2 2 | 3 | 341 |0.4656 2| 2 2 | 3 |342]0.4654
3| 4 4 | 7 |341]0.6323 3| 4 4 | 7 |342]0.6321
4| 8 8 | 15| 341 |0.7991 4| 8 8 | 15| 342 |0.7988
5| 16 |16 |31 | 341 |0.9658 5| 16 |16 |31 | 342 |0.9655
6| 32 | 31]62|341 |1.1326 6| 32 | 30|59 342 |1.1322
7| 64 |61 |113| 341 |1.2993 7| 64 |59 |110| 342 |1.2989
8| 128 [111]196| 341 |1.4661 8| 128 |107|182| 342 |1.4656
9| 256 [180|276| 341 |1.6328 9| 256 |186|263| 342 |1.6323
10| 512 |258|326| 341 |1.7996 10| 512 |266(326| 342 |1.7990
1111024 |318|340| 341 |1.9663 1111024 |314|341| 342 |1.9657
1212048 |340|341| 341 |2.1331 1212048 |339|342| 342 |2.1323

Table 5.5 — Sizes of images of oriented classes mapping to supersingular curves for primes of 12 bits

p = 8147 p=238171
i[OI [IX[H(P)| N | i [A)[ VI [IX[H()| A
1 1 1 1 | 680 |0.2759 1 1 1 1 | 682 |0.2758
2 2 2 | 3 |680(0.4298 2 2 2 | 3 16821(0.4297
3 4 4 |1 7 1680 (0.5838 3 4 4 | 7 | 682 (0.5836
4 8 8 | 15| 680 |0.7377 4 8 8 | 15| 682 |0.7375
5|1 16 |16 | 31| 680 |0.8916 5| 16 [ 16|31 | 682 |0.8914
6| 32 [32]63]| 680 |1.0456 6| 32 |32|63|682|1.0452
71 64 |64 123|680 |1.1995 71 64 |64 (123|682 |1.1991
81 128 [118|225| 680 |1.3535 81 128 [121(236] 682 |1.3530
9| 256 [218|369| 680 |1.5074 91 256 [223(399| 682 |1.5069
10| 512 |364|533| 680 |1.6613 10| 512 |385(582| 682 |1.6608
11| 1024 |530|650| 680 |1.8153 11| 1024 |527(662| 682 |1.8147
12| 2048 |644|675| 680 |1.9692 122048 |631(678| 682 |1.9686
134096 |677|680| 680 |2.1232 13| 4096 |680|681| 682 |2.1225

Table 5.6 — Sizes of images of oriented classes mapping to supersingular curves for primes of 13 bits

5.3.4 Modular isogenies

In this section we consider the way in which we effectively represent and compute isogenies. With the view
to oriented isogenies, we focus on horizontal isogenies with kernel E[q], where E is a primitive O-oriented
elliptic curve and g a prime ideal of ¢(O). In what follows we suppress ¢ and identify O with ¢(O).
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Effective endomorphism rings and isogenies

We say a subring of End(E) is effective if we have explicit polynomial or rational functions which represent
its generators. The subring Z in End(E) is thus effective. Examples of effective imaginary quadratic subrings
O C End(E), are the subring O = Z[~] generated by Frobenius, for either an ordinary elliptic curve, or a
supersingular elliptic curve defined over F,, or an elliptic curve obtained by CM construction for an order O
of small discriminant (in absolute value).

In the Couveignes [Cou] or the Rostovtsev-Stolbunov [RS] constructions, or in the CSIDH proto-
col [Cas+], one works with the ring O = Z[r]. The disadvantage is that for large finite fields, the class group
of O is large and the primes q in O have no small degree elements. For large p and small g, the smallest
degree element of a prime q of norm g is the endomorphism [q], of degree g°. The division polynomial
Pq(x), which cuts out the torsion group El[q], is of degree (¢ — 1)/2. Consequently factoring ¥4(x) to
find the kernel polynomial (see Kohel [Koh1, Chapter 2]) of degree (g —1)/2 for E[q] is relatively expensive.
As a result, in the SIDH protocol [DJP], the ordinary protocol of De Feo, Smith, and Kieffer [DKS], or the
CSIDH protocol [Cas+], the curves are chosen such that the points of E[q] are defined over a small degree
extension k/k, particularly [«x/k] € {1,2}, and working with rational points in E(k).

In the OSIDH protocol outlined in Chapter 6, we propose the use of an effective CM order Ok of class
number 1. In particular every prime q of norm q is generated by an endomorphism of the minimal degree g.
For example we may take Ok to be the Eisenstein or Gaussian integers of discriminant —3 or —4, generated
by an automorphism. The kernel polynomial of degree (¢ — 1)/2 can be computed directly without need for
a splitting field for E[q], and the computation of a generator isogeny is a one-time precomputation. Using
an analog of the construction of division polynomials, the computation of the kernel polynomial requires
O(q) field operations.

Push forward isogenies

The extension of an isogeny (or, as we will see in the next section, of an endomorphism) of Ey to an
£-isogeny chain (E;, ¢;) reduces to the construction of a ladder. At each step we are given ¢; : E; — Eii1
and ¢, : E; — F; of coprime degrees, and need to compute

Wip1 : Eix1 — Figr and ¢ Fj = Figq.

Rather than working with elliptic curves and isogenies, we construct the oriented graphs directly as points
on a modular curve linked by modular correspondences defined by modular polynomials.

Modular curves and isogenies

The use of modular curves for efficient computation of isogenies has an established history (see Elkies [Elk2]
and Chapter 2). For this purpose we represent isogeny chains and ladders as finite sequences of points on
the modular curve X = X(1) preserving the relations given by a modular equation.

We recall that the modular curve X (1) = P classifies elliptic curves up to isomorphism, and the function
J generates its function field. The family of elliptic curves
36 1

E:y? =x3— —
Yoy =X 70y T (= 1728)

covers all isomorphism classes j # 0, 123 or 0o, such that the fiber over jy € k is an elliptic curve of j-invariant
Jo- The curves y? +y = x° and y? = x3 + x deal with the cases j = 0 and j = 1728.

The modular polynomial ®,,(X,Y) defines a correspondence in X(1) x X(1) such that ®,,(j(E), j(E")) =
0 if and only if there exists a cyclic m-isogeny ¢ from E to E’, possibly over some extension field. The curve
in X(1) x X(1) cut out by ®,,(X,Y) = 0 is a singular image of the modular curve Xo(m) parametrizing
such pairs (E, ¢).

Remark. The modular curve X(1) can be replaced by any genus 0 modular curve X’ parametrizing elliptic
curves with level structure. Lifting the modular polynomials back to X of higher level (but still genus 0)
has an advantage of reducing the coefficient size of the corresponding modular polynomials ®,,(X,Y), see
chapter 3.
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In the case of CSIDH, the authors use X = Xy(4), with a modular function a € k(Xo(4)) to parametrize
the family of curves
E:y?=x(x>+ax+1),

together with a cyclic subgroup C C E of order 4, whose generators are cut out by x = 1. The map
X — X(1) is given by

B 28(a% —3)3

(a—-2)(a+2)
The approach via modular isogenies of this section can be adapted as well to the CSIDH protocol.

Definition. A modular £-isogeny chain of length n over k is a finite sequence (Jo,J1, ..., Jn) in k such that
®(Ji, ji+1) = 0 for 0 < i < n. A modular £-ladder of length n and degree g over k is a pair of modular
£-isogeny chains
o Jrr---, Jn) and Gy, - - - Jn):
such that ®4(ji,j/) = 0.
Clearly an £-isogeny chain (E;, ¢;) determines the modular £-isogeny chain (j; = j(E;)), but the converse
is equally true.

Proposition 5.45. /f (jo, ..., Jn) Is @ modular £-isogeny chain over k, and Eq/k is an elliptic curve with
J(Eo) = Jjo, then there exists an £-isogeny chain (E;, ¢;) such that j; = j(E;) for all 0 < j < n.

Given any modular £-isogeny chain (j;), elliptic curve Eq with j(Eg) = jo, and isogeny ¥ : Eg — Fo, it
follows that we can construct an ¢-ladder 9 : (E;, ¢;) — (Fi, ¢}) and hence a modular ¢-isogeny ladder. In

fact the £-ladder can be efficiently constructed recursively from the modular £-isogeny chain (jp, . . ., Jn) and
A

/T J), by solving the system of equations
(i, Y) = Pglis1,Y) =0 forY =i,

Remark. The modular polynomial ®4(X,Y’) is degree g+ 1 in X and Y. The evaluation at X = j € Fp»
requires O(g?) field multiplications. The subsequent gcd requires O(£q) operations, and these operations
are repeated to depth n.

Now let A < 0 be the discriminant of O E Ok. We define CM(A) C X(1)g = j-line, the subscheme of
CM-points of discriminant discr(Q) =

Spec(Z[j]) )z — X( 1)Q ») CI\/I(A)

\ \ Jotm (2)= ()
Reducuon X(]-)]F :) SS(F )
S Specanm

Z[j]—Fplj]
Remark. In our situation A = £27A with p{ m = £".

On the divisors, this gives the following picture

Div (CM(A)g) Div (SS(F)r,)
NI @l
Div (X(1)g) — Div (X(1)z,)

For a prime g, we get a Hecke operator

WP Y Q
dq(P,Q)=0
—_————

q+1 elements

associating to an elliptic curve all its neighboring curves in the isogeny graph.
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Level structure. More in general, a modular £-isogeny chain is determined by a set of (supersingular) moduli
points on a modular curve X = X(I")/FF,, for some ' C ['(N), and edge relations given by points in the cover,

X(To(®) — X x X

over a given pair of moduli points, or by X (Ig(£11)) — X x X when I C [o(£f). Here X(To(£)) is the
modular curve
X(Fo(€)) = X(To(£) N T)

Remark. When [ = PSL,(Z), the moduli points are the j-invariants of the supersingular points, and the
image of X(Io(£) is given by the classical modular polynomial ®,(x, y).

When working with a level structure I, the oriented points are associated to a ray class group C2(Ok, ')
preserving the -structure and £-isogeny chains with ray class groups C£(O,,, ). When representing the ideal
classes by binary quadratic forms (or lattices in C), the equivalence class is determined by a form or lattice
with basis up to equivalence by I rather than by the full group PSL>(Z), see Section 5.1.

5.4 Initialization of ladders

In what follows we characterize the initialization phase of a ladder construction, i.e., the construction of
g-isogenies of £-chains, for level one (I' = PSL,(Z)). One could note, however, that an £-isogeny chain is
essentially a level-I'g(£") point (over a fixed on X(1)). The lift to a level-I' structure preserves the local
structure, but we will be able to separate points sooner (i.e. the 2-torsion of C£(O,,) may lift to non 2-torsion
point in (Op, IN)).

We consider an elliptic curve Eq/k (k = FF,2) with an Ok-orientation by an effective ring Ok; most of
the times Ok will be of small class number or even of class number 1, e.g. j = 0 or j = 123 (for which
Ok = Z|(5] or Z]i]), We also fix a small prime £, and a descending £-isogeny chain from Eq to E = E,,. The
Ok-orientation on Eg and £-isogeny chain induces isomorphisms

L Z4+ 00k — O; C End(E)),

and we set O = O,.

For a small prime g which splits in Ok, we push forward a horizontal g-isogeny ¢o € End(Ep), to a
g-isogeny ¥ : (E;, ¢i) — (Fi, ¢}).

If the class number of Ok is small, then there is the non-negligible probability (which in fact is inversely
proportional to the size of the class group by the Dirichlet density theorem) that the primes above g are
principal. Principal ideals lie in the identity class of C4(Ok) and correspond therefore to an endomorphism,
giving a trivial action. This is even more evident if the class number of Ok is 1 in which case any horizontal
g-isogeny g : Eg — Fo is, up to isomorphism Fy = Eg, an endomorphism.

By sending q C Ok to 9o : Eg — Fo = Eo/Eqlq] = Eop, and pushing forward to 9, : E, — F,, we obtain
the effective action of C£(O) on £-isogeny chains of length n from Eo.
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e, P
L, ¥4 [ s,
5\/\\5 FQ\/\\E

x/ x/

Figure 5.9 — The general case is on the left and the class number 1 case on the right.

Es

In order to realize the class group action, it suffices to replace the £-ladder of Figure 5.9 with its modular
version below.

®y(jim1.4i) =0
(i1, Y)=0
®q(iY) =0

Figure 5.10 — Constructing a ladder.

At the first index for which j/ = j(E;/Eilq,]) is different from j = j(E;/Ei[g;]), that is, [q;] # [q] in
CL(0O;), we can solve iteratively for j/,; from ji and ji;+1 using the equations:

(i, Y) = 4041, Y) = 0.
The action of primes q through C4(O) can be precomputed by its action on these initial segments which

permits us to separate the action of q and g, hence assures a unique solution to the above system.

5.4.1 Action of conjugate ideal classes

In this section, we give an answer to the question of which distance one should go before being able to
separate the action of q and g.

Lemma 5.46. If £?'|Ax| > 4q then q is not principal in O;, i.e., it acts non-trivially on E.

Proof. We know that the primes above g are principal if and only if g is represented by the definite quadratic
forms in the trivial class [(1,0, |Ax[€2'/4)] or [(1,€', €% (1+ |Ax|)/4)] if Ak is odd. O

Remark. Since |Ax| is minimal for 3, we can further take £2' > q in the previous lemma.

In the same way one can look at conjugate classes of ideals.
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With reference to the previous picture, E] # E/" if and only if q°> N O; is not principal and the probability
that a random ideal in O; is principal is 1/h(O;). In fact, we can do better:

Lemma 5.47. If¢%' > ¢® then q° is not principal and therefore q and q act differently on E.
Proof. We write Ok = Z[w] and we observe that if g% was principal, then
g*> = N(g°) = N(a + bl'w)
since it would be generated by an element of O; =Z + £/O). Now
N(a+ bl') = a® + abtl' + b?>s¢®>  where W’ +tw+s=0
Thus, as soon as £ > g® we are guaranteed that g2 is not principal. O

Remark. More generally, if a is a non-primitive ideal, i.e., it is not contained in mQ; for any integer m, with
¢ > Nr(a), then a is non principal.

The structure of oriented isogeny graphs (of level one) depends only on the class groups C£(O,) (at level
n) and the quotient maps C(O,) — C(O,—1). The quotient maps determine the edges of the £-isogeny
graph (between level n and n — 1) and the class of the prime ideals over g # £ in C4(O,) determine edges
between vertices at level n.

We assume we are given a descending modular Z-isogeny chain, beginning with an initial moduli point
associated to a CM point with CM order Ok. In order to initialize a g-ladder, at small distance m from the
initial point, we can identify a reduced ideal class in C¢(O,,) which gives the same

We illustrate the procedure with an example.

Example. For discriminant Ax = —3, and £ = 2, we give in table form the first index m for which a given
split prime g splits into classes outside of the 2-torsion subgroup of C4(O,,). We note that for all n > 3,
that

Q(0,) 2727 x 7.)]2" %7

and in particular, C£(O,)[2] consist of the classes of binary quadratic forms
{(1,0, |AK|22<H>) , (|AK|, 0,142("*”) (2.2 ), (2)0k], 2D, n2)}
where ¢4 — 402n; = £4|Ak|? — 4€2|Ax|np = —£2"|Ak|, whence
n =1+ 202 |Axl and np = |Ak| + 20172,

For n = 3, the form (12,12,7) reduces to (7,2,7) and the reduced representatives are:

{(1,0,48),(3,0,16),(4,4,13),(7,2,7)}.
but for n > 4, since 12 < n,, the forms

{(1,0,3-4"71),(3,0,4"71) (4,4, m), (12,12, m)}

are reduced.
The class group C4(€°"Ak) acts through its quotients to each level m and we can represent the oriented
volcano by reduced forms, see Figure 5.11.
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(1012) (304) (4,0,3)
(1, 048) A (44 13)(3,0, 16) /\ (727)~(12 12,7)
/\ (13816 12 12 19)/\
.
(10192/\44
e O

——  3-isogeny __—
49) 13 8 16) (3,0,64) (7 4, 28) (7, —4,28)
(1,0, 768) (4 4,193) (3,0,256)

Figure 5.11 — An oriented volcano for reduced quadratic forms. It is constructed in the following way: once
a descending isogeny chain is fixed we represent its elements with the identity in the class group of the
corresponding level (the left side). The remaining vertices encode the quotients C(0,) — ... — C(O0,) —
&(01) — C(Ok).

As we said, the initialization phase of a ladder is problematic at 2-torsion elements:

((3.0.4).(4.4,193)) = C(O)[2)

kernel

((3.0.64) , (4,4, 49)) = CE(03)[2]

kernel

((3,0,16) (4,4, 13)) = CL(O,)[2]

kernel

((3,0,4))=cL(01)[2]

prime /

above 3

{1} = CL(Ok)[2] = CL(Ok)

The class of (3,0, 22("~1) represents primes g = 3x?+4""1y? that are either 3 or bigger than 4"~1. These
are not problematic since any such prime lifts to a 2-torsion element, in the class of the unique 3-isogeny (they
are the green arrows in Figure 5.11). On the other hand, the class of (4, 4, ¢,) where ¢, = 3-4""?+1 need to
be resolved into the two 4 torsion classes in O,,.1. Again, these primes are g = 4x?>4-4xy+c,y° > 3-4"2+1
(magenta lines in Figure 5.11). Finally, the product class (3,0,4"71) - (4,4, c,) = (12,12, d,) represents
primes bigger than d, = 4772 + 3. These are still 2-torsion elements at level n — 1 and therefore need to
be lifted to the next level. If we are concerned with primes g < 1024, then n = 7 should suffice to have
non-representative in a 2-torsion class, see Table 5.7.

In the table that follows, for each split prime g in Ox = Z[w] we give the level m; at which the primes
above g are note principal, the first index m, such that the pair of primes over g in O, lie outside the
2-torsion subgroup, the associated binary quadratic form f,, of this ideal, its reduced form [f,], and the
2-torsion class in C&(Op—1) in which it lies.
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Ak =-3,4=2
g |[my|ms fm (7] [fm—1]
71214] (7.428) | [(7.4.28)] | [(7.2.7)]
133 |4 (13,8,16) | [(13,8,16)] | [(4.4,13)]
19| 2|5 (19,14,43) | [(19,14,43)] |[(12,12,19)]
3112 | 4 (31,10, 7) [(7,4,28)] [(7,2,7)]
3713 |4 (37 34, 13) [(13, -8, 16)] [(4 4, 13)]
4312 |5 (43 14, 19) [(19, —14, 43)] [(12, 12, 19)]
613 | 4| (61,56,16) | [(13,—8,16)] | [(4.4,13)]
6712 |6 (67 24, 48) [(48, —24, 67)] [(12, 12, 67)]
73145 (73,40,16) | [(16,—8,49)] | [(4,4,49)]
79024 (79,387 | [(7.4.28)] | [(7.2,7)]
97 | 4 | 5| (97,56, 16) [(16,8,49)] [(4,4,49)]
103 2 | 4 | (103,46,7) [(7,—4,28)] [(7,2,7)]
109| 3 | 4 |(109,70,13) | [(13,8,16)] [(4,4,13)]
12712 | 4 (127, 116, 28) [(7 4, 28)] [(7 2, 7)]
13912 | 6 (139, 120, 48) [(48, —24, 67)] [(12, 12, 67)]
15112 | 4 (151, 134,31) [(7 74,28)] [(7,2,7)]
157 3 | 4 (157, 86, 13) [(13, -8, 16)] [(4 4, 13)]
163] 2 | 5 [(163,158,43)|[(19, —14,43)]|[(12,12,19)]
181] 3 | 4 [(181,104,16)| [(13,8,16)] [(4,4,13)]
193] 5 | 6 | (193,8,16) [[(16,—8,193)]| [(4, 4, 193)]
199| 2 | 4 [(199,174,39)| [(7,4,28)] [(7,2,7)]
Table 5.7 — The behavior of primes in Ax = —3.

Tables 5.8-5.9 present some additional data for class number 1 cases.

Ag=-3,2=3

q |myjms; m [fn] [fm-1]
712271 (7.3,9) | [(7.3,9)] [[(L.1,7)]
1312]21((13,11,7) | [(7,3,9)] |[(1,1,7)]
19121(21((19,17,7) | [(7,-3,9)] | [(1,1,7)]
311212|(31,25,7)| [(7,3,9)] |[(1,1,7)]
371212 (37,33,9) | [(7.-3.9)] | [(1,1,7)]
43122 1(43,31,7) | [(7,—3,9)] | [(1,1,7)]
61|33 (61,3,9) |[(9,-3,61)]|[(1,1,61)]
67| 3|3 |(67,15,9) | [(9,3,61)] |[(1,1,61)]
7313 |3 |(73,21,9) |[(9,—3,61)]|[(1,1,61)]
79 (2|2 ](79,51,9) | [(7.-3,9)] | [(1,1,7)]
97 (2] 21(97,57,9) | [(7.3,9)] |[(1,1,7)]
103] 3 | 3 (103,39,9)|[(9,—3,61)]|[(1,1,61)]
109| 2 | 2 [(109,53,7)| [(7,3,9)] | [(1,1,7)]

Table 5.8 — The case Ax = —3 and £ = 3.

5.4.2 Extending the ladder

After the initialization phase it only remains to extend an initial segment of a ladder to the full ladder.
Ultimately, this is the same problem of completing a square (or a rectangle) of isogenies, see Section 2.3,
and therefore we can use any of the methods described there. However, we present here a simplification
we might have when working with small £. When working with small primes, the most efficient way of
completing a ladder is by solving the system of modular equations

d(JY) =

®qUit1.Y)
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Ap=—-4,0=2

Ag=—-4,0=3

Table 5.9 — Additional cases.
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q [my|nmp fm [fm] [fmfl] q |my|mp fm [fm] [fmfl]

5 23] (5,2.13) | [(5.2.13)] |[(4 4.5)] 5 (1][2] (5.4.17) | [(5.4.17)] [[(2.2.5)]
131213 (13,2,5) |[(5.—2,13)] | [(4.4,5)] 13| 2|21 (13,12,9) | [(9,6,10)] | [(1,0,9)]
17|34 (17.8,16) |[(16,—8,17)]|[(4.4.17)]| |17|1|2]| (17.4.5) |[(5.—4,17)] | [(2.2.5)]
29213 (29,18,5) | [(5.2.13)] |[(4.4.5)]] |29|1|2]| (29.16,5) | [(5.4,17)] | [(2.2.5)]
3702131 (37,22,5) |[(5,—2,13)] | [(4.4,5)] 372 2](37,34,10) | [(9,—6,10)] | [(1,0,9)]
41| 3 | 4 | (41,40,16) |[(16, -8, 17)]|[(4, 4, 17)] 41113 (41,6,18) |[(18, —6,41)]|[(2,2,41)]
53| 2 | 3|(53,50,13) | [(5,—2,13)] | [(4,4,5)] 53| 1|3 |(53,30,18) | [(18,6,41)] |[(2,2,41)]
61 |2 |3](61,54,13) | [(52 13)] |[(4, 4, 5)] 61| 2|2 |(61,46,10) | [(9,6,10)] |[(1,0,9)]
73| 4| 5 |(73,24,16) | [(16,8,65)] |[(4,4,65)] 73|12 2| (73.48,9) | [(9,6,10)] |[(1,0,9)]
89| 4|5 |(89,40,16) |[(16,—8,65)]|[(4.4.65)]| |89 |1 |2](89,78,18) | [(5,—4,17)] | [(2,2,5)]
97 | 3| 4 |(97,72,16) |[(16,—8,17)]|[(4.4.17)]| |97 |3 | 3| (97,24,9) |[(9,—6,82)] |[(1,0,81)]
101| 2 | 3| (101,42,5) | [(5, —2,13)] | [(4,4.5)] 101| 1 | 3 ((101,66,18)| [(18,6,41)] |[(2,2,41)]
109| 2 | 3 [(109,92,20)| [(5,2,13)] |[(4.4,5)] | [109| 2 | 2| (109,60,9) | [(9,—6,10)] | [(1,0,9)]
113| 4 | 5 |(113,56,16)| [(16,8,65)] |[(4,4,65)]| [113| 1|2 | (113,44,5) | [(5, —4,17)] | [(2,2,5)]

Ak=—-7,2=2 Ak=—-7,£4=3
g |myjnmo; m [fm] [fm—1] q [my|m2 fm [fm] [fm—1]
1124 [(11,10,43) | [(11,10,43)] | [(11. 6, 1) |[11 [ 1 [ 1| (11,5.2) |[(2.—1.8)] |[(1.1,2)]
232 | 5((23,10,79) | [(23,10,79)] |[(23,18,23)]{/ 23| 1| 1| (23,11,2) | [(2.1,8)] |[(1.1,2)]
29| 3| 4| (29,8,16) | [(16,—8,29)] | [(4.4,29)] |[29| 1| 1| (29,13,2) | [(2,—1,8)] | [(1.1,2)]
37|3|4|(37,24,16) | [(16,8,29)] | [(4.4,29)] |[37| 1| 2| (37.5.4) | [(4.3,36)] | [(4.1,4)]
43| 2| 4](43,10,11) |[(11,-10,43)]| [(11,6,11)] ||43| 1 | 2| (43,11,4) |[(4.—3.36)]| [(4.1,4)]
53| 3| 4| (53,40,16) | [(16,—8,29)] | [(4.4,29)] || 53| 1| 1| (53,19,2) | [(2.1,8)] |[(1.1,2)]
67 |2 |4(67,34,11) | [(11,10,43)] | [(11,6,11)] || 67| 2| 2| (67,61,16) |[(9,—3,16)]|[(1,1,16)]
712 |6 [(71,56,112)|[(71,56,112)] [[(28,28,71)]|| 71| 1 | 1| (71,47.8) | [(2,—1,8)] | [(1,1,2)]
79| 2| 5| (79,10,23) |[(23,-10,79)]|[(23,18,23)]|| 79 | 2 | 2 | (79,67,16) | [(9,3,16)] |[(1,1,16)]
107| 2 | 4 |(107,54,11)|[(11,—10,43)]| [(11,6,11)] ||107] 1 | 1 | (107,77,14) | [(2.1,8)] |[(1,1,2)]
109 3 | 4 |(109,72,16)| [(16,—8,29)] | [(4,4,29)] [|109] 1 | 3 | (109,67,22) |[(22,21,63)]|[(7.7,22)]
113| 4 | 5| (113,8,16) |[(16, —8,113)]| [(4,4,113)] ||113| 1 | 1| (113,29,2) | [(2,—1,8)] | [(1,1,2)]
127| 2 | 6 (127,86, 71)|[(71,56, 112)] |[(28, 28, 71)]|[127| 2 | 2 |(127,103,22)[[(9, —3,16)] |[(1, 1, 16)]
AKZ—S,Z:2 AK:—8,£:3

q |my|nmp fm [fm] [fmfl] q |my|m; fm [fm] [fmfl]

1 12] (11,23) [[3. -2 1D][[(3.2.3)]] [11]1]2](11,10,17) | [(11,10,17)] | [(2,0,9)]
172131 (17,10,9) | [(9,8,16)] |[(4,4.9)]| |17|1|2](17,10,11) |[(11,—10,17)]| [(2,0,9)]
19(1]2](19,10,3) | [(3.2,11)] |[(3.23)]] |19|2|2]| (19,6,9) | [(9,—6,19)] |[(1,0,18)]
41| 3| 4|(41,24,16) | [(16,8,33)] |[(4.4,33)]| | 41| 1|2 |(41,34,11) | [(11,10,17)] | [(2,0,9)]
431 |2((43,42,11) | [(3,—2,11)] | [(3.2,3)] | | 43| 2|2 | (43,30,9) | [(9,6,19)] [[(1,0,18)]
59| 1] 2(59,52,12) | [(3,—2,11)] | [(3.2,3)] | [59| 1|2 |(59,58,17) |[(11,—10,17)]| [(2,0,9)]
67| 1|2 (67,26,3) | [(3,—2,11)] | [(3.2,3)]| |67 |2 ]| 2| (67.42,9) | [(9,—6,19)] |[(1,0,18)]
73213 (73.46,9) | [(9.8,16)] |[(4.4.9)]| |73 |2 |2 |(73,70,19) | [(9,—6,19)] [[(1,0,18)]
83|1|2](83,72,16)| [(3.2,11)] |[(3.2,3)]| |83 |1 |3 | (83, 12 18)|[(18, —12,83)]|[(2,0,81)]
89| 2| 31(89,72,16) | [(9.8,16)] |[(4,4,9)]| |89 |1 |3 | (89 24 18) | [(18,12 83)] |[(2 0, 81)]
97 [ 213 1(97,78,17) | [(9,-8,16)] | [(4.4,9)] | |97 |2 |2 |(97,82,19)| [(9,6,19)] |[(1,0,18)]
107| 1| 2| (107,34,3) | [(3,2,11)] |[(3,2.3)]| |107| 1 | 2 |(107,84,18)|[(11, —10,17)]| [(2,0,9)]
113| 3 | 4 |(113,72,16)|[(16, —8,33)]|[(4.4,33)]| |113| 1 | 3 |(113,48,18)|[(18, —12,83)]|[(2,0,81)]
131 1| 2] (131,38,3) | [(3,—2,11)] | [(3,2,3)] | |131| 1 | 3 |(131,60,18)| [(18,12,83)] |[(2,0,81)]
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which consists in the GCD of two modular polynomials, see Figure 5.10. These can be reduced in order to
simplify the computation; we illustrate the idea with £ = 2.
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Figure 5.12 — Extending a ladder

Given an initial segment of a ladder, the /-th step consist in a choice between two possible extensions
determined by a quadratic polynomial ¢,(Y)with roots j/_, and j/_; (since we want to avoid backtracking),
see Figure 5.12. The choice between one of them is determined by the horizontal isogenies and, therefore,
by a degree g + 1 equation ¢4(Y) = 0 which is determined by ji. The simplification comes from the fact
that we do not need to compute the whole ¢4 but it suffices to work with ¢4(Y) mod ¢e(Y). In fact,

Dy(X,Y) = ¢g(Y) mod (X —ji, pe(Y))
By the Chinese Remainder Theorem this is the same as
(qDCI(.jiv.j/'/,l)' q)q(./ivf;,z)) mod (X —Ji,Y _f;,1) X (X =Ji,Y _.j/'/,Q)

since ¢g(Y) = (Y —Ji )Y —Jj»)-

k[X,Y]

(X =Ji (V) %TY)\
kY] kY] kYT, 4_ - -
(¢e(Y)) TR PqUinY) = (PqUinJf1). PalinJf2))

Assuming that one of ®,(J;,j/;) or ®4(Ji,Jj,) is non-zero, we have identified in the other the correct
root j/ for which ®4(ji, j/) = 0. This is what we would have found by

ged (Pe(f_1, V) /(Y = Ji—2), D40, Y))

but we can avoid computing the polynomial ®4(ji, V) = ¢4(Y).

5.4.3 Weber isogeny ladders

So far we have constructed ladders on X(1), by means of representing the nodes by j-invariants. We now
show how we can increase the level structure to obtain benefits in the construction of a ladder, both in the
initialization and in the extension phase. First of all, with an £-level structure, the extension of £-isogenies
by modular correspondences allows one to automatically remove the dual isogeny (backtracking): there
are £ rather than £ + 1 extensions and we do not need to quotient out the last root. Secondly, adding
level structure helps rigidifying the automorphism group of elliptic curves and this eliminates problems such
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as problematic vertices with a different number of ingoing and outgoing edges. The rigidification of the
automorphisms also shorten the distance to which we need to go in order to differentiate 2 points, namely
two torsion elements of C£(O) may lift to non 2-torsion point in C4(O,T). Last but not least, g modular
polynomials of higher level are smaller in terms of numbers of monomials and coefficient size.

The best known reduction in coefficient size as well as in sparsity of coefficients is obtained for the Weber
function § of level 48, see Section 3.3.5,

T+1
for) = 202,
n(T)
which generates a degree-72 cover of the j-line, given by

(f24 _ 16)3

The modular polynomials with respect to f are the integral polynomials ®4(x, y) such that

®q(f(7). (q7)) = 0.

Although the Weber function does not generate the full modular curve X(48), which has genus 2689, it still
satisfies a transformation giving the following symmetry of its induced modular polynomials.

Lemma 5.48. The modular functions ®4(x, y) of prime level q with respect to the Weber function satisfies
the transformation:

Dy (Coax, (34y) = é’f@q(x,y),

with respect to a primitive 24-th root of unity (o4.

Asymptotically, modular polynomials have g?> monomials, but in a practical range the sparseness is
dictated by this transformation (on the order of g?/24 monomials) makes these polynomials attractive
for constructing isogeny invariants.

Ds(x,y) = x0 — x3y5 +4xy +y°
D7(x,y) =x® — xTy" + 7xty* — 8xy + B

D1(x, y) = x12 — xMy 4 11x%° — 44x7y7 +88x°y° — 88x3y3 4 32xy + y1?

For example, the modular polynomial ®1(x, y) has exactly 3-71 = 213 nonzero coefficients, ignoring the
symmetry ®4(x, y) = ®4(y, x), which implies an even smaller number of distinct coefficients.

In the interest of constructing £-isogeny chains, especially for £ = 2 or £ = 3, we note that the 48-level
structure gives the modular polynomials ®5(x, y) and ®3(x, y) a particular form. We descend the 2-level

structure by setting t = —f%, so that
[ +16)°
/= t

With respect to this function, we obtain the modular polynomial:

Wa(x,y) = (x* —y)y + 16x
and the Weber modular polynomial ®»(x, y) = —W,(—x8, —y®) remains irreducible.

Remark. More correctly, the modular polynomial W5 (x, y) satisfies W»(§3(7), $(27)) = 0, where f; is the

conjugate Weber function
i = —itr + 3 = (1D’
n(7)
and hence W,(f8(7), f8(27 — 3)) = 0. Nevertheless, this modular relation describes a 2-isogeny relation of

the underlying curves, extending the parametrized 2-isogeny to a 4-isogeny, and will be used for defining our
2-isogeny chains.

A similar descent of the 3-level to the function r = 3, gives the modular polynomial
Us(x,y) = x* — x3y® + 8xy + y*,
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such that W3(r(7), r(37)) = 0, for which ®3(x, y) = W3(x3, y3) is irreducible. For a given supersingular
Weber invariant, these relations determine orbits under multiplication by (g or (3, but in view of the global
relation of Lemma 5.48, the lift to the orbit can be chosen to be compatible with isogeny relations of other
prime degrees.

Weber initialization

In what follows we denote by u a supersingular value of the Weber function, r = v3, t = —u® and s = 3.
This gives the following relations with the j-invariant:

(W -16°  (rF-16)*  [(t3+16)\°  (s+16)3
- 24 B r8 B t - s

While we will only evoke the elliptic curves associated to Weber invariants, we note that such a curve can

be viewed as a fiber in the family:
1
2 3
Xy =X — —5——X
yotxy 24— 64
over u on the Weber curve X.
In the table below we give associated values for the CM j-invariants and s-invariants (where s = —u?*)

for the discriminants of the first class number one CM orders, and their index 2 orders.

D Jo So to
-3 0 24 —(V2)*
-4 123 23 2
-7 —-15% -1 -1
-8 20° 26 22

—12 24158 28 (V2)®
-16 66 29 23
—28 2553 212 —24

-32 4 5 23(vV2+1)

In what follows we describe the initialization of a Weber £-isogeny chain for £ = 2. In view of the previous
form of modular polynomials at 2 we use t = —u® and the modular polynomial

Vo(x,y) = (x> = y)y + 16x

to construct the 2-isogeny graph on t-values.

Remark. Associated to a t-value t; is a u-value u; satisfying t; = fu?, which was can obtain by extracting
three square roots (making arbitrary choices of signs, the result is determined up to an 8-th root of unity).
It remains to be determined whether the sequence (u;) of Weber values is sufficient, or whether a sequence
of points

U, = (Ul, uo, LI3),' S W24(Fp2)

should be computed such that v8 + 8 + 1§ =0 and tuous = V2 € Fpa.

Discriminant —7. The fundamental discriminant —7 is an interesting starting point as the endomorphism
ring is small enough to be effective — generated by an endomorphism of degree 2 — while avoiding any

pathologies associated with the extra automorphisms for D = —3 and D = —4. In fact, choosing p =
1 mod 12 we can assure that no supersingular point has extra automorphisms.

Let to = —1 and let ¢ be a root of x? — x +2 in F 2 = F,[c], with conjugate € =1 — ¢ =2/c. We note
that ¢* and ¢ are also t-values over j = —153, and since Wy(—1, ¢*) = Wy(—1, ¢*) = 0, the two extensions

correspond to the horizontal 2-isogenies (endomorphisms of the underlying elliptic curve). Subsequently, we
find

Ws(c*, ) = Wy(c*, —2%) = 0.
The former enters a cycle of degree-2 endomorphisms, while the latter induces a descending isogeny, as
depicted in the 2-isogeny graph below.
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Ce_ =0

This suggests the following initialization of the 2-isogeny chain of t-values (t, t1, t2, ... ) beginning with
(—1,c* —2% ...). Successive solutions to Ws(t;, tiy1) = 0 are necessarily descending with respect to the

orientation by Q(v/—7). A random choice of root tjr; of Wa(t;, x) completes this initialization of the
2-isogeny chain to any desired depth n.

The above discussion, applicable in any characteristic, leaves open the question of the field of definition
of the u-values, in particular whether u; = v/—c# is in F». We give an affirmative response to this question
in general in Theorem 5.38 which follows.

Discriminant —4. The t-invariants over j = 123 fall in two orbits of points, {2, 2w, 2w?} of multiplicity 2,
and {—4, —4w, —4w?} of multiplicity 1. These points at the surface are linked by a 2-isogeny (the degree 2
endomorphism by 1+ i), since W5(2, —4) = 0 and to 2-depth 1, to t = 8&:

V,(2,8) = W,(—4,8) =0.

Given that W, (wx, w?y) = wWa(x,y), the choice of representative in the orbit gives rise to one of three
distinct components of the 2-isogeny graph, with the component of 2 depicted below.

@—O

N
\@ \@
N A

This suggests the initialization (to, t1, t2,...) = (2,8,8c,...) of the 2-isogeny chain, where c is a root of
x? —8x — 2, extended by random selection of a root t;,1 of Wy(t;, x).

Remark. The full 2-isogeny graph has ascending edges from the depth one points t; = —4 + 3v2 and its
conjugate t/ = —4 — 3v/2 to t; = 2, as well as a descending isogeny from each of t] and t! to depth 2.
In general, if an isogeny is descending its only extension to a 2-isogeny chain is descending (since this is a
property of the underlying j-invariant chain).

Discriminant —3. In what follows we will give preference to the discriminant —3, which we treat next. Let
to = —(v/2)* = —2v/2. Then {ty, tow, tow?} is the set of t-values over j = 0, each of multiplicity 3, where
as above w2 +w+1=0. Setting t; = —tg, we verify that

w2(t0v tlw) = w2(t0, t1w2) = O'

Since 2 is inert, every path from tg is descending, so we may initialize the 2-isogeny chain with (tp, tiw).
The graph of descending isogenies from the surface vortex appears as follows.
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As above there are additional t-invariants at each depth greater than 0 which admit ascending and descending
isogenies. At depth 1, we have {t], tjw, tjw?} and {t}, t/w, t{w?}, which ascending to the surface points
{tg, tow, tow?} and descending (in bijection) with the points at depth 2. Any descending isogenies must

rejoin this graph of descending isogenies from the surface.

&)

Lifting 2-isogeny chains from t-invariants to Weber points. The modular curve Wjs has affine model
Xo + X1+ X0 = 0, XoX1 X = 16,

from which we derive ><0X12 + X§X1 + 16 = 0, and projects to the t-value t = —xg. Let (yo,y1.Y¥2) be an
affine point 2-isogenous to (xg, x1, x2). The two possible extensions, determined by the modular polynomial
Wy(x,y) = (x> — y)y + 16x on (—xp, —yp) are given by the solutions

Yo = XoX1 Or Yo = XpX2.
We may assume that yg = xox1, determined by the prior choice of point (xp, X1, X2), as opposed to (xg, X2, x1).

The neighboring 2-isogenous point (yo, y1, ¥»2) is determined by a choice of solution to the quadratic equation:

Y2+ Yoy1 + %o

noting that the other root is y» = —yg — y1. The third coordinate is redundant, given the dependence on
(Y0, ¥1). The lifts to points of Why are choices of points (ug, u1, t2) and (vp, v1, v2) such that

(ug, u?, ug) = (X0, X1, X2), Uglilir = V2,

and
(VB8 = (o, 1. 12), vovive = V2,

for a fixed element v/2 of F,2. The values of (ug, u1) and (v, vi) can be arbitrarily chosen, up to a power
of (g, after which the product relation determines u» and v».
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Chapter 6

OSIDH

By imposing the data of an orientation by an imaginary quadratic ring O, we obtain an augmented category
of supersingular curves on which the class group CZ(O) acts faithfully and transitively. This idea is already
implicit in the CSIDH protocol [Cas+], in which supersingular curves over F,, are oriented by the Frobenius
subring Z[n] = Z[/—p]. In contrast we consider an elliptic curve Ey oriented by a CM order Ok of
class number one. To obtain a nontrivial group action, we consider descending £-isogeny chains in the
Z-volcano, on which the class group of an order O of large index £"7 in Ok acts. The map from an £-isogeny
chain to its terminal node forgets the structure of the orientation, giving rise to a generic curve in the
supersingular isogeny graph. Within this general framework we define now a new oriented supersingular
isogeny Diffie-Hellman (OSIDH) protocol, which has fewer restrictions on the proportion of supersingular
curves covered and on the torsion group structure of the underlying curves. Moreover, the group action can
be carried out effectively solely on the sequences of modular points (such as j-invariants) on a modular curve,
thereby avoiding expensive isogeny computations, and is further amenable to speed-up by precomputations
of endomorphisms on the base curve Ej.

The OSIDH protocol is an application of the ideas developed so far rather than an effective cryptographic
protocol. In fact, while SIDH [DJP] or CSIDH [Cas+] have undergone specific refinement to practical
cryptography, OSIDH is more of a framework in which we do not propose specific parameters.

6.1 Isogeny based cryptographic protocols

Secure public key cryptography is based on the existence of a trapdoor one-way public function f : X =Y,
such that the secret trapdoor permits efficient inversion of the function. The determination of the trapdoor,
or more generally of a preimage for the function, is supposed to be computationally difficult, i.e., the
computational cost to find x from y = f(x) is assumed to be prohibitively expensive compared to the cost
of evaluating f(x). Typical cryptosystems are RSA [RSA] and ElGamal [EIG], based on arithmetic in the unit
groups of the finite rings Z/nZ or ¥, = Z/pZ. The security of these cryptosystems relies on the difficulty
of the problem of factoring integers and of the discrete logarithm problem. Due to the existence of special
subexponential algorithms for these problems, the unit group of F, in ElGamal can be replaced by the group
of points E(IF,) of an elliptic curve over a finite field F,, for which no such subexponential algorithm is
known. As such, one can exploit the differential between polynomial time group operations (for encryption),
and exponential algorithms (for cryptanalytic attacks).

The advent of a quantum computer permits polynomial time quantum algorithms for factorization and dis-
crete logarithms, including on elliptic curves, eliminating the (sub)exponential differential between encryption
and cryptanalytic attacks, see Shor's algorithm [Sho]. Suitable replacements for the classical (pre-quantum)
hard problems have been proposed, to address the new post-quantum axioms for computing. These include
lattice-based problems (the closest vector problem) and problems from coding theory (the decoding problem
- finding the nearest codeword). The latest member of these candidates for quantum hard problems is a
supersingular isogeny path problem on elliptic curves. This problem had previously served as a basis for a
new hash function, and was recently exploited as the basis of a key exchange algorithm, the supersingular
elliptic curve isogeny Diffie-Hellman protocol [DJP].

The supersingular isogeny path problem takes place in the geometric category of supersingular elliptic
curves. In the equivalent category of left ideals for a quaternion order, the analogous path problem has
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been shown to be polynomial time in practice [KLPT]. An analogous situation holds between the discrete
logarithms problem (DLP) in finite fields (for which the best known algorithms are subexponential) and
the DLP in an additive abelian group (which is trivial). Rather than rendering the supersingular isogeny
path problem polynomial time, this result identifies the supersingular endomorphism ring problem (see Kohel
[Koh1]) as a (potentially hard) computational problem. A solution can be used to pull back the quaternion
ideal isogeny path problem to the supersingular isogeny path problem. Nevertheless, the best known solution
to this problem remains exponential.

In this section we give a very brief overview of the most known cryptographic protocols based on super-
singular isogeny graphs isogeny graphs. As we said above, these are based on the following hard problem

Problem 1 (Path finding problem). Given two supersingular elliptic curves E; and Es in a supersingular
isogeny graph G,(p), find a path from E; to E;, namely a chain of £-isogenies.

We stress the fact that this path exists because of Theorem 5.34. Further, this path is clearly not
unique. If we can construct two such paths, the composition of one with the dual of the other gives an
endomorphisms of E1 and by repeating the process multiple times we end up with enough linearly independent
endomorphisms to have a Z-basis of End(E).

Problem 2 (Endomorphism ring computation). Given a prime p and a supersingular j-invariant in F,
compute its endomorphism ring.

Mathematically, these two problems are equivalent under Deuring correspondence but, as already stated,
its constructive version is still exponential in practice, [PL].

6.1.1 Couveignes-Rostovtsev-Stolbunov

We start by describing the (historically) first key exchange protocol based on isogeny graphs. This works in
the ordinary realm but we include it here because, besides being the first one, it is very neat and, therefore,
it permits one to better understand all the others.

This protocol first appeared in a preprint by Couveignes [Cou] in 1997 but was later rediscovered, turned
into practice and publicized by Rostovtsev and Stolbunov [RS] in 2006. The protocol consists in constructing
horizontal isogeny paths in an ordinary isogeny graph.

Definition. Given a group G acting freely on a set X and a subset S C G closed under inversion and not
containing the identity, the Schreier graph (S, X) is the graph whose set of vertices is X and edges are
determined by the action of elements of S, i.e., there is an edge connecting x; and x, in X if and only if
S-x1 = x> forsomes € S.

We have a well established free and transitive action of the class group of a quadratic imaginary order
O on the set of ordinary elliptic curves with endomorphism ring isomorphic to O, see Section 5.2.1. We
can thus consider a subset S of C4(O) closed under inversion and construct the Schreier graph (S, Ell(O)).
For example, if [ is a prime above a split prime £ € Z, we can construct ({I, [}, Ell,(Q)) consisting of the
horizontal £-isogenies between the curves in Ell,(O). If S contains a set of generators of the class group,
then the graph (S, Ellx(O)) is expander and has the right properties to construct a cryptographic protocol.

The public parameters consist of a large prime power g = p" and an elliptic curve E defined over F,. The
Discriminant A, of the Frobenius endomorphism 7 of E is computed and a set of primes S = {41, ..., L}
splitting in Z[n] is chosen. Each prime determines two directions [ and [ associated to the roots of

X2 —tpx +q = (x — X)) (x — u;) mod

One of the two is chosen to be the positive direction relative to ¢;.

At this point both parties pick a random path in the form of an ideal /4 (respectively /g) which correspond
to an isogeny ¢4 (respectively ¢pg). They apply it to the shared curve E and exchange the ending vertices.
Finally, both reapply their secret path to the elliptic curve received from the other party. Because of the
commutativity of the class group, the following diagram commutes

£, F,

¢s) | s

Ep v Eas
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Therefore, they each end up computing the same elliptic curve which plays the role of shared secret.

Remark. The action of an ideal is computed by solving the explicit isogeny problem, see [Bos+], [BCL] and
[Gal4].

Couveignes-Rostovtsev-Stolbunov key exchange scheme
An elliptic curve E over a large finite field k.

The discriminant A, of the Frobenius Endomorphism of E.

PUBLIC DATA: A finite set S = {¢,}, of primes splitting in Z[m].
A Frobenius eigenvalue A; for each 4;.
ALICE BOB

Choose a random path da oB
Compute the image Ea= ¢pa(E) Eg = ¢s(E)
Exchange data AX

Eg Ea
Compute shared secret Ega = ¢pa(Eg) Eag = ¢ps(Ea)

SHARED SECRET: Final elliptic curve Eag = Ega

6.1.2 SIDH

The nice structure of the Couveignes-Rostovtsev-Stolbunov protocol is due to the existence of an abelian
group acting on the set of elliptic curves. However, the same action makes it vulnerable to a subexponential
attack on a quantum computer under the approach of Childs, Jao and Soukharev [CJS] who adapted
quantum algorithms by Regev [Reg] and Kuperberg [Kupl]. Further, the Couveignes-Rostovtsev-Stolbunov
scheme is very slow even considering the speed-ups proposed by De Feo, Kieffer, and Smith [DKS]. For
these reasons, the supersingular isogeny graphs seems a promising direction of investigation since they lack
a commutative torsor. Supersingular isogeny graphs also have another nice feature: one prime suffices to
make G, an expander graph, see Theorem 5.34.

In 2011, in response to the NIST call for applications for post-quantum cryptographic candidates, De Feo,
Jao and PIlat [DJP] proposed a cryptographic key-exchange protocol based on supersingular isogeny graphs
which is believed to be quantum resistant. Although it might look as an attempt to mimic Couveignes-
Rostovtsev-Stolbunov protocol, the resulting scheme is closer to the Hash function proposed by Charles,
Goren, and Lauter [CGL] in 2006. In fact, the lack of a commutative group action on the set SS(p) prevents
one form obtaining a commutative diagram as before, see Section 6.1.1. The solution they proposed was
to share an extra piece of information along with the data about the ending vertex. This extra structure
comes in the form of the action of the secret isogeny on some torsion point. We refer to the original article
[DJP] for the details and we simply highlight here the main strategy.

The setting is the following: Alice and Bob choose one small prime each, say £4 and £z, and they agree
on a prime p of the form p = ZZAZeBBf + 1. Note that in general the two small primes can be chosen to be 2
and 3 and the correction factor f to be 1. The particular shape of p permits them to pick a supersingular
curve E over F . with cardinality (p£1)? (see Theorem 1.17) and with two subgroups E[£3'] and E[£Z] of
coprime order. Basis {Pa, Qa} and {Ps, Qg} for E[£3'] and E[¢ZF] are fixed.

The key idea is that Alice and Bob choose random path in the £a-isogeny graph (respectively £g-isogeny
graph) by picking random secret subgroups

(A) = ([ma]Pa + [na]Qa) and  (B) = ([mg]Ps + [n8]Q5)
of respective orders £3* and ¢, and compute the secret isogeny paths
Oa: E— Ea=E/(A) and ¢g  E— Eg=E/(B)

At this point they would like to share E4 and Eg and to repeat the procedure as in Couveignes-Rostovtsev-
Stolbunov Protocol. As already said, however, they need to pass along the action of their secret path on the
basis of the torsion group used by the other, namely Alice has to compute {¢a(Ps), pa(Qg)} and transmit
the information to Bob who, in turn, needs to compute {¢pg(Pa). d5(Qa)} and share the result. Alice can
now compute

¢ Es — Epa = Eg/{(¢s(A))
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L=A{l, 5}

Alice Bob
pa=(21,-1) pg =(-2,0,1)

a=la=0F00G" .\\ =lg=1;"13
® ® 5 /T Eo
Es //
o

Eas

RO
Es '\\.\\- / .\\.\y

Ea

Figure 6.1 — Graphic representation of the Couveignes-Rostovtsev-Stolbunov protocol.

and Bob computes
¢ Ea — Eag = Ea/(¢a(B))
Because of (A, B) = (B, A) we now have the following commutative diagram which guarantees that the two

parties end up sharing the same elliptic curve:

E—" . EnA

%J lab’s

E/(B) E/(A, B)

¥
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Remark. The need for some extra public information is due to the fact that the lack of an abelian torsor
on the set of supersingular elliptic curves translates to the loss of a canonical way of labeling the edges of
the supersingular isogeny graph, i.e., finding a positive and a negative direction. However, as noted in the
introduction, sharing torsion points opens the doors to the attacks of Petit [Pet], Castryck and Decru [CD],
Maino and Martindale [MM] and Robert [Rob] which have wrecked the security of SIDH.

One can consult at [DeF2] for more details or [Cos| for a toy example.

SIDH protocol
Two small primes £4 and £g and a large prime p = £ 42 f F 1 .
A supersingular elliptic curve E over F . of cardinality (p & 1)2.

PUBLIC DATA: A basis {Pa, Qa} for E[¢5
A basis {Pg, Qg} for E[¢7]
ALICE BOB

Choose a random secret (A) = ([Ma]Pa + [na]Ra) (B) = ([mg]Ps + [n&]RB)
Compute secret path ¢a: E— Ea=E/(A) ¢ E— Eg=E/(B)
Compute the image {#a(Ps), $a(@5)} {65(Pa), 5(Qa)}
Exchange data

Eg, ¢5(Pa). $5(Qa) En, ¢a(Ps), 9a(@5)
Compute shared secret ¢ Eg — Eg/{¢ds(A)) &5 Ea— Ea/{(9a(B))

SHARED SECRET: Final elliptic curve £/(A, B)

6.1.3 CSIDH

In 2018, Castryck, Lange, Martindale, Panny and Renes [Cas+] proposed another approach to supersingular
isogeny based cryptography. They idea is to directly adapt the Couveignes-Rostovtsev-Stolbunov protocol
to supersingular curves. In order to overcome the lack of rigid structure in the supersingular realm they
propose to restrict the attention to supersingular elliptic curves that are defined over a prime field I, instead
of the whole set SS(p). Further, instead of the full endomorphism ring, they only consider the subring of
F,-rational endomorphisms, which is a quadratic imaginary order O, see Section 5.2.2 and Theorem 5.35.

We will not discuss here the technical details and all the improvements proposed in [Cas+]| but we
will limit ourselves to describing the protocol. The global parameters are a large prime p of the form
p=4-4y-4r-... -, — 1 where the ¢;'s are small distinct odd primes, and the supersingular elliptic curve
Eo : y?> = x3+ x over F,. The subring of End(E) consisting of those endomorphisms which are defined
over F, is O = Z[r]. Because of the shape of p, the primes ¢; split in O as £;0 = [;I; where I[; = (¢;, T — 1)
and [; = (¢;, ™+ 1) since 7> — 1 = 0 mod £;. The private key consist of an n-tuple (e, ..., en) of integers
in a range [-m, ..., m] which corresponds to the ideal class [a] = [IT* - ... - [®] where [; = (4, ® — 1).
Both parties apply their secret key to the elliptic curve Eg and obtain an elliptic curve in Montgomery form
[a]Eq : y? = x3+ Ax?+x; they share the coefficient A of the final elliptic curve and re-apply their secret ideal
action on the elliptic curve received from the other. The secret key is the coefficient of the Montgomery
form of the shared curve obtained by acting on Eg via the two secret ideals. This is the same for both
parties since C£(O) is commutative.

CSIDH protocol
Alarge prime p =44, - ... - £, — 1 for small distinct odd primes Z;.

The supersingular elliptic curve Eg : y% = x3 + x over Fp.
The endomorphism ring of Eq over Fy, is O = Z[n].
The prime ¢; splitsin O as 0 =1l = (¢, 71— 1), 7+ 1)

PUBLIC DATA:

ALICE BOB
Key generation %ilr,n. ''''''' cj"n)ﬂf (f, ..., f)e[-m, ..., m]"
Compute secret path a=[If, ..., (e b=[0, .., ("]
Compute the image $pa:E—la]-E=E/a ¢ E—[b]-E=E/b
Exchange data
Eg Ea
Compute shared secret ¢a:Eg = [a]-Eg=Eg/a ¢p:Ea—[b]- Ea= Ea/b

SHARED SECRET: Final elliptic curve [a][b] - E
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6.2 The OSIDH protocol

The choice of considering curves over IF, and not 2 in CSIDH was motivated by the need of recovering a
class group action. By imposing the data of an orientation we can obtain the same goal without limiting the
size of the vertex space. However, we point out once again that while SIDH and CSIDH have well established
choices of parameters and have been adapted to other cryptographic purposes besides key-exchange schemes,
OSIDH remains a general framework of mainly theoretical interest. The motivation behind it is multifold; on
one hand it represents a direct application of the idea of orienting a supersingular elliptic curve; In fact, we
recall that the main difficulty in using supersingular isogeny graphs for cryptographic schemes is the lack of
a canonical way of distinguishing between its edges. Further, OSIDH provides a general way of approaching
the study of supersingular isogeny graphs; as we will see it is a generalization of CSIDH which takes place at
a different level of an isogeny volcano (CSIDH happen at the crater). Finally, it permits to overcome some
of the restriction imposed by prior protocols.

The idea of SIDH is to fix a large prime number p of the form p = £3¢Ff £ 1 for a small cofactor f
and to let the two parties Alice and Bob take random walks (i.e., isogenies chains) of length es (or eg) in
the £4-isogeny graph (or the £g-isogeny graph, respectively) on the set of supersingular j-invariants defined
over Fpp, see Section 6.1.2. In order to have the two key spaces of similar size ZZA ~ {8, we need to take
Ei{‘ ~ ZEBB ~ /p. Since the total number of supersingular j-invariants is around p/12, this implies that,
for each party, the space of choices for the secret key is limited to 1/,/p of the whole set of supersingular
J-invariants over 2. In other words, in choosing their secrets, Alice and Bob can go only “halfway” around
the graph from the starting vertex jp.

On the other hand, the peculiarity of CSIDH is that it works with curves defined over [F,, and restricts the
endomorphism rings of such curves to the commutative subring consisting of F,-rational endomorphisms.
Starting from this setup, the scheme is an adaptation of the Couveignes and Rostovtsev-Stolbunov idea.
Observe that the choice of looking at curves defined over F, instead of Fp2, limits the key spaces for
Alice and Bob to #CU(Z[+/—p]) supersingular points. For a given p, this is the same order of magnitude,
O(y/plog(p)). as for SIDH, but the class group is transitive on this subset.

The new cryptographic protocol we are about to introduce, OSIDH, is defined over an arbitrarily large
subset of oriented supersingular elliptic curves over Fp2, which combines features of SIDH and CSIDH, and
permits one to cover an arbitrary proportion of all isomorphism classes of supersingular elliptic curves.

Finally, a feature shared by SIDH and CSIDH is that the isogenies are constructed as quotients of
rational torsion subgroups: the secret path of length es in the £a-isogeny graph corresponds to a secret
cyclic subgroup (A) C E [¢%4] where A is a rational £3'-torsion point on E. The need for rational points
imposes limits on the choice of the prime p and, thus, of the finite field we work on. In contrast OSIDH
relies on constructions that can be carried out only with the use of modular polynomials hence avoiding
conditions on the rational torsion subgroup.

In summary, an orientation provides a class group action on lifts of an arbitrarily large subset of supersin-
gular points. Exploiting an effective subring O of the full endomorphism ring we obtain an effective action by
the class group of this subring on the isogeny volcano (whirlpool). This approach generalizes the class group
action of CSIDH where supersingular elliptic curves are oriented by the commutative subring Z [7] generated
by Frobenius m = \/—p. To avoid subexponential (or polynomial) time reductions, in the OSIDH protocol,
as detailed in Section 6.2.3, the orientation and associated class group action is hidden in the intermediate
data exchanged by Alice and Bob. This gives a protocol for which the best known attacks at present are
fully exponential.

6.2.1 Some geometric definitions

We start by introducing some geometric definitions that will help in understanding the general construction.

Instead of considering the union of different isogeny graphs as in Couveignes-Rostovtsev-Stolbunov, we
focus on a fixed prime £ and we think of the other primes as acting on the £-isogeny graph. The resulting
object is the union of £-isogeny volcanoes mixing under the action of C4(O®). This action stabilizes the
subgraph at the surface (the craters) and preserves descending paths. This view is consistent with the
construction of orientations by £-isogeny chains (paths in the £-isogeny graph) anchored at the surface, with
action of the class group determined by ladders.

Definition. A vortex is defined to be an £-isogeny subgraph whose vertices are isomorphism classes of O-
oriented elliptic curves with £-maximal endomorphism ring, equipped with the action of C4(O). A whirlpool
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is defined to be a complete £-isogeny graph of K-oriented elliptic curves whose subgraphs of O-oriented
classes are acted on by C4(O). More precisely, if O is an £-maximal order and E an O-oriented elliptic curve,
a vortex at £ is the £-isogeny subgraph G,(E, O) of Gy(E, K) equipped with the action by C2(O). A whirlpool
the union of the subgraphs G,(E, O,) in G4(E, K) equipped with the compatible actions of C4(O,,).

Figure 6.2 — A vortex consists of £-isogeny cycles at the surface acted on by the class group CZ(O) of an
£-maximal order O.

Figure 6.3 — A whirlpool is an £-isogeny graph equipped with compatible actions on its subgraphs by CZ(O).
The depicted 4-regular graph arises from £ = 3, and the cycle length is the order of a prime over £ in the
£-maximal order.

The underlying graph of a whirlpool is composed of multiple connected components, with the class
group acting transitively on components with the same £-maximal order of its vortex. The existence of
multiple components of £-volcanoes is studied in [Mir+] and [FM], where the set of £-volcanoes is called an
¢-cordillera. A general whirlpool can be depicted as in Figure 6.4, as an ¢-cordillera (black lines) acted on
by the class group, as represented by colored arrows.

Figure 6.4 — An £-isogeny graph of a whirlpool may have multiple components. The action depicts the
subgraph acted on by a class group C2(O) of order 18, in which £ = 3 has order six, such as for discriminants
—1691, —2291, and —2747.
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Whirlpool examples. We give examples of both ordinary and supersingular whirlpool structures of £-isogeny
graphs with induced class group actions.

Let E£/F3s3 be an ordinary elliptic curve with 344 rational points, and consider the subgraph of ['2(E) of
curves defined over F3s3. The ring Z[n] generated by Frobenius 7 has index 2 in the maximal order Ok ~
Z|v/—82] of class number 4. The set of j-invariants of such curves at the surface is {160, 230, 270, 298},
and the j-invariants of curves at depth 1 are {66, 182, 197, 236, 253, 264, 304, 330}.

This graph, depicted in Figure 6.5, consists of two 2-volcanoes, and hence the whirlpool consists of two
components permuted by the transitive action of C4(Z[n]).

ANANANVA

@ & & & @ © & ©®

Figure 6.5 — A 2-cordillera.

Figure 6.6 represents the whirlpool, with blue lines indicating the 7-isogenies and red lines corresponding
to the 13-isogenies.

Figure 6.6 — A whirlpool with two components.

In the remaining part of this section we describe the local structure of oriented isogeny graphs and their
associated class group actions. Given an order O in an imaginary quadratic field K, for simplicity of notation
we write O(M) for the order Z + MO of index M, and for fixed prime £ we write O, for O(£"). Moreover
we denote the kernel

U0, M) = ker(C(O(M)) — C(0O))

which will be identified with the stabilizer subgroup of an isomorphism class of a curve oriented by O.
Remark. We recall that

Ok /MOK

In order to discuss the local neighborhood of a graph, and conduct a breadth-first searches, we introduce
the notion of an £-isogeny cloud around E.

Definition. An £¢-isogeny cloud of radius r at E is a subgraph of Gyz(E), whose paths from E extend to
length r.

Suppose that £ is a prime, O an £-maximal order in K, and E an O-oriented elliptic curve. Set O, = O(£")
for all positive integers r. The subgraph of descending £-isogenies in the Z-isogeny cloud of radius r at E in
Gy(E, K) admits an action of U(O, £"). In view of the exact sequence of class groups,

1—>U(0,0) =0, —ca0o) —1,
we consider the corresponding decomposition into subgraphs.

Definition. As before, let O be an £-maximal order and E an O-oriented elliptic curve. An eddy at E is
the subgroup of £-isogenies descending from E, equipped with the compatible actions of U(O,£"). The
restriction of the whirlpool (or eddy) to Gg(E, O,) is called the whirlpool (or eddy) of depth r.
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Figure 6.7 — A cloud in an oriented isogeny volcano.

Figure 6.8 — An eddie in an oriented isogeny volcano.

Even at a non-split prime £, in which every Z-isogeny is descending, the distinction between cloud and
eddy, a set and G-set, respectively, is nontrivial. The structure of a cloud can be constructed from £-isogeny
relations, on which the G-set structure can be enumerated, but an effective G-set structure on the eddy is
entirely determined by its transitive action on one descending path. An effective action of U(QO, £") yields a
compression from an £-cloud of order £" elements to a £-isogeny chain of length r.

6.2.2 A first naive protocol

We first describe a simplified version of OSIDH as intermediate step. The reason for doing that is twofold.
On one hand it permits us to observe how the notions introduced so far lead to a cryptographic protocol,
and on the other hand it highlights the critical security considerations and identifies the computationally
hard problems on which the security is based.

As described at the beginning of the section, we fix a maximal order Ok in a quadratic imaginary field
K of small discriminant Ak and a large prime p such that ATK # 1. Further, the two parties agree on
an elliptic curve Eq with effective maximal order Ok embedded in the endomorphism ring and a descending
£-isogeny chain:

Eo — E1 — Ep — -+ — Ep.

Each constructs a power smooth horizontal endomorphism 9 of Ey as the product of generators of small
principal ideals in Ok. A power smooth isogeny, for which the prime divisors and exponents of its degree are
bounded, ensures that 1 can be efficiently extended to a ladder.

Remark. In practice, we will fix Ok to be either the Eisenstein integers Z[(3] or the Gaussian integers
Z[C4)(= Z[i]). Since the ladder is descending, we have that End((E;, ;) ~ Z 4+ €Ok forall i =0, ..., n.
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Alice privately chooses a horizontal power smooth endomorphism ¥4 =Yg : Eqg — Fog = Eq, and pushes
it forward to an £-ladder of length n:

B g B 6 B 6 b fy
o) | | |
A A S A A A A3

By Lemma 5.40, this ¢-ladder is level, hence End((Ej, ¢;)) = End((F;, ¢})).

The £-isogeny chain (F;) is sent to Bob, who chooses a horizontal smooth endomorphism 5, and
sends the resulting £-isogeny chain (G;) to Alice. Each applies (and, eventually, push forward) the private
endomorphism to obtain (H,) = ¥g - (F;) = ¥a - (G;), and H = H,, is the shared secret.

In the following picture the blue arrows correspond to the orientation chosen throughout by Alice while
the red ones represent the choice made by Bob.

e

Naive OSIDH protocol
A prime p and a supersingular elliptic curve Eq over [F .

PUBLIC DATA: An order O of class number 1 orienting Eg
A descending £-isogeny chain Eqg = E; — --- — E,
ALICE BOB

Choose a smooth 5o Eo
endomorphism of Eq in GE\\ GE\\
OK Eo éO
Push it forward to depth n oA 2 h Go =61 = Gy

Ya Vs
Exchange data ><

(G)) (Fi)
Compute shared secret Compute Y4 - (G) Compute Y - (F;)

SHARED SECRET: Final elliptic curve H, of the shared chain Eg - H; — --- — H,

This naive protocol reveals too much information and is susceptible to attack by computing the endo-
morphism rings of the end curves End(E,), End(F,), and End(G,). In general, the problem of computing
an isogeny between two supersingular elliptic curves E and F knowing End(E) is broadly equivalent to the
task of computing End(F) [Gal+; Eis+]. Kohel's algorithm [Koh1], and the refinement of Galbraith [Gal2],
compute several paths in the isogeny graph to find isogenies F — F. Thus, as noted in [Gal+], computing
End(F) can be reduced to finding an endomorphism ¢ : F — F that is not in Z[n].

Remark. Observe that in SIDH and CSIDH the endomorphism ring of the starting elliptic curve is known
since the shared initial curve is chosen to have special form. In OSIDH the situation changes: we need to
find an isogeny starting from E,, and not the curve Eg for which we have an explicit description of the
endomorphism ring. However, knowing End(Eg), we can deduce at each step

Z 4+ LEnd(E;) ~ Z + ¢;End(E;)¢; C End(Ej41)

and thus we obtain the inclusion Z + £"End(Eq) — End(E,).

Note that, in general, knowing the existence of a copy of an imaginary quadratic order inside the maximal
order of a quaternion algebra does not guarantee the knowledge of the embedding as there might be many
[Eic2, p. I1.5]. In this case, from the knowledge of a subring Z+£End(E;) of finite index £3 we can reconstruct
End(E;y1) step-by-step from the £-isogeny chain Eg — E; — ... — E,, and hence compute End(E,).
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In the naive protocol we also share the full isogeny chain (F;) (or their j-invariant sequence), which allows
an adversary to deduce the oriented endomorphism ring

Z+ "0 < End(F,)

of the terminal elliptic curve F = F,. This gives enough information to deduce Hom(E, F) and construct a
representative smooth ideal in C¢(O) sending E to F.

We observe that there is another approach to this problem which uses only properties of the ideal class
group. Suppose we have a K-descending ¢-isogeny chain Eg — E; — ... — E, with

End(Eo) 20k =0 D01 D ... 020, ~Z+L"0Ok
This induces a sequence at the level of class groups

CO,) — -+ — AO;) — -+ — A(Ok) ~ {1}
In particular, there exists a surjection

_(ok/et10k)" (O /tiOK)™
O (Z/0H7)* O (2/07)"

%(Oi+1) ~a0)

whose kernel is easily described. First, the map ¢ : C4(O1) — C(Ok) has kernel

F:/F, of order £+ 1 if £is inert
(F, xF;) /F; oforder £—1 if £ splits
(Fe [€])" /F) of order £ if £ is ramified

where ¢2 = 0 (see [Cox, §7.D] and [Neu, §12]). Thereafter, for each / > 1, the surjection Z(O,;1) — C(O))
has cyclic kernel of order £ by virtue of the class number formula, and hence we have a short exact sequence

1= Z/MZ — C@(O/_H) — CE((’),) — 1

If we have already constructed some representative for 94 modulo £/ Oy, we can lift it to find ¥4 mod £+ 0k
from £ possible preimages. For each candidate lift 94 mod £ 710y, we search for an smooth representative

Ya = PSPZ .- P mod £ Ok

with deg(+;) = g; small. The candidate smooth lift can be applied to E;;; and the correct lift is that
which sends E;.1 to Fjy1 in the £-isogeny chain (see Figure 6.9). This yields an algorithm involving multiple
instances of the discrete logarithm problem in a group of order £ as in Pohlig-Hellman algorithm [PH] and
in the generalization of Teske [Tes].

Figure 6.9 — Reconstruction of Alice's secret key
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We sketch here a constructive attack to this naive protocol, see also [DD1, §3].

3 Algorithm 8. Attack to the naive OSIDH protocol

: Input: Two oriented isogeny chains (Eg, tk)o<k<n and (Fg, t})o<k<n
‘Output An ideal class [a] € ¢(O,) such that a - (Ek, tk)o<k<n = (Fk. t})o<k<n

Compute a basis {q1, ..., dno,) } for &(O,), see [DD1, Alg. 1].

At the first index jyp where the chains diverge find an ideal a;, such that a;

is principal.

e Express a;, in terms of the basis of C¢(O,): aj, = H qe"”

h(On)

€i+1
dit1 = H q

is principal. Further ej11; = ¢;; + f;.

— Look for b; in the finite kernel of C4(0;4+1) — CL(O;) described above.

An example

 (Ex, tk)o<k<iy, =
(Fk, Ui )o<k<ip, i-e., an ideal a; such that aj - (Ej, tiy) = (Fg, L§0) such that a, N Oj,—1 € P(Oj,—1

— Compute the kernel of the reduction surjective map C(0,11) — C(O;), see [DD1, Alg. 2].
The ideal aj;1 such that ajy1 - (Ex, tk)o<k<i+r = (Fk, ti )o<k<i+1 Will be written as

since [ai,1NO;] =[anO;] = [aiNOj], then a;11 = a; - b; for some b; = qu

— Reduce the exponents of a; - b; by reduction algorithms in the relation lattice, see [DD1, §3.3].

~—

such that b;N O;

We present here a toy example with only one prime involved. We fix g = p?> = 100072. Observe that p =2
mod 3 which tells us that the elliptic curve Eg : y? = x3 + 1 of j-invariant 0 is supersingular. We consider
the embedding Z [w] < End(Ep) where w? + w + 1 = 0. We refer to the following picture:

|

E

}

/ /—_2 \
/
9829

2602 / \ / /4058
560 -y
3623 (=
@ e L I

// @ QW @

2500
968 9174 764
o) (28

Figure 6.10 — Key reconstruction for the naive OSIDH protocol.

AN
\

We observe that the first two steps after Eq in the sequences {E;}; and {F;}; are equal: Eq = Fo,
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E. = F1 and E»> = F5. The first instance where the two isogeny chains differ occurs at the third step. Using
modular polynomials, we immediately find that there exists a 13-isogeny between E3 and Fs.
An easy computation shows that:

13Z [w] = qofo  where  qo = (13, w+4) and §o = (13, w + 10)
13Z[2w] = q1q1  where g1 = (13,2w +8) and gy = (13,2w + 7)
13Z [4w] = qo4>  where  qp =(13,4w +3) and §> = (13,4w + 1)
13Z [8w] = q3q3  where g3 =(13,8w +6) and g3 = (13,8w + 2)

Observe that g3 and g3 acts in the same way since q3 = (7 + 8w) is principal (see the Remark immediately
before Subsection 5.1). Following the same approach described in the Remark, it is already possible to see
that in the next step q4 and g4 will not act in the same way; indeed, £> = 162 > 132. Equivalently, this can
be see using modular polynomials since a quick computation shows that there are two horizontal 13-isogenies
from E,.

13Z[16w] = q4qs  where g4 = (13,16w + 12) and g4 = (13, 16w + 4)

Using the action of the class group on the set of O4-oriented elliptic curves, we see that the isogeny from
E4 to F4 corresponds to the ideal q4. Methods to compute such an action can be found in[Bos+], [BCL],
[DKS] and [Gal4].

In this particular situation, we could use the following strategy:

' Algorithm 9. Action of an ideal [(m, a+ bZ’W)] € CUZ + £'Ok) lying over m on the set of primitive
' O-oriented elliptic curves SSZ(p).

 Input: The j-invariants of two elliptic curves E and E’ over F. known to be m-isogenous.
' Output: The ideal [a] € {[m], [m]} such that [a] * j(E) = j(E").

1. Compute m-division polynomial ¥,(x).

2

3. Pick a root of f, i.e., a m-torsion point P lying in the kernel of ¢.
4. Set mO =mm = (m,a+ bl'w)(m,a + b'l'w).
5

L Af[@] P+ [b]- [€w] P =O¢
Return m.
Else

. Factor 9,(x) and find the factor f(x) corresponding to the desired isogeny ¢ : E — E’. 3
Return m. }

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Remark. Points 1. and 2. can be replaced by Elkies algorithm [EIk2].

Computing the action of w on oriented curves. The only non-trivial part is to compute the action of
w on points of E. In our situation, however, there is an elegant solution. Suppose that our elliptic curves
lie at depth / in the 2-isogeny volcano; this implies that there is a sequence of / 2-isogenies to the surface
(crater), i.e., j = 0. Such a sequence is the dual of the public path from Eg to E: if the public key is

o () ¢, G

EO El EQ En

then the isogeny from E = E; to level 0 is given by ¢g o ¢1 0 dpo--- 0 Pi_1.
Now the computation becomes easier because we know exactly how w acts on the elliptic curve y? = x3+1
of j-invariant 0 ([Sil2, p. 11.2.2.2]):

[w] (x,y) = (@x, y)
Finally, the action of £'w on E will be given by the composition

Gi1jo--odrodrodoowlodoodiodao-odig

I 2isogenies I 2-isogenies
going back to E going to the surface
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Remark. Observe that this is the exact definition of the O;-orientation induced on E; along the isogeny
chain Eg -+ E1 — ... — E;.

Figure 6.11 — The action of w on oriented curves.

Remark. There is a second way of exploiting the action of [w] on Eg. It consists in computing the generalized
division polynomial of [cu],:-0 and then push it forward through the chain of 2-isogenies from Eqg to E. In our
situation this is not too hard since the 2-division polynomial describing isogenies has limited size.

Finally, we study the situation at depth 5:
13Z [32w] = qs45  where g5 = (13,32w + 11) and g5 = (13, 32w + 8)

Modular polynomials show that there is no 13-isogeny between jg, and jr, but we can construct a 13-isogeny

chain:
—| 8328 |]——
656w 7039w 6536w 2968w
Having found that [q]° - Es = Fs we study the order of q; in C¢(O;); clearly [po] = [1] and [q1] = [1], i.e.. qo
and g are principal, since the class number of Ok and Oy is one: h(Ok) = h(O1) = 1. In particular,

qgo= (13, w+4) = (w+4) since (w+4)(3—w) =13

(—4w —3)(4w + 1) = 13

= (13,2w+8) = (—4w — 3) since {(_4w - 3)(2w) = (2w + 8)

We also observe that [q2] = [1] € C(O»):
g2 = (13,4w +3) = (4w + 3) since (4w + 3)(—4w — 1) =13

This is confirmed by the fact that (13) acts trivially on SSg; (10007) and, in fact, E» = F».
The situation changes when we approach the third step: the equation

N(8Bw + a) = o® — 8a8 + 643 = 13

does not have integral solutions. This implies that g3 and its conjugate cannot be principal. On the other
hand, we have already seen that [q3]? = [1] in CZ(O3) supported by the evidence that p3 and §s acts identically
on SS&(lOOO?).
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Finally, we get to the interesting part; a straightforward computation shows that [q4] has order 4 in
&(04)1
4 _
qs = (176w + 15)
In the same way, [gs] has order 8 in C4(Os), which is reflected in the fact that there exist a chain of
13-isogenies of length 8 from Es to itself (and no shorter chain).

Having seen that [qs] has order 8 in C4(Os), we conclude that the secret key chosen to obtain the
sequence {F;}>_, is the Os-ideal g2.

(Os) — A(Os) — A(O3) — CA(O2) — CA(O1) — C(Ok)

W W W W V] W
[45]° — [a4]® [q] [q2] [q:] [q0]
I I I I
[94] [1] (1] (1]

Note that we could also work with p:

%(Os) —> A(Os) — A(O3) — CA(O2) — C(O1) — C(Ok)

w W w W W w

[Gs]° — [Gal® [4s]° [G2] (1] [o]
1 I Il I

[d3] 1] (1] (1]

In conclusion, this naive protocol is insecure because two parties share the knowledge of the entire chains
(Fi) and (G;). The question becomes: how can we avoid sharing the £-isogeny chains while still giving the
other party enough information to carry out their isogeny walk?

6.2.3 A more secure version

We now detail how to send enough public data to compute the isogenies ¥4 and g on G = G, and F = F,,
respectively, without revealing the £-isogeny chains (F;) and (G;). The setup remains the same with a public
choice of Ok-oriented elliptic curve Eq and £-isogeny chain

Eo—Ei— - — E,.
Moreover, a set of primes q1, . .., q: (above g1, ..., q:) splitting in O is fixed.
The first step consists of choosing the secret keys; these are represented by a sequence of integers
(e1,..., et) such that |e| < r. The bound r is taken so that the number (2r 4+ 1)t of curves that can be

reached is sufficiently large. This choice of integers enables Alice to compute a new elliptic curve
=
n Clil "CI?}

by means of constructing the following commutative diagram

ﬁo T W W T
Eo Eo EO

EO[CII] Eo[ql ] Eo[ql q2] [qll 9 ] EO[q - qt 1 ] EO[CIT1 qit]
tELe—eoe——eo—e— - —e0—-—@ — @

| | | 1]

Efoe—e—  —eo—eo— — @ — -

T
| L]

ELoe—0——e0—0——0— -

F,Sel) F[SeLl) F,Sel’eQ)

FY
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VI. OSIDH §6.2. The OSIDH protocol

At this point the idea is to exchange curves F, and G, and to apply the same process again starting
from the elliptic curve received from the other party. Unfortunately, this is not enough to get to the same
final elliptic curve. Once Alice receives the unoriented curve G, computed by Bob she also needs additional
information for each prime q;:

Bob's curve
Gn

Horizontal pj-isogeny * Horizontal pj-isogeny
with kernel G,[q;] with kernel Gp[q]

but she has no information as to which directions — out of g; + 1 total g;-isogenies — to take as ¢; and g;.
For this reason, once that they have constructed their elliptic curves f, and G,, they precompute, for each
prime q;, the gj-isogeny chains coming from @ (denoted by the class q;7) and ¢’

F,S;r) e Fé;l) — F,— Ffs’li) N F,S’r/._l) — F,SC-)

and

G666 6 5 6l

Now Alice obtains from Bob the curve G, and, for each /, the horizontal g;-isogeny chains determined by
the isogenies with kernels G,[q!]. With this information Alice can take e; steps in the qi-isogeny chain and
push forward all the g;-isogeny chains for / > 1.

Remark. We recall that pushing forward means constructing a ladder which transmits all the information
about the commutative action of ¢ in the class group.

of

!
/- T

GI(::21,62)<_... ° Y Gle)

A N
o]

1 1
6l @ @)
q3
// 12 //,CM
G == Gl e g2 Gy Gn Gy G —-— G\

‘// n1 // g1

Gy
Figure 6.12 — Ladder construction in OSIDH protocol.

Alice repeats the process for all the g;'s every time pushing forward the isogenies for the primes with
index strictly bigger than i. Finally, she obtains a new elliptic curve
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Bob follows the same process with the public data received from Alice, in order to compute the same curve
H,. Recall that, in the naive protocol, Alice and Bob compute the group action on the full -isogeny chains:

Eo—E1—Ep—— E,——2—— Ey— Gy — Gy —— G,

1Y
ERlliv

Eqc—F —F —-— F, _ Bob Eq—H — H,—--— H,
In the refined OSIDH protocol, Alice and Bob share sufficient information to determine the curve H, without
knowledge of the other party’s £-isogeny chain (G;) and (F;), nor the full £-isogeny chain (H,) from the base
curve Eg.

OSIDH protocol
A prime p and a supersingular elliptic curve Eg over F .

An order O of class number 1 orienting Eg
A descending ¢-isogeny chain Eg — E; — --- — E,
A set of splitting primes qy, . . ., g: CO =End(E;)) N K — Ok

PUBLIC DATA:

ALICE BOB
Choose integers in an
interval [—rgr] (e, &) (dr,... dt)
Construct an isogenous £ E, G — Ep
"_E[el...et} TR g g
curve nld1 q: ”[ql q¢ ]
P te all directi
vr;ecompu e all directions F Fn(,li) R F,E,r/) G o Gﬁ,l,) N Gﬁf,)
—r —1 —r —1
. and their conjugates F’Ev" e Ffsv" < Fy Ggy" e Ggy" <G,

Exchange data

G,+directions F,+directions
Takes e; steps in g;-isogeny  Takes d; steps in g;-isogeny
Compute shared data chain & push forward chain & push forward
information for all j > /. information for all j > /.
SHARED SECRET: Final elliptic curve H,
Hn _ Fn _ Gn _ En .

Folad - q]  Galaf---qf]  E g2t qft Y]

Remark. We can read this scheme using the terminology of Section 6.2.1. After the choice of the secret
key, we observe a vortex: Alice (respectively Bob) acts on an isogeny crater (that in the case of Ox = Z [(3]
or Z[i] consists of a single point) with the primes g - ... - g% (respectively q& - ... - q%).

This action is eventually transmitted along the £-isogeny chain and we get a whirlpool. We can think of
the isogeny volcano as rotating under the action of the secret keys and the initial £-isogeny path transforming
into the two secret isogeny chains.

6.2.4 Security considerations

Let O be an order of the form O = O,(M) = Ox(£"M) = Z + MQO,. In order to ensure security of the
system, we have seen that the data giving the orientation must remain hidden. A second consideration is
the proportion of curves attained by the action of the class group C4(O), and by the private walks ¥4 and
g of Alice and Bob in that class group. The size of the orbit of C4(O) is controlled by the chain length
n and conductor M, and the number of curves attained by the private walks is further limited by the prime
power data, up to exponent bounds, which we allow ourselves to transmit.

We note that C4(O) ~ SSEy(p) and define | the exponents space /1 X ... x Iy C Z' where [; = [—r;, 1j].
The security of OSIDH depends on the injectivity and surjectivity of the following maps

I =T11=r nl — SS&(p) — SS(p)

i=1
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Figure 6.13 — Graphic representation of OSIDH

In order to analyze the security of the protocol we state the following bounds and study their related impact.
We first consider the properties of the map SSg (p) — SS(p).

Supersingular covering bound. \We deal with the problem of covering a reasonable number of elliptic curves
in SS(p). We say that the map C4(O) ~ SSE (p) — SS(p) is A-surjective if #C2(O) > p* where X is the

logarithmic covering radius. We get

Alogy(p) < n+logy(M) + log, (h(Ok))

(SCB)

Remark. In SIDH the intermediate cloud covers O(,/p) supersingular elliptic curves, so the logarithmic
covering radius is 1/2. By varying the conductor M£", we determine the proportion of curves covered.
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Supersingular injectivity bound. How can one insure the injectivity of the map SSg (p) — SS(p)? We set

log,(p) (SIB)

N

1
n+log,(M) + 5 log,(|Ak|) <

Lemma 6.1. /f (SIB) holds, then the map SSg, (p) — SS(p) is injective.

Proof. As in Proposition 5.44, the failure of the injectivity implies the existence of two embeddings of O in
the endomorphism ring End(E). This implies the existence of T such that (A2 — T?)/4 = mp, see Lemma
5.43. Hence 2|A| > |A|+ T > p and, therefore, if injectivity fails we must have p < |A]. O

Remark. Comparing bounds (SCB) and (SIB), one sees that the transition from injectivity to non-injectivity

happens around the logarithmic covering radius A = % while surjectivity is only possible for A > 1. Further,

(SCB) does not guarantee surjectivity but only provides an upper bound on the number of classes covered.
This incompatibility however, is not problematic as injectivity is not really necessary for security.

We will now focus on the first map | — C£(O).

Minkowski norm bound. The set of elements obtained by random walks should contain no cycle; thus,

S il0gu(@) < 0+ logy(M) + 5 logy(|Ax|/4) (MNB)

i=1
Lemma 6.2. /f (MNB) holds, then the map | — SSg (p) is injective.

Proof. A collision in the map | — C¢(O) implies the relation

t t t
[T ~ I perce ) =TT
j=1 j=1

Jj=1

where ¢, d; € [—r;, rj] with s; = ¢; — d;, implying |s;| < 2r;, hence

loge(Nr(e)) = > |silloge(q)) > log, (|A]/4) = 2n+ 2logy(M) + log,(|Ak|/4) O
Jj=1

Class group covering bound. We now consider A-surjectivity of the map | — SSpor(p). In order to have
a uniform element of C4(O) it is desirable to be able to reach all elements of C£(O). A necessary condition
for surjectivity is that the cardinality of walks ending points is at least the class number of O. Adding a
parameter X\, we say that | — C4(O) is A-surjective if #/ > h(O)*. Taking the logarithm, this gives

Z loge(2ri + 1) = A (n+ log,(M) + log,(h(Ok))) (CGCB)

i=1

Remark. In adaptations of the OSIDH protocol, see Section 6.4.1, the class group surjectivity for C4(O,,)
is achieved with the weaker bound

t
Z logg(2ri + 1) > n+log,(h(Ok))
i=1
and surjectivity for C4(O) is achieved by a random walk at conductor M, giving a random element of the
kernel Z(O) — C(O,).
6.2.5 Parameter selection

Taking into account the above bounds and their security implications, we describe optimal choices for the
parameters of OSIDH: the chain length, the degree of the walks and the exponents of the private walks.

Chain length. Suppose that (E;) is an isogeny chain of length n, from a supersingular elliptic curve Eg
oriented by Ok of class number one, and consider

Hom(Eo, En) = ¢OK + 'LPOK
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As a quadratic module with respect to the degree map, its determinant is p2. If the chain is of sufficient
length n such that E, represents a general curve in SS(p), then a set of reduced basis elements ¢ and
satisfies

deg(¢) ~ deg(¥) ~ v/p.

Now suppose that ¢ : Eg — E, is the isogeny giving the £-isogeny chain. If deg(¢) = £" is less than /p,
then ¢Ok is a submodule generated by short isogenies, and E, is special. We conclude that we must choose
n to be at least logy(p)/2 in order to avoid an attack which seeks to determine ¢Ok as a distinguished
submodule of low degree isogenies. Using the supersingular covering bound, we extend this argument to
consider the logarithmic proportion A of supersingular elliptic curves we can reach. In order to cover p*
supersingular curves, out of |SS(p)| = p/12 + €p, deg(¢) must be such that

(O /L"Ok)"

- Ixf"=d ~ p.

(o) = ‘

In particular, choosing A = 1, we find that n = logy(p) is the critical length for reaching all supersingular
curves, which is a rather mild lower bound on n.

Degree of private walks. Suppose now that E = E, is a generic supersingular curve and F another.
Without an Ox-module structure, we have a basis {1, ¥2, ¥3, ¥4} such that

Hom(E, F) = Z4 + Z4 + Z4Ps + Za.

Assuming that E and F are generic relative to one another, a reduced basis satisfies deg(1;) ~ /p, as
above. Thus the private walk 94 should satisfy

N =

log,,(deg(a)) >

in order that Z4 is not a distinguished submodule of Hom(E, F). This critical distance is the maximal that
can be attained by the SIDH protocol.

As above, another measure of the generality of ¥4 is the number of curves that can be reached by
different choices of the isogeny 4. For a fixed degree m, the number of curves which can be attained is

IP(E[m])| = |PPY(Z/mZ)| ~ m.

For the SIDH protocol, on has £} ~ £ ~ \/p, and only \/p curves out of p/12 can be reached.
In the CSIDH or OSIDH protocols, the degree of the isogeny is not fixed. The total number of isogenies
of any degree d up to mis

> IP(E[d])] ~ 7,
d=1

but the choice of ¥4 is restricted to a subset of O-oriented isogenies in C4(O). Such isogenies are restricted
to a class proportional to m. Specifically, in the OSIDH construction, if we let S, C Ok be the set of
endomorphisms of degree up to m, and consider the map

(Ok/L"Ok)*

o O oy

~ (0).

Since |Sy| &= m, to cover a subset of p* classes, we need log,(deg(1a)) > .

Private walk exponents. In practice, rather than bounding the degree, for efficient evaluation one fixes a
subset of small split primes, and the space of exponent vectors is bounded. The instantiation CSIDH-512
(see [Cas+]) uses a prime of 512 bits such that for each of 74 primes one has a choice of 11 exponents in
[-5,5]. This gives 256 bits of freedom which is of the order of magnitude to cover h(—p) ~ /p classes
(up to logarithmic factors). In this instance the class number h(—p) was computed in [BKV]

For the general OSIDH construction, we choose exponent vectors (ey, .. ., er) in the space /3 x -+ x [y C
Z', where [; = [—r;, rj], defining 14 with kernel

ker(¥a) = E [af" -~ - q7'].
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In order to avoid revealing any cycles we want to respect the Minkowski norm bound while, in order to cover
as many classes as possible, we need the Supersingular surjective hypothesis to be verified. This second
condition yields p* < H}L:]_(er +1) < |&(O)| = £". For fixed r = r;, this gives

n > tlog,(2r + 1) > Alog,(p).

Setting A = 1, £ = 2 and log,(p) = 256, the parameters t = 74 and r = 5 give critical values as in
CSIDH-512, with group action mapping to the full set of supersingular points SS(p).

6.3 Attacks on OSIDH

In proposing OSIDH [CK1] the authors had two main security concerns: avoiding sharing too much informa-
tion and the length of the initial chain (and, by consequence, the number of attained elliptic curves). The
second problem has been immediately recognized as the main key in the protocol. If, on one hand, one would
like to be able to reach all possible oriented curve at a certain depth, the progressive loss of injectivity of the
projection map SSg, (p) — SS(p) poses a serious issue. This subtle clash between the ideal situation and the
practical solution was solved by relaxing expectations on the forgetful map above which, in the first instance
of OSIDH, needed to be only effectively injective, meaning that one could expect to be computationally
hard to find cycles. Indeed, it is well known that the possibility of constructing endomorphisms of an elliptic
curve is equivalent to the construction of an isogeny path form said elliptic curve [Wes2].

In the specific case of OSIDH, the protocol requires Alice and Bob to share information about the g;
horizontal chains on F, and G,. Onuki [Onu] claimed that the knowledge of such actions would give enough
information to recover the secret chains (F;, LI(A))OS,S” and (Gj, LEB))OS,‘SH and therefore expose the secret
keys, see Algorithm 8.

6.3.1 The attack of Onuki

The idea in [Onu, §6.3] is an adaptation of Petit's attack on SIDH [Pet] and consists in showing that the
knowledge of a K-oriented endomorphism L%A)(ﬁ) (respectively LEB)([B)) with 8 € O, \ 0,41 permits one
to recover the curve F,_1 (respectively G,_1) and by recursion the whole chain (F;, L/(-A))og,'gn (respectively
(G, L,(-B))og,-gn). We will sketch here the idea, taking the point of view of an attacker trying to recover
Alice's secret key; in particular we will write ¢; instead of L,(.A).

Let us fix a generator w for Ok = Z[w]. Then £"w generates O, = Z+£"Ox. We then write 8 = a+bl"w
fora, b€ Zand (£, b) =1since 8 ¢ Opi1. Knowing t,(B) permits one to recover ¢,(be"w) since v,(a) = [a]
and this is enough to construct the curve F,_; thanks to [DD1, Lemma 2]. This lemma uses the diagram
below, and therefore the equality ¢,(b"w) = ¢p_1 0 Lp_1(bL"1w) o ®n_1 to prove that

ker (tn(b€"w)) N F,[€] = ker (¢n-1)

Therefore, evaluating t,(b€"w) on F,[¢] permits one to recover ker(¢,—1) and this is the input needed to
construct ¢,_1 and F,_1 using Velu's formulae [Vél].

®n—3 bn-3
Fn—2 br2(b7) n—2
$n-2 $n-2
Fn-1 (b7 n—1
$n-1 $n1
F, tn(be"w) F,
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Note that at this point one knows F,_; and the directions at F, for all the primes g;:

FCND e 17 F Y g1t E £ FY _rq1. F ED a1 F
n,i [ql] n — — n,i [q/] n — n — n,i [q’] n — — n,i [ql] n

By pushing these horizontal isogenies along the dual isogeny @,_1 we obtain the directions at F,_;

A =lal™  Fra == Fpoy — - — A2 =0 Foa

n—1,i

After this polynomial time reduction, the only remaining question is how to find such an endomorphism
tn(B). Onuki [Onu] proposes to find B such that O, = | - J where / and J are two ideals such that

t

I'= H(CIJ NO,)° e ..., e €—r ..., rINZ
i=1

and J has smooth norm. Then there exists an horizontal isogeny /- (Fp, tn) — 1J-(Fy, L) with kernel /- F,[J]
that can be found with a meet-in-the-middle exhaustive search strategy. The desired endomorphism ¢,(G)
will be the compositum of F, — [ - F,, that can be deduced from the knowledge of the directions at F,,
with |- (Fp, tn) = 1J - (Fp, tn).

The attack of Onuki requires a huge number of computations (219° with parameters n = 256, t = 74,4 =
2 and r = 5) and remains exponential. The high cost and complexity motivated Dartois and De Feo [DD1]
to propose a different method to compute ¢,(3) based on a lattice reduction.

6.3.2 The attack of Dartois and De Feo

The idea of Dartois and De Feo reduces to finding a short enough non-zero vector of bounded norm in the
relation lattice

Ln:=q (e ..., e) € Z' | [ la; 0 ©0nl® = [1] in C(On)

j=1
where (eq, ..., e;) is the exponent vector of the private walk in the space /1 x ... x [; C Z! such that
lj = [—rj, rj] defining ¥4 as ker(Ya) = E[q7* - ... - q5'], see [CK1, §6].

Some (not so effective) countermeasures

Dartois and De Feo [DD1, §5] analyze some possible countermeasures to their attack and come to the
conclusion that none of them would make OSIDH really efficient. We sketch here both their ideas.

Increasing the parameters. The first approach would be to increase the size of the parameters and therefore
of the relation lattice above. The drawback is that this slows down drastically the protocol while reducing it
to a lattice problem for which cryptographic schemes normally have much faster implementation.

Increasing the class group size. The idea of playing with the length of the public chain was already
present in the first appearance of OSIDH but left aside to prioritize the surjectivity of the forgetful map
SS’gH(p) — SS(p), i.e., the possibility to reach as many isomorphism classes as possible. At the same time,
once the public chain is fixed, Alice and Bob work in a well determined class group and a second walk comes
into play, namely their private chain. The length of this path should verify the supersingular covering bound
(SCB) and the Minkowski norm bound (MNB). As for the first constraint, since the size of the class group
is around h, = £", it suffices to take H;:1(2r,- + 1) < h, as in [CK1, §6].

To theoretically prove that the product is not principal, would require a = Hj q" to be such that the
binary quadratic form ax? + bxy + cy? with A = b?> — 4ac = Ax£>" remains reduced (|b| < a < c), which
would imply a bound

_H(2r,- +1) < VI4l/3 =2"\/]Ak/3,

which makes (MNB) a stronger constraint. If we set r; = r/log(q;) then (MNB) implies roughly tlog,(2r) <
n while SCB implies tr < n.

As pointed out in [DD1], one could relax the condition on the surjectivity and the corresponding inequality
to resist Dartois-De Feo attack. Assuming that the relations lattice L is a random lattice, one get that the
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shortest infinity norm is:

loglog(t)\ h(O,)*t
AiFOO(L) Z <1 o9 ig( )> ( ;)
Hence, we simply have to make sure that:
(1 —loglog(t)/t)h(O,)Yt/2 > 2r

which yields n > tlog,(4r).

Nevertheless, this turns out to be not enough because even if A\; > 2r, we could still find an endomorphism
by exhaustive search as explained in [DD1, §4.3].

In OSIDH [CK1], we proposed n = 256 which gave a coverage of C4(O,) by [[(2r + 1) classes. Recog-
nizing that we cannot attain all C£(O,) classes, but only [[(2r; + 1) of them, we impose the condition

t t t
log, (H(2r,- + 1)) > Mlogy(p) which gives 22 r > Z logg(2ri + 1) > Xlog,(p)

i=1 i=1 i=1

Thus, setting the bound B = r;log,(q;), (SCB) is replaced by

L1
2B (; Ioge(q,)> > Alog,(p)

In order to protect against short vector attacks in the class group it is more critical to have
t
[ +1) < hoy)
i=1

Therefore, we can replace (MNB) by n > tB.

Example. For A\ = 1, log,(p) = 256, n = 1024 =20 £ =2 B =16 and t = 64 we get

t
1
128 =  logy(p) < 136 ~ B (logy(q)) ™ < tB < n=1024
i=1

6.4 Expanding the OSIDH protocol

These prior attacks and analyses motivate the idea of enlarging the class group without touching the key
space using clouds. In this section we propose two approaches to augments C£(O,(M)) in a way that no
effective data is transmitted for a third party to compute cycle relations. In both cases, it comes down to
an extension of the initial chain by the two parties separately.

6.4.1 Modular OSIDH protocol

The OSIDH protocol (Section 6.2) made exclusive use of the class group action at split primes in O. In
this work we extend the protocol to include descent in the eddies at non-split primes (inert or ramified) or
at large primes which are not cost-effective for use for longer isogeny walks.

Isogeny computation. The standard practice in supersingular elliptic curve-base cryptosystems, such as
SIDH [DJP], CSIDH [Cas+] and SQISign [De+], is to use torsion points of smooth order, whose existence
is assured by the factorization of p?> — 1. This practice is justified by the analysis of De Feo, Kieffer and
Smith [DKS], who describe algorithms for isogeny computation with modular curves and torsion points. In
particular, for the modular curve approach they describe explicit algorithms, “Elkies first step”’ and “Elkies
walk” and analyze their complexity. In conclusion, the alternative “Vélu walk” using torsion points is found
more efficient.

By means of precomputed modular isogeny walks (chains and clouds), in this protocol we replace the
Elkies steps with pushforward algorithms which require only gcd’s of modular polynomials to “compose”
isogenies, at the cost of memory. These algorithms are described below. We use Weber modular polynomials,
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whose sparseness and small coefficient size renders the construction of their specializations from bivariate
to univariate polynomials more efficient.

The use of a torsion point of order g" or a basis of the g" torsion would provide an efficient method
of compressing the precomputed g-isogeny chains and g-isogeny clouds, respectively. This would be of
particular interest for the larger primes, and the use of the modular approach for small primes would vastly
simplify the sieving step for finding suitable primes.

Pushforward of chains. The pushforward of a g-isogeny chain by an Z-isogeny, both from a curve E, was
described in [CK1] in terms of construction of isogeny ladders. This process is iterated to push forward the
g-isogeny chain along a £-isogeny chain E = Fp — --- — F, = F to create the image g-isogeny chain from
F.

Pushforward of clouds. The pushforward of a g-isogeny cloud by an £-isogeny chain involves pushing
forward each of the g 4+ 1 neighboring g-isogenies along the isogeny chain, iterating to depth r. This is
represented graphically in the following image (for g = 3).

S ST

RN/ TN
o \0$:0 ./ \Q$:Q
O‘ﬂ. 0‘ O‘ﬂ. 0.

The ladder construction requires taking gcd's with polynomials of degree £ 4+ 1 and degree g + 1. As
the matching of the g + 1 neighbors progresses, the degree of the latter polynomial decreases, but the total
cost remains proportional to the size of the cloud.

The protocol

We describe the new modular OSIDH key exchange protocol using horizontal isogenies at split primes and
descents at non-split primes. The protocol is broken down into three phases of parameter setup, key
generation, and finally key exchange. Only the final stage requires computation in real time, as the first two
steps concern the initialization of the protocol and systems of public-private keys.

The protocol requires setting up a set Ps of split primes in Ok for exchange of horizontal isogeny chains,
shared by parties A and B, and two sets P4 and Pg of non-split prime powers for the exchange of isogeny
clouds. The depth n at £ of the initial descent, and the conductors M4 and Mg, products of the prime
powers P and Pg, respectively, determine the conductors of the exchanged oriented orders O,(M,) and
O,(Mg). In the following section we give particular parameters choices for the sets P4 and Pg in order to
assure that My =~ Mp.

Phase 0 - Parameter setup. The initialization phase consists of fixing a discriminant Ak and prime £, and
constructing a common public isogeny chain (of moduli) from a given supersingular curve Eg/F. with CM
by the order of discriminant Ax. The terminus E, of this isogeny chain is denoted E.

Eop—Ei—...—E,=E

The protocol is based on a prior specification of disjoint prime sets Ps of split primes, and P4 and Pg which
partition the non-split (inert or ramified) and larger split primes. In the case of split or ramified primes, only
descending isogenies are used, which have the effect of increasing the class group size.

We will first look at the set Ps: at this stage we need to precompute the initial directions in the class
group (this is the analog of Elkies first step) at split primes - this step was also present in the original OSIDH
protocol [CK1]. This means that, to each prime and exponent pair (g, r) in Ps, g-isogeny chains of length
2r are constructed from Eq for each prime q over g, and pushed forward to E. One direction is declared
positive and the other negative, so that the concatenated chains are in bijection with [—2r, 2r].

Secondly, we let the two parties precompute labeled clouds at non-split primes including £. For each
prime and exponent pair (g, r) in P4 and Pg the g-isogeny eddy of depth r is constructed around Eq and
pushed forward to E.
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This initialization data is made public, after which each party in an exchange can play the role of A or
B, initializing one or more public and private key data sets as follows.

Phase | - Key generation. Following the setup procedure, A and B will compute their secret key.

On one side, A begins with F = E. As in the original instantiation of OSIDH we define /; = [—r;, ri]; for
each prime g; in Ps, A chooses a random s; € /;. For j = 1 up to t, she constructs the g;-isogeny walk of
length s; from the current £, relabeling the remaining curves in the interval I; +s; = [—rj+s;, 1 + 5] C
[—2r7,2r;] to I, and pushing forward the curves in the intervals /; for each i < j and the intervals /; 4 s; for
each / > j. She also pushes forward the g-clouds at each prime g in P4 and Pg.

A should then compute the non-split key: for each prime and exponent pair (gj, r;) in Pa, A chooses a
random walk of length r; in the cloud to a new curve F and pushes forward the remaining unused g-clouds
for g in Py as well as all g in Pg to F.

The data F and g-isogeny chains at primes g in Ps and g-clouds at primes g in Pg constitute A's public
key. The indices s;, for 1 < j <t and the isogeny walks in P4 form her private key.

In parallel, B constructs an equivalent public key on a curve G with data for the primes in Ps and in P,
saving his private key. The public key data for A and B can be certified by a certification authority.

Phase Il - Key establishment. A obtains the public key data from B (or a certification authority) and
reconstructs her isogeny walk from G using B's data for Ps and Pa.

B obtains the public key data from A (or a certification authority) and reconstructs his isogeny walk
from F using A's data for Ps and Pg.

The curve H resulting from A's and B's random walks serves as secret key.

6.4.2 Parameter selection

In this section we make specific proposals for the sets Ps, Pa and Pg, with respect to the maximal order Ok
of discriminant Ax = —3 and prime £ = 2, and analyze the security consequences. We defer the question of
size of p, which does not impact the size of the class group or attacks in that class group, noting only that
n should be of the same order of magnitude as log,(p) to ensure that |C4(O,)| ~ p, hence that the initial
curve E = E, can be a generic curve in the supersingular graph. The use of a 256 bit prime was specified
for the original OSIDH protocol [CK1].

In order to have a uniform contribution for each prime, we choose the maximum exponent r of a split
prime g in Ps such that g" is bounded by a bit bound Bs per prime power, i.e., we set r = |Bs/l09>(q)].
For primes q; over g;, we recall that a collision in the class group of O,(M),

t t

aj b;
H%NH%v
=1 j=1

with |ajl, |bj| < rj, gives rise to an endomorphism «, with exponents s; = |a; — b;| bounded by 2r;, up to
replacing q; with g;, and with norm satisfying

t
1% > Bl g 14184
N(a)_qu'>4—M£ 7
J=1
Hence, if we choose t, Bs, M and n such that the Minkowski norm bound (MNB)

t
> rlogy(q)) < tBs < logy(M) + n

=1

holds, no such endomorphism exists in O,(M), and the lattice-based class group attack of Dartois-De
Feo [DD1] does not apply.

Security considerations. As a consequence of the analysis of security against lattice-based class group
attack, the number t of split primes, and the product tBs in particular, should be strictly controlled, as well
as the size of the conductors M (equal to Ma or Mg). In the example below we begin with t = 10, and a bit
bound Bs = 32 (or 24), giving tBs = 320 bits (or 240 bits). We also use eddies at larger split primes which
contribute equally a term log,(q) to both sides of the inequality, but allow for an increase in the number of
vertices reachable in the supersingular isogeny graph.
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Parameter sets. In what follows we set Ax = —3 and £ = 2, and propose parameter sets Ps, Pa and Pg
out of the primes up to 163 with an analysis of their security constraints. We subsequently consider the
security implications of modifying Bs and moving split primes into the sets P4 or Pg to use for descents (in
the eddy).

Ten split primes. For a parameter set, we consider P consisting of the first 10 split primes g in the maximal
order Ok of discriminant —3, with a bound r = |Bs/log,(q)], with Bs = 32, such that we take a walk
whose length is in the interval [—r, r] — a positive value is with respect to a prime g over g and a negative
value is with respect to g.

g: 7 13 19 31 37 43 61 67 73 79
Ps: r: 11 8 7 6 6 6 5 5 5 5
#: 23 17 15 13 13 13 11 11 11 11

The third line is the number 2r + 1 of curves reached by a uniformly random length walk. This gives a

logarithmic contribution of
10

> logy(2rj + 1) = 37.4569...
j=1

to the entropy of the random walk. On the other hand, the logarithmic norm, which we must bound is:

10
> rilogs(q;) = 306.2115...(< 320 = 32 10).

J=1

We partition the remaining primes up to 163 into sets P and Pg, with a radius for the cloud (or eddy), as
follows:

qg: 2 11 17 41 47 59 83 101 103 109 131 149 151 157
Pa: r: 7 2 1 1 1 1 1 1 1 1 1 1 1 1
#: 128 132 18 42 48 60 84 102 102 108 132 150 150 156

including the split primes 103, 109, 151 and 157, and

qg: 3 5 23 29 53 71 89 97 107 113 127 137 139 163
Pg: r: 4 3 11 1 1 1 1 1 1 1 1 1 1
#: 81 150 24 30 54 72 90 96 108 114 126 138 138 162

including the split primes 97, 127, 139 and 163.
The specification of the descending isogenies in P4 (by B) at the split primes leaks the horizontal
directions for these primes, giving an additional contribution of

l0g5(103) + log,(109) + log,(151) + log,(157) = 27.9877..
bits to the logarithmic norm, and symmetrically, the descending isogenies given in Pg (by A) leak an additional
l0g,(97) + log,(127) + log,(139) + log,(163) = 28.0562...

bits to the logarithmic norm. In both cases the maximal logarithmic norm which can be attained is less than
335 bits. These prime sets each contribute a log, (M) of 90 bits, such that n must be at least 244 to defeat
the lattice-based class group attack.

The third line of the tables for P4 and Pg are the numbers m(q, r) of curves at distance r:

(o= ()

and for each set we have Y log,(m(q, r)) = log,(M) = 90 bits contributed to the number of curves reached
by the random isogeny walk. Together with the contribution of split primes, this gives approximately 128
bits (out of log,(p) bits in |SS(p)|) to the supersingular covering bound (SCB).

Remark. While the lattice-based class group attack is rendered ineffective for n = 256 by the logarithmic
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Minkowski norm bound (MNB) (including split primes in P4 or Pg with r = 1),

t
> " rjlogs(q;) & 344 < loga (M) + n & 90 + 256 = 356,

J=1

with respect to the class group C4(O,(M)), the margin of security of 12 bits is insufficient. It suffices to
construct a putative cycle, with respect to the class group C(O,,(M)) for m + 12 < n, and construct the
corresponding isogeny in the class group C4(O,(M)), and carry out an exhaustive search up to radius 12 in
the £-isogeny graph to find a collision. This suggests a more moderate bound Bs like 24, which gives the
split prime table:
g: 7 13 19 31 37 43 61 67 73 79
Ps: r: 8 6 5 4 4 5 4 3 3 3
#: 17 13 11 9 9 9 9 7 7 7

which results in a more secure 120-bit margin of security:

t
> " rjlogs(q;) ~ 236 < log, (M) + n ~ 356.
j=1

On the other hand the random walk at split primes contributes only 32 bits to the number of curves (modular
invariants) attainable in the graph, for a total of 122 bits.

Two split primes. For comparison we consider the use of just two shared split primes with a bit bound
Bs = 64 which allows for longer walks at the split primes.

g: 7 13
Ps: m: 22 17
#:. 45 35

The longer walks, with Bs = 64 contribute 125 bits to the maximal norm of a product, while giving
35 - 45 = 1575 possible isogenies.
The remaining 36 primes up to 163 can be partitioned into sets P, and Pg as follows:

q: 2 11 17 31 37 41 47 59 o6r 73 83 101 103 109 131 149 151 157
Pa: r: 7 2 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1
#: 128 132 18 30 36 42 48 60 66 72 84 102 102 108 132 150 150 156

including the split primes 31, 37, 67,73, 103,109, 151, 157, and

3 5 19 23 29 43 53 61 71 79 89 97 107 113 127 137 139 163
24 3 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1
#:81 150 18 24 30 42 54 60 72 78 90 96 108 114 126 138 138 162

including the split primes 19, 43,61, 79, 97,127,139, 163. These split primes each contribute 50 bits to the
maximal norm of a product ideal, and each set P4 and Pg contributes 112 bits to the conductor M (=
Mpa or Mg). As a result we have a bound of 125 + 50 = 175 bits on logarithmic norms, compared to
log,(M) = n= 112 + 256 = 368 coming from the discriminant bounds.

Remark. We emphasize the disparity between 1575 curves reachable by 7- and 13-isogenies, a contribution
of just 10 bits, compared to their maximal degree (norm of a product ideal) of 125 bits. These products
will be complemented with eight other split primes in P4 or Pg (see below), but it is unlikely the set of
1575 - 3% possible products (a 23-bit number) will contain a principal ideal in a class group of 360 bits. This
improbability of a collision with the principal class is ignored in favor of the stronger absolute bound on norms
of endomorphisms, which gives a provable zone of exclusion.

Conclusion. By the same logic one could consider reducing to zero split primes. However, the number of
curves which can be reached will be fewer, since the 45 or 35 isogeny neighbors which can be used by both
A and B, which will be replaced by an eddy at 7 or 13 (in P4 or Pg) of fewer than 1575 neighbors, since to
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depth 2 this contribute 42 and 156 neighbors respectively. Extending to depth 3 would explode the size of
the cloud beyond reasonable limits (passing at most 162 neighbors per prime up to 163).

6.4.3 Security considerations revisited

The parameter choices described for OSIDH [CK1] where presented with two competing considerations, see
Section 6.2.4. The K-orientation must remain hidden and a large logarithmic covering radius X\ of total
supersingular curves should be reached by the class group, supersingular covering bound (SCB):

A < log,, (IC(On)])

so that &Z(0,) — SS(p) has large image. Secondly, the Minkowski norm bound (MNB) implies the non-
existence of | Nker (Zt — C(O,)), see Lemma 6.2.

In CSIDH-512 [Cas+], the proposed parameters n = 256, t = 74, and r = 5 were supposed to sample
class group elements uniformly; this means that the authors were more interested in insuring surjectivity
(CGCB) rather than injectivity (MNB) of | — C2(0O),

loge([/]) = tloge(2r + 1) ~ log, (ICL(On)]) = n.

Unfortunately, to provably preclude collisions in OSIDH, one needs a stronger bound on the norms of
elements:

t

> " rlogy(q;) < n+ logy(M)

j=1
which clearly fails for (t = 74,r; = 5,n = 256). In fact these parameters permitted the full class group
computation for the CSIDH-512, resulting in the CSI-FiSh protocol [BKV]. In the setting of CSIDH-512,
the class group and its order was unknown and O(t) cycles are needed to determine the class group. In
the setting of OSIDH, the class group is known, and only one short vector is needed to determine the
K-orientation.

Onuki [Onu, §6.3] recalls the design objectives from OSIDH [CK1, §5.1] that the knowledge of the
K-orientation breaks the cryptosystem, giving an ascending walk up the ¢-isogeny chain, and proposed an
exponential meet-in-the-middle attack. Dartois and De Feo [DD1] carry out the class group attack to
determine a cycle hence breaking this parameter set. Combining a class group analysis in Z(O,—,) and
meet-in-the-middle attack to depth r makes this approach even more significant.

The norm bound (MNB) suggests using a uniform bound Bs on rjlog,(g,) rather than the exponents r;.
This gives

t t
Mogg(p) <D logy(2r;+1) <> rilogy(qy) < tBs < n+ logg(M)
=1 Jj=1

used in the parameters selection of Section 6.4.1 and for which (t = 64, Bs = 16, n = 1024) represent a
choice of parameters ensuring injectivity of | — C£(Q), see Section 6.3.2.
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https://pub.math.leidenuniv.nl/~vonkjb/teaching/2017_math596/PartialNotes.pdf

Glossary of notation

An
Ak
Ay o
Aut(E)
a(h)
a(0)
Ck
Cusps(IN)
A
Div(X)
DivP(X)
Ex(T)
Ellk
EL(O)
End(E)
End°(E)
EDiv(X)
n(T)

f, 1. f2
Fq
r(1)
Gat(L/K)
Gk (M)
Ge(E)
Gy(E.T)
Ge(E. L)
GLa2(R)
H
H*
Ha, Ho
h(A)
h(0)
Hom(E;, E»)
Ik
JiJe J(E)

Affine space of dimension n

Ring of adéles of K

The quaternion algebra ramified at p and oo
Automorphism group of the elliptic curve E

Form class group of discriminant A

Class group of the order O

Idele class group of K

Set of cusps of the congruence subgroup I

Discriminant

Group of divisors of X

Group of degree zero divisors of X

normalized Eisenstein series of degree k

Set of isomorphism classes of elliptic curves over K

Set of isomorphism classes of elliptic curves over the ring class field of O
Endomorphism ring of the elliptic curve E
Endomorphism algebra of the elliptic curve E

Monoid of effective divisors of X

Dedekind eta-function

Weber modular functions

The finite field with g-elements

The modular group

Galois group of the field extension L/K

The Eisenstein series of weight k associate to the lattice A
The £-isogeny graph of the elliptic curve E

The £-isogeny graph of the elliptic curve E with '-level structure
The £-isogeny graph of the elliptic curve E with O-orientation ¢
General linear group of degree 2 over the ring R

The Poincare upper-half plane

The extended upper-half plane

Hilbert class polynomial

Form class number of discriminant A

Class number of the order O

Group of isogenies between the elliptic curves E; and E,
Idéle group of K

J-Invariant of an elliptic curve E

Algebraic closure of the field K

Polynomial ring over K

Coordinate ring of the variety X

Function field of the variety X

Canonical divisor of the variety X

Kummer line of E

Riemann-Roch space associated to D

Set of lattices over C

Complete linear system of D
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(D)
Ma(R)
O
9
]P)n
Pic(X)
Pico(X)
Prin(X)
O
Un
T, TE, Tq
o
PSL>(R)
SL2(R)
SS(p)
SSo(p)
SS6 (p)
SSg ()
To(E)
X(K)
X(I)
X5 (N)
Xns(N)
Xs(N)
Y(T)
Wi
Wn
WE
Qe
Q%

Dimension of L(D)

Group of 2 x 2 matrices over the ring R

Order in a quadratic imaginary field

Order in a quaternion algebra

Projective space of dimension n

The Picard group of X

Picard group of degree-zero divisor classes on X

Subgroup of principal divisors of X

Classical modular polynomial of degree N

The n-th division polynomial

Frobenius endomorphism of an elliptic curve E over F,

The Weilerstrass g-function

Projective special linear group of degree 2 over the ring R

Special linear group of degree 2 over the ring R

Set of isomorphism classes of supersingular elliptic curves over F,,
Isomorphism classes of O-oriented supersingular elliptic curves over Fp
Primitive O-oriented supersingular elliptic curves over Fp

Primitive O-oriented supersingular elliptic curves over Fp with p-orientation p
The £-adic Tate module attached to the elliptic curve E

Set of K-rational point of X

Compact modular curve of level structure I

Atkin-Lehner quotient of Xo(N)

Modular curve associated to a non-split Cartan subgroup of level N
Modular curve associated to the normalizer of a non-split Cartan group of level N
Affine modular curve of level structure I

Weber modular curve of

Atkin-Lehner involution of degree n

Invariant differential on the elliptic curve E

Sheaf of differentials on the elliptic curve E

Line bundle of holomorphic differentials on X
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Appendices

A Models for modular curves

Models for X,(2")

Model for Xy(2)

Xo(2) is curve of genus 0. We get

= (; )

we look for the easiest parameter (the one with a single pole at oo) by solving

2a1+a, >0
ar +2a = 24
(i) a1+a=0

(i) a1 +2a, =0 mod 24
(iii) 221 + a2 =0 mod 24
(iv) a3 +2a, =0 mod 2

We obtain the parameter

24
th = ( gt ) = g7t — 24+ 276q — 2048¢° + 11202¢° + . ..
n2(T)

which has divisor
(t2) = (0) — (o0)

From the divisor it is easy to observe that t,(0) = 0 and t>(oc0) = oo and these are called coordinates of
t> at the cusps.

We have two maps 71, T2 : Xo(2) — X(1) both of degree 3. An element on Xy(2) can be described
either as a pair (E, C) of an elliptic curve together with a cyclic subgroup of order 2 or as a cyclic isogeny
E — F. In the first case, the map 7; sends (E, C) to E (forgetful map) and 7, sends (E,C) to E/C. On
the other hand, m; sends E — F to E and 7, sends the same isogeny to F. Clearly this two description are
equivalent.

We are interested on the action of these two maps on the parameters of Xo(2) and X(1), namely t,
and the j-function. Thus, we look for algebraic relations between t, and j. In particular, we would like to
express j = j(tp) as a function in to. For this reason, we look for a relation of degree 1 in j; we obtain the
polynomial

P(X,Y) = XY? -Y3-768Y? — 196608Y — 16777216 = 0

which has solution (J, t2).
Inverting the relations with respect to j, we conclude that

£3 + 76813 + 196608, + 16777216 _ (to + 256)3
£ B

() =
Concerning the second map T, we have to compare the g-expansion of t, with the g-expansion of j(g?)
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since 5 has the effect ¢ — g2 on the canonical g-expansion at co. We find

(tr + 16)°
to

() =

For completeness, we will also study the formula for the Atkin-Lehner involution w». We have seen that w»
simply switches the cusps (0) and (o0). Thus wx(t2) = £ for some constant c. In order to recover it, we
recall that

M O Wy = My = Wy O Ty = Ty
and substituting the expressions that we already know, we get

4096

wo(tr) = &

We conclude with a picture describing the ramification of the forgetful maps at the cusps
Xo(2) 0 o 0 oo
LS 2\ /1 T2 ! 1\ /2

X(1) 00 00

Model for Xy(4)

Let's take another step up in the tower X,(2"). Xo(4) is again a curve of genus 0 and
4 2 1
AB=[1 2 1
1 2 4

Solving the linear integer programming problem for § = 1 yields

8
ty = (n(T)> =q ' —8+420g—62¢°> +216¢° — 641q" + . ..
M4(T)

with divisor
(ta) = (0) — (o0)

The coordinates at 0 and oo are easily deduced from the divisor: t;(0) = 0 and t4(c0) = co. The
coordinates at % are slightly more difficult to find. We can compute them starting from a different parameter
whose divisor is more helpful: for instance, we can look for a modular function on Xo(4) with divisor (3)—(c0).
We find

t/ 72 (T)24

4:W (fi):(i)*(oo)

We can easily find, using magma, that t, = t, — 16 from which

1y (1 _
(D)= (2) 55

We have two maps 71, T2 : Xo(4) — Xo(2). We can think of points on Xy(4) both as elliptic curves
with a cyclic subgroup of order 4 or as sequence of 2-isogenies of length 2. In the first setting, the map
7y sends (E, C) to (E, C[2]) while 75 sends (E, C) to (E/C[2], C/C[2]). If we think at the isogeny chain
E — F — G, m; outputs the first isogeny E — F while w5 gives the second one F — G.

At this point, it appears clear that, in order to obtain an explicit description of 77 we have to compare
the g-expansions of t; and t> while 75 comes from the comparison of the expansions of t; and t»(g?).

We find
2

t
i (t) = t4f16 5 (t2) = ta(ts + 16)

Note that there are also 3 maps 1, w2, T4 : Xo(4) — X(1) which give the three elliptic curves involved
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in the isogeny chain. From the comparison between t4(q) and j(q), j(¢?), j(q*) respectively, we obtain

| t9 + 768t + 208896t] + 2306867213 + 85563801617 + 12884901888t, + 68719476736

mU) = £+ 16t
() = t2 + 48t7 + 1536t] + 28672t7 + 3932167 + 314572814 + 16777216
2V t4 4+ 32t3 + 25617
i) = t2 + 48t7 + 816t] + 5632t; + 13056t; + 12288t4 + 4096
() =

t2 + 16ts

If we simplify the expressions we get

(t2 + 2561, +4096)3
t4(ta + 16)

(t2 + 16t4 + 256)3
t2(t7 4 32t + 256)

(t2 + 16t, + 16)3
ts(ts + 16)

() = mU) = () =
and we can immediately see that they correspond to the compositions

1 Xo(4) —=— Xo(2) —2— X(1)

Mo 0 Xo(4) —— Xo(2) —=— X(1) = Xo(4) —=— Xo(2) —— X(1)
Ty . X0(4) L X0(2) —W2—> X(l)

Remark. The equality in the second equation can be explained intuitively: m, associates to £ — F — G,
the second elliptic curve F. Since F is the central curve, it is involved in both the 2-isogenies. What the
second line is saying is simply that the second elliptic curve of the first 2-isogeny is equal to the first elliptic
curve of the second 2-isogeny.

Finally, we study Atkin-Lehner involutions. Since 4 = ¢2 there is only one such involution, namely ws.
This switches the cusps 0 and co meaning that it is of the form ¢/t4 for some constant ¢. From lemma 2.44,
we know that Ty ows = wpomo where 1, Mo+ Xo(4) = Xo(2), wa @ Xo(2) — Xo(2) and wy : Xo(4) — Xo(4)

and we get
256

wy(ts) = &

Remark. The Atkin-Lehner involution has the effect of switching the order of the isogeny (chain) as seen
at the end of section 2.2.5

As before, we conclude the section with the ramification diagrams

Xo(4) 0 1/2 oo 0 12 o
T 2 1 1 T2 1 1 2
Xo(2) 0 \oo/ \O/ o0

Remark. The ramification diagram for Xo(4) — X (1) can be obtained by the multiplicativity of the ramifi-
cation indices.

Model for X;(8)

The curve Xy(8) is also of genus 0. The associated matrix is

A(8) =

= = N 0
NN D
A~ BB DNON
N = =

Once again, we look for a modular function having poles only at infinity and we find

n(T)*na(7)?

= =g —4+49+2¢° - 8¢° — q" +20¢° + ... ts) = (0) — (o0
"7 m(r)eme(r)t 7 9+29°—8q"—q" +20g (ts) = (0) — (0)
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There are 4 cusps on Xp(8). The coordinates of tg at 0 and oo are
tg(O) =0 and tg(OO) = o0
Concerning the cusp ¢; = 1/2 we compare tg with

t/ _ 772(7)10
& ()4 na(7)?ns(1)*
which has divisor (t§) = (1/2) — (00). We find that ts — t, +8 = 0 from which t5(1/2) = t{(1/2) —8 = —8.
Finally, for ¢4 = 1/4 we use the n-quotient

774(7')12
M2(7)*ns(T)8

ty = (tg) = (1/4) — (0)
which is related to tg by the relation tg — t{ +4 = 0. Thus t{(1/4) = —4.

Contrary to what we did for Xo(4) we will not study all the maps Xo(8) — X(1) or Xp(8) — Xo(2)
since they start becoming too many. More importantly, they can be easily deduced by composition.

We will then study only 71, 5 : Xo(8) — Xo(4). The description of these maps is similar to the one we
explored before. Starting from a sequence of 2-isogenies Eg — E; — E; — E3 (a point on X(8)), these
maps select the only two subsequences of length 2, respectively Eg — E1 — E> and E; — E; — Es.

By comparing the g-expansions of tg and t; we find

t§
ts+4

i (t) =

Now we observe that the two sequences above Eq — E; — E» and E; — E> — E3 are 2-isogenous meaning
that the explicit form of 7, can be found comparing tg(q) with t4(g?) where the exponent 2 encodes indeed
the 2-isogeny relation

m5(ts) = tg(ts +4)

Finally, we study the Atkin-Lehner involution. We can observe that the only involution on Xy(8) is ws.
On the cusps, this has the effect of switching 0 with co and 1/2 with 1/4. From the divisor of tg, we see
once again that wg must be of the form c/tg. Thanks to the compatibility relations we obtain

wilte) = 3
Xo(8) 0 1/2 1/4 o0 0 1/2 1/4
T 2 2 1 1 o ! 1 1 2 2
X(4) 0o 1/2 \oo/ \0/ 1/2 o

Remark. The first diagram can be obtained just by observing how the cusps are conjugated under Io(4).
For the second one, we can use once again the compatibility relations.

Model for X,(16)
The curve Xo(16) has genus 0.

16 8 4 2 1
4 8 4 2 1
Ale)=| 1 2 4 2 1
1 2 4 8 4
1 2 4 8 16
We select the parameter
n(T)?ng(T)
tig = —F—————= t =(0) — (00
6= ey (19 =)= ()

The coordinates are listed in the following table
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Cusp ¢ Coordinates t16(c) Eta-products with divisor (¢) — (00)
0 0 ti6
5
1/2 _a 772(;) 778(27)2
n(7)?na(7)nis
Galois conjugates; roots of N4 (7)1°
1/4 and 3/4 -2
/ / tfs + 4tis +8 =0 M2(T)*ns(7)?M16(7)* (€) = 2(c0)
6
1/8 2 L?Al
na(7)?n6
0o 0 tie

We encountered a problem when studying cusps 1/4 and 3/4, namely that there is no n-quotients with
.. . . . 10 .

divisor .(c) - (.Oo)' ‘Trymg to increase 0, we find ti6.: m The drawback is that now the

algebraic relation with t;6 cannot be linear anymore. Since the pole at oo is of order two we get a polynomial

of degree 2 in t15. Hence, coordinates at these cusps are given as roots of a quadratic polynomial.

Finally, we give a description for the maps 71, T2 : Xo(16) — Xo(8).

2
_ B
tig + 2

71 (ts)

m5(tg) = tie(tie +4)

Once again, since t1g has a simple divisor and wig switches 0 and oo, the Atkin-Lehner involution has a
simple form:

w —E
16= 4
Here the ramification diagrams for Xq(16) — Xo(8):
™ Ty = Wg © Ty 0 Wig
Xo(16) 0 1/2 1/4 3/4 1/8 oo 0 1/2 1/4 3/4 1/8 o
2 2‘ 1\ /1 1\/1 1\ /1 1\ /1 ‘2 2
X(8) 0 1/2 1/4 0 0 1/2 1/4 oo

Model for X,(32)

The situation changes when we pass to the next level of the modular chain Xo(2"). Xo(32) is a curve of
genus 1, an elliptic curve. This means that, using Theorem 2.53, we will look for two parameters x = x3;
and y = y3> with coprime pole divisor degrees.

Let's start by looking at the matrix

32 16 8 4 2 1
8 16 8 4 2 1
2 4 8 4 2 1
A32) = 1 2 4 8 4 2
1 2 4 8 16 8
1 2 4 8 16 32

Since we expect Xo(32) to be an elliptic curve we want x to have order 2 at infinity and y to have order 3.
We find

_ Ma(7)’ms(T) ) — oo

B Na(T)N32(T)? () = (0)+(1/2) = 2(o0)
(1) me(T)? o) = (s
GG B
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Thanks to the particular choice of parameters we find a very special algebraic relation between x and y:
XX42x2 —4xy —y? -8y =0 = y?+4xy+8y=x>+2x?
in which we easily recognize an elliptic curve. The Weierstrass model for X,(32) is therefore
Xo(32) : y? = x> 4 5184x

This elliptic curve has j-invariant 1728.

Cusp ¢ Coordinates (x32(¢), y32(c)) Eta-products used for comparison
0 (0,0) (x32, y32)
1/2 (0,-8) (x32, X32)
Galois conjugates; roots of N4(7)°M16(T)
1/4 and 3/4 -2
/ / (<* +64, y? -8y +32) n2(7)?ns(7)?n32(7)? (ca) (00)
Galois conjugates; roots of N (T)*116(7)?
1/8 and 3/8 _— —
/ an / <X2 +4x+8=0, y2 + 16) n4(7_)2n32(7_)4 (Cg) + (1/16) 3(00)
1/16 (=2,0) (v32,¥32)
00 (00, 0) (x32, ¥32)

The next step is to study the maps 71, T : Xo(32) — Xo(16). Their pullback will be rational functions
in x and y: 7 (t16) € Q(x32, ¥32).
We compare the g-expansions of x3>(q) and yz»(q) with the ones of t15(q) and t16(g?) and we get

y
mi(te) = —— m5(te) = X

xX+2
Remark. The degrees seems to agree with our expectations since x has a pole of order 2 at infinity and so
does t16(g?). At the same time t;6(q) has a single pole at co and the same happens for y/x.

We can easily verify that these maps have the correct degree:

> E:=EllipticCurve([4,2,8,0,0]); E;

Elliptic Curve defined by y~2 + 4*x*y + 8xy = x~3 + 2%x~2 over Rational Field

> F<x,y>:=FunctionField(E); F;

Function Field of Elliptic Curve defined by y~2 + 4*xx*xy + 8%y = x~3 + 2%x~2 over
Rational Field

> MinimalPolynomial (y) ;

$.172 + (4*xx + 8)*$.1 - x°3 - 2%x"2

this recovers the equation of the elliptic curve.

u:=y/(x+2);
Degree(u) ;

Vi=X;
Degree(v) ;

NV VN V V

therefore showing that 7, and m, have indeed degree 2.
Finally, we try to make explicit the Atkin-Lehner involution ws,. Observe that its pull-back is of the form

wég(X32y)/32) = ((91(x32, y32).91(x32, ¥32)))

The main remark is that ws, switches the cusps 0 and oo, 1/2 and 1/16, 1/4 and 3/8, 3/4 and 1/8.
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Thus, in order to find g1(x, y) we look for a modular function on Xo(32) whose divisor equals the divisor
of x3p acted on by wso, i.e., we look for x’(q) such that (x’) = —2(0) + (1/16) + (c0). Concerning go(x, y),
we need a sort of inverse of y, namely a modular function y’ with divisor (y') = —3(0) + (1/2) + 2(oc0).

Solving the linear integer programming problem we find

o = M2(T)M16(T)?

) (x') = ~2(0) + (1/16) + ()

/ M2(7)*n32(7)?

y = (7)1 (T)116 (T) (vy") = =3(0) + (1/2) + 2(0)
We find +2 4x+y+8
91(XVJ/)=C1Xy and gz(x,y):cg%

Remark. Note that we could somehow predict the shape of g; using the compatibility relations since
mo(t16) = X.

Once again, the constants ¢; and ¢ are recovered using the same relations.

W32

Xo(32) Xo(32)
ﬂll O lﬂ'g
Xo(16) —5— Xo(16)

Then 5 0 w3y = wie © M from which w3, o T3 = 7] o wis. Now

w3, (15 (t1s)) = 77 (wis (t16))

* * 8
w3, (x) = 77 (t16>

X+ 2 8
Cli == v
y x¥2
We conclude that ¢; = 8.
In order to find the other constant, we use again compatibility relations but with a different order:

ML OW3 = Wi O My == W3, O M = Ty O Wig

this means
w3, (11 (t16)) = m3 (wis(ti6))

s (Y N_. (38
W32 X+2 - tie

_eky) _8
gi(x.y)+2 x
oxty+8 Y _8
Xy Bx+16+2y «x
4x +y +38 ©
_— = — ~ = = :1
C28X+2y+16 8 > 8 Co 6
We conclude that 8( 2) 16(4 8)
. X + X+y+
‘U32(XvY):< ' )
y Xy

Remark. It is sometimes useful to study the action of the Atkin-Lehner involution on the equation defining
the curve. This might help to find the constants. For an example we refer to [Mcm2, End of §2]
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Xo(32) 0o 1/2 1/4 3/4 1/8 3/8 1/16 oo

T 2 2 2 2 1 1 1 1
X(16) 0 1/2 1/4 3/4 \1/8/ \oo/
Xo(32) 0o 1/2 1/4 3/4 1/8 3/8 1/16 oo
T VYA
X(16) 0 1/2 1/4 3/4 1/8 oo

Remark. For 7 it suffices to study the inequivalent cusps of Xp(32) that become equivalent in Xo(16),
i.e., they are in the same p(16)-orbit.

Model for X,(64)

The last example will be N = 2°. From the table at the end of Section 2.1.3, X(64) is a genus 3 curve.

Theorem A.3 ([Mazl]). Let Xo(N) be the classical modular curve.

e [t has genus 1 if and only if N = 11,14,15,17,19, 20, 21, 24,27, 32, 36, 49.

e [t has genus 2 if and only if N = 22,23, 26, 28, 29, 31, 37, 50.

Solving the linear problem associated to the matrix

64 32 16 8 4 2 1
16 32 16 8 4 2 1
4 8 16 8 4 2 1
A=11 2 4 8 4 2 1
1 2 4 8 16 8 4
1 2 4 8 16 32 16
1 2 4 8 16 32 64

we find the two generators of the function field of Xq(64):

xoo = Mo M2(T) SN 1) 4 (1/32) - 3(00)

— e(T)n64(T)? 2
_ () - e
Yo 16(T) 264 (1) (Yoa) = 4(1/32) — 4(o0)

By looking at the behavior of xg4 and yes, we find a model for Xy (64)
x*—y?—4y =0
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Cusp ¢ Coordinates (xz2(c), ya2(c)) Eta-products used for comparison
Na(T)*132(T)
0 (2,2) DL BRI (0) 4 (1/2) + (cq) — 4(c0
778(7—)7764(7—)2 ( ) ( / ) ( 4) ( )
Na(T)*N32(T)
1/2 (2,2) 0L BB (0) 4 (1/2) + (cq) — 4(c0
778(7—)7764(7_)2 ( ) ( / ) ( 4) ( )
1/4 and 3/4 (2,2) M (0) +(1/2) + (ca) — 4(o0)
ne(T)M6a(T)
1/8, 3/8, Galois conjugates with y = —2 M8(7)°n32(T)
4 _ > 2 2 (Cg) - 4(00)
5/8, 7/8 and x* —4x +8=10 Na(T)?M16(7)?*N64(T)
1/16 and 3/16 (0,0) (x32, X32)
1/32 (0,0) (x32, ¥32)
00 (00, 00) (x32, ¥32)
As usual, we have two maps 71, T @ Xo(64) — Xo(32) defined by
2, —2 —2x2 2
71 (X32, y32) = (X64 y64, Xg4 + X6aY6a + X64)
Yea Yea
* _ 2
T5(X32, ¥32) = (y64 — 2, X54 — 2y64)
We also deduce that
W (Xea, ¥ ):<C 2 — Yea C2X64+y64+2)
oalos Jo4 "Voa — 2% + 2" You — 2% + 2
From the compatibility relation wg, o 75 = 7] o w3, we find
wes (M3(X32)) = ] (W3p(X32))
16
ialy -2 =i (230
Y32
2x+y+2 8x?
= - - -2=—" " 2 2) 4+ 4x — 2y — 4 = —5
CZy—2x+2 o Xy T ox = o2x+y+2)+4x—2y 8x = o

In the same way we find

I G

wea (T5(X32))

wia (x* —2y)

Il
y)? y+x+2

Ly —2x+2)2 y—2x+2

I G

Il
y)? y+x+2

Ly —2x+2)2 y—2x+2

Thus,

1 (w3n(x32))
Il
" (64X32 + 16y3r + 128)

T
X32Y32
Il

2 _20y2
64x y128y + 32x +1y6)<y+32x +128

xX2=2y = —2x°4xy+2x
y y
Il

32x%y + 16xy? + 32xy
(x2 = 2y)(—2x2 + xy + 2x)

5 (2 —y)? 32x 4 16y + 32
S — ] 2 - -7 ==
Cly—2x+2 y+x+2)+y X2 — 2y
2 (2_)/)2 16
—— =4 2 2
C1y—2><+2 ( +>< -2y (v +2x+2)
2—y)? 4(x%> +2

ly—2x+2 x2-—
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and, finally,

@1 (y +2x+2)(y — 2x + 2)(x% + 2y) _
(y —2)2(x2 —2y)
4 (y? + 4y + 4 — 4x°)(x% + 2y) _
(2 =4y +4)(x2 = 2y)
. y2x°% + 4yx? 4+ 4x? + 2y3 + 8y? + 8y — 4x* — 8x%y _
y2x% — 4yx? 4+ 4x% — 2y3 4+ 8y? — 8y
y2x? —4yx? 4+ 4x? — 2y3 + 4y3 + 8y? — 8y + 16y — 4x*

= 4 =
y2x2 — 4yx? + 4x2 — 2y3 4+ 8y? — 8y

4y3 + 16y — 4x*
:4(1+y+“):4

since on the last numerator we recognize the equation of X(64). We conclude

2 — Vo4 22X64-H/64+2)

W, (Xea, =(2 )
64(X64. Vo) (y64—2><64+2 Vo4 — 2Xga + 2

The ramification diagrams look as follows

Xo(64) o 1/2 1/4 3/4 1/8 5/8 3/8 7/8 1/16 3/16 1/32 oo
e e e A W AN
X(32) 0 1/2 1/4 3/4 1/8 3/8 1/16 00
Xo(64) o 1/2 1/4 3/4 1/8 5/8 3/8 7/8 1/16 3/16 1/32 oo
‘ T2 . 1\ /1 1\ /1 1\ /1 1\ /1 ‘2 ‘2 ‘2 2
X(32) 0 1/2 1/4 3/4 1/8 3/8 1/16 oo

For some applications, as computing a stable model for our modular curve, it might be useful to study
the quotient curve XJ (N) [Mcm2]; we refer to section 2.2.6 for details. The computation of a model for
the Atkin-Lehner quotient of a modular curve provides also another equation for Xo(N). We will see the
procedure with Xo(64).

In order to construct a model for X (64) = Xo(64)/wea we need to choose two functions on Xo(64)
which are invariant under the Atkin-Lehner involution. We select

_ X2 — 2y _ Mo(7)3n32(7)3
y=2x+2  n(7)?n4(T)n16(T)M64(T)?

with divisor (f) = —2(0) +2(1/2) +2(1/32) — 2(00), and

g= x(y —2) _ M2(T)N4(7)? M6 (T)?*N32(T)
y—2x+2 n(7)?ns(7)*nea(7)?

whose divisor is (g) = —3(0) + (1/2) +>_,_1 3(//4) + >_i—1 5(i/16) + (1/32) — 3(00).
From the genus formula (end of section 2.2.6), we know that X, (64) is a genus one curve, i.e., an
elliptic curve. By linear algebra we argue that f and g satisfy the following algebraic relation:

9> +2fg=f>+2f? 4+ 2f

We have described an elliptic curve of j-invariant 1728 which corresponds to a quotient of X(}L(64). We
observe that there is an algebraic relation

X2+ x(2f —g+2)+29=0 (%)

implying that Xo(64) is of degree two on the elliptic curve. This means that the latter is the whole X, (64)
and that f and g generate the full function field of Xgr(64). Further, the two equations above give another
model for Xq(64).
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Remark. We can also check that equation (*) describes a genus 3 curve (and therefore it must be Xy (64))
by counting the ramification points. A simple way of doing this is by describing their f and g coordinates.
From (%) we get the discriminant

(2f —g+2)?—4(29)=0 = 4f’+¢g*+4—4fg+8f—49—8g=0 =

= 424 34 2f2 - 2fg+2f+4—4fg+8f —129=0 = f>+6f2+10f +4=06g(f +2)
This gives the g-coordinate:
_ P +6f7+10f 4+ 4
B 6f +12
Now, the f-coordinate is obtained using the algebraic relation between f and g:

O —12f% — 64f* — 403 + 76f% — 112f — 272 =0

which gives
4 — 163 —4f° +40f —68=0

This implies that there are 4 ramification points and, thanks to the Riemann-Hurwitz formula 1.31 we argue
that the genus g of (x) is

29 =2+ (29(X5(64)) —2) - d+ > (ep—1) =2+ (ep—1)=2+4 = g=3
where d is the degree of the map.
Remark. As genus 1 curves, Xg (64) and Xo(32) are isomorphic (they are two elliptic curves with the same

J-invariant) but this isomorphism is not modular. The two curves have not the same moduli interpretation
and they are not isomorphic as modular curves.

Defining equations for X;(22")

In [TY2], Fang-Ting Tu and Yifan Yang propose a recursive definition for models of X(227). Let

2 2
ba(r) = 3 gerse = o121

poer n(T)
_ n?/2 _ n(T)S
B0 = 2 = ey
oie _ TT/2)
() = D (-1)'q"2 = TS

nez

be the Jacobi theta functions.
Theorem A.4 ([TY2, Th. 1]). Let Ps(x,y) = x* — y® — 4y and for n > 7 define polynomials P,(x, y)
recursively by
Pay) = Py [ VP RAN o (X VYA s
n\X,Y)=Fn-1 \Fyv \/;( n—1 ﬁ’ \/;( y

Then Pan(x,y) = 0 is a defining equation of the modular curve Xo(22") for n > 3.
To be more precise, for n > 1, let

. 92(8‘7’) . 263(2n_1’7')
X = g, (2n17) Yn = g, (2n11)

Then,

1. Forn> 2, we have Xp—1 = Xn//Yn and ya_1 = v/ (v2+4)/Yn.

2. Forn>6, Py(x,y) is irreducible over C.
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3. When n is an even integer greater than 4, x, and y, are modular functions on [q(2") holomorphic
everywhere except for a pole of order 2"~* — 1 and 2"~*, respectively, at co. Thus, they generate the
field of modular functions on Xo(2") and they satisfy the algebraic relation P,(x,, yn) = 0.

Modular tower for X,(48)

We want to construct a model for X,(48) and the maps down the tower

Xo (48)

XO(24) XO (16)

12)

/\/

Xo(4)

XO(S)

Xo(6)

%(3) Xo(2)
X
X(1)

Figure A.2 — Modular tower for X,(48)

We have already studied the descent Xo(16) — X(1). We focus therefore on the top chain.

Model for X;(3)

Xo(3) is a genus 0 modular curve with parameter

. n1(T) 2 _ _
o= (20 (1) = (0) ~ (o0)

It has reduction maps down to X(1) given by

(3 +27)(t3 +243)3 L (s+27)(tz+3)3
m0) = 5 m0) = :

3 3
Finally, the Atkin-Lehner involution acts on t3 as

wi(ts) = ——
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Model for X;(6)
The modular curve Xg(6) is again of genus 0 and it has Hauptmodul

m (7)°ns(T)
te= it ts) = (0) — (o0
° M2(T)n6(T)° () = (0) = (o0)
This curve has composite level structure resulting in 4 maps.
We have 71, 3 : Xo(6) — Xo(2) with pullback

. t2(ts +8) . te(ts + 8)°
t T e—— t T e——
m(k) = 1oy (k) = = 19
and my, T : Xo(6) — Xo(3) with pullback
. t2(ts +9) . te(ts +9)2
t: e —— t = -
mB) = ey m3(ts) to + 8
The Atkin-Lehner involutions act as
" 72 N —8(t6 + 9) " —9(t6 + 8)
we(te) = ¢ wa(t) ts + 8 w3 (t) t5+9

Model for X,(12)

Xo(12) is a modular curve of genus 0 and parameter

o M1 (7)>Na(T)N6(7)?
12

- ,,,]2(7_)2773(7_)7712(7_)3 (tl2) = (O) - (OO)

We have two maps 7y, m3 : Xo(12) — Xo(4)

* t3 (t12+4) *
RO

tio(tin +4)3
t1o +3

and two maps 71, ma : Xo(12) — Xo(6)
th
tio+2

mi(ts) = 5 (te) = tio(tio + 6)

The 3 Atkin-Lehner involutions are described by

tin) = — tp) = ——7-—2 tp) = ——7-—+
wip(ti2) ™~ wy(t12) r— w3(t12) 13
Model for X,(24)
Xo(24) is a genus 1 curve with modular functions generating its function field
_ ne(T)>n8(T) _ a(T)ns(7)?Ma(T)?
X4 = ——<———=7 and  yu = 3
M2(T)N24(T) M2(T)M6 (T)M24(T)

with divisors

(24) = (1/3) +(1/6) —2(c0)  and  (y24) = (1/4) + (1/8) +(1/12) — 3(o0)

The relation between the two functions gives a model for Xq(24):
V2=x3—x?>—4x+4
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Regarding the maps down the modular tower we find 7y, T3 : Xo(24) — Xo(8)

_ yoa(xea +2) )= Yoa(xa —2)

mi(te) (x2q — 1)2 s (te X4 — 1
and Ty, T © X0(24) — X0(12)
* y *
w1 (t2) = x24212 -3 m5(t12) = X4 — 4

We now want to construct the Atkin-Lehner involutions. Looking at the action on the cusps, we look for
two functions x5, and y4, with divisors

(x2) = =2(0) + (1/4) +(1/8)  and  (y3) = —3(0) + (1/2) + (1/3) + (1/6)

we find
, e(1)°na(T)?n6(T)

,_ ma(T)ma(r)? d _
24 N1(7)°Na(T)M2(T)

2 (1)3ma(T)
These functions satisfy the following relations

by = Y24 r_ 3y34 + TXoayos + 18x04 — 12
Xog = ——(———F— and  yi4 ==
Vo4 — 3Xoa + 6 3¥54 — 11Xoa Y04 + 44yos — 42x04 + 60
so that .
wWis(xo4, ¥24) = | ¢ Y24 c 3Y54 + X04Y04 + 18x04 — 12
24(X24, Y24 "Vos —3x24 4+ 6 23y224—11x24y24+44y24f42X24+60

The two constants are deduced by the usual commutative diagrams
wa4(M3(t12)) = M (wWip(t12))  and  wiy(mi(t12)) = m5(win(t12))

The first one yields ¢; = 4 while the second one gives ¢, = 6.

It remains to describe the Atkin-Lehner involutions ws and wg. We recall that they represent the flipping
of the rectangle of isogenies with respect to the two axis (vertical and horizontal).

Once again, we start by looking at their action on the cusps; using [Ogg, Prop. 2], we obtain the
following picture

(1/8) (1/4) () (1/2) (1/12) (1/1) (1/6) (1/3)
we | ! ! ! ! ! ! !

(/1 @1/2) @3 1/4) (1/6) (1/8) (1/12) (o)
ws | | } | | | | }

(1/3) (/6) (/1) (1/12) (1/2)  (o0) (1/4) (1/8)

For wg we then need two functions xj, and y5, with divisors

(x54) = =2(1/3) +(1/12) + (00)  and  (y3,) = (1/1) +(1/2) —3(1/3) + (1/6)

e fnd (r)ma(r)? (1) ma(r)s(7)°
X§'4 _ ™ M2 and y§’4 _ m Up M6
n3(7)3n4(7) N3(7)°Na(T)M12(T)
so that
W= Xoq — 2 and y// _ X224 — 4xo4
27 xoa+ yoa — 2 2 X3y + 2%04 + 2y00 — 4

For w3 we look for two functions x5, and y2, with divisors

(2a) = (1/1) +(1/2) = 2(1/8)  and  (y54) = (1/4) = 3(1/8) + (1/12) + (o0)

" Ui (7)2772 (7)776 (T)B

mo__ 771(7)7712(7')3 =
and  yp = N3(T)9N4(T)N12(T)

T e (r)ema(r)
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They can be expressed as

X4 — 4 Vo4

n "

24 = and  yyp = 5 ———
Xo4 — 1 X224 — 2X24 +1

By composing w3 o wg = wosq and wg o w3 = w4, We find the constants defining the involutions.
In conclusion, we get

Wy (Xo4, yo4) = (4 V24 33, + Txoayos + 18xp4 — 12 )
24, Yo4) = ,
* Vou — 3%Xo4 + 6 3y3, — 11x0aYoa + 44yos — 4204 + 60
x Xo4 — 2 X34 — 424
w X y = 4 ,
5(Xo4, y24) ( Yon + Yon =2 232+ 2x0n + 2y — 4

Xo4 — 4 You
w;(X24vy24) = ( >

X0 — 1" 7 (X048 — 1)?
Model for X,(48)

Finally, we get to study the top of our tower, X(48): this is a hyperelliptic curve of genus 3.
We find two m products describing its function field:

_ 04 (T)N16(7)*N24(T)*
N8 (7)3N12(7)Nag(T)?

_ 774(7')7716(T)27724(7')3
N8 (7)3N12(7)Nag(T)?

Xa8 and Xa48

with divisors
(xag) = —(1/8) +(1/16) 4+ (1/24) — (00)  and  (yag) = 4(1/16) — 4(c0)
The two satisfy the following hyperelliptic equation of the form y? + H(x)y = F(x)
vy —y(x*+1) =3x*
with the change of variables y’ = 2y — H(x) we get a model for X,(48) of the form y? = P(X).
y2=x84+14x* +1
We are interested in the maps down the tower; we get 71, 73 : Xo(48) — Xo(16)

XagYag + 3Xag — 2Yag N _ Yag —2x45 — 1
ms(te) = ——————

Yag Xa8

T (t6) =

and my, mp @ Xo(48) — Xo(24)

2 2 2 2
Xig + Vags XigVas + 3Xig + Vi — V. "
45 T A8 4SS 18 -48 48) 75 (%04, you) = (yas + 1, Xzg (vas + 3))

77 (X04, Yo4) = .
1( 24 24—) ( Xz%g X48(y48 — 1)

Finally, we want to describe Atkin-Lehner involutions.

Remark. It is worth observing that Xo(48) is one of the only two hyperelliptic modular curves whose
hyperelliptic involution is not of Atkin-Lehner type. We recall that the hyperelliptic involution on y?+H(x)y =
F(x) is the map (x,y) — (x, —y — H(x)).

Let us look at the action of wig and ws on the cusps. We find

(1/16) (1/8) (o0)  (3/4) (1/4) (1/24) (1/2) (7/12) (1/12) (1/1) (1/16) (1/3)
wis ! ! ! ! ! ! ! ! ! I !

(/1 (12 @/3) (1/4) @/4) (1/6) (1/8) (1/12) (7/12) (1/16) (1/24) (o0)
ws | | } | } | } | } | | |

(1/3) (1/6) (1/1) (1/12) (7/12) (1/2) (1/24) (1/4) (3/4) (oco) (1/8) (1/16)
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We find

Xa8 + 1 3 2x2y — Xagyag + 3xag — Yag + 1 )

Wre(Xas, = =
is(as. as) (X48 -1 6X25 + Xagyas — 3Xag — 3yas + 3

1 — xag 6Xjg + Xagyas — 3xas — 3yas + 3)

w , = .
16(x4s. Yas) (1 + Xag' 2xZ5 — Xagyas + 3xag — Yas + 1

(X48, Y48)
(x4, You) = (X‘"ﬁm' Xmejjxy:ZWf)g m XO 48
— myawsm 2yis
X24 J/24)
X 24
le*‘L 3 0( ) X0(16)
L y24(X24+2) 6
. 2 / /
t6:%}’2 X0(12) XO(8) = tet2
ty = 3 (ti+4) .
s 2 (t243) /
fb(te+97). X0(6) th= g2,

tg =

_ t2(t+8)
(t:+9)° -
3 _ ty
t3 \

XO(3) X0(2) t = zA+1e

= (B+27)(t3+243)3 /

X(l) j= (:2+256)3

Figure A.3 — Modular tower for Xy(48) with maps

Modular tower for X,(36)

Let's have a look at what happens when we add an extra 3-level structure

Model for X;(9)

This is a genus 0 curve with parameter

to = (”) (1) = (0) — (x0)

and maps to Xg(9) — Xo(3)

5

. d X(t3) = to(t2 + 9ty + 27
t2 + 9to + 27 an m3(ta) = to(ty + 9t +27)

m1(ts) =
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Xo(36)

~7 A\

Xo(12)

W N A
\ / \ /xo(4

N

X(1)

Xo(18)

Figure A.4 — Modular tower for X,(36)

The Atkin-Lehner involution is

27
wy(te) = —
OB
Model for X,(18)
Xo(18) is a genus O curve with parameter
2
176 ()70 (7)
= tig) = (0) — (o0
18 M2m3(T)ms(7)? (f1e) = (0) = (20)

and moduli-theoretic maps 7y, w3 : Xo(18) — Xo(6)

3
tig

—— 18 and  7i(tg) = tys(t + 6tyg + 12
2 T3t 3 3(ts) = tig(tis 18 )

m1(ts) =

and 1, T Xo(18) — Xo(9)

t2.(t 3 tig(t 3)2
WI(tQ): 18( 18+ ) and 7_(_S(t_g): 18( 18+ )

(flg +2)2 tig + 2
The Atkin-Lehner involutions act as 6
wig(tig) = e
" tigs+3
wy(tig) = =2 e + 2
" tig + 2
wy(tig) = _3f18 3
Model for X,(36)
Finally, X5(36) has genus 1. It has two modular functions
g = OPm(T)ma(r) (T () ma(T)me(T)
Na(T)n6(T)M36(T)? M2(T)n3(T)n36(7)>

249



APPENDIX §A. Models for modular curves

with divisors
(x36) = (0) +(1/2) —=2(00)  and  (yz6) = 2(0) + (1/9) — 3(c0)

yielding the model
y? +4xy + 6y = x>+ 2x°2

The maps down the tower are given by 71, T3 : Xo(36) — Xo(12)

X36Y36 — X35 + 3V36
X?%f) + 3X36 +3

T (te) = and  m3(t12) = 2x36 + Y36

and T, To . X0(36) — X0(18)

Y36 "

7 (tig) = and  7i(tig) = x

1(ts) o + 2 5(t1e) 36
The Atkin-Lehner involutions are
)/36+2 X2+2X6—y3
w3e(X36, ¥36) = (6 o L1230 y23 o
36
. x36(3Y36 — X35) X36 + 3
, =1(2 .
wy(X36. ¥36) ( y326 D% + v 1 4

(X36 -+ 2) X326 + 2X36 — y36>

w(xz6, =1-3 ,
o(X36, Y36) < Xa6 + 3 (x35 + 3)2

Models for Xy(2p)

We present here a table with a choice for the parameters on Xp(2p).

Notation. The n-product 7y (7)?na(7)%2n,(T)%n25(T)% is represented by [a1, a2, ap, a2p).
p =1 mod 24

Lemma A.5. /f p =24k + 1 =1 mod 24, the following are n-quotients for I'o(2p)
a=[-1,1,1,-1] with degy(a) = (p—1)/12 = 2k.
b=1[6,-2,18, —22] with deg,(b) = (13p — 1)/12 = 24k + 1.
c=17,-3,17, —21] with deg.(c) = (25p — 1)/24 = 25k + 1.

If k is even, then (a, ¢) is a possible choice of parameters for Xo(2p) since their degrees deg,, are coprime.
If k is odd, then (a, b) is a possible choice of parameters for Xo(2p) since their degrees deg,, are coprime.
p =5 mod 24

Lemma A.6. /f p =24k +5 =5 mod 24, the following are n-quotients for To(2p)
a=1[-1,1,5—5] withdeg(a) = (p—1)/4 =6k + 1.
b=[4,—4,4,—4] with deg,(b) =(p+1)/3=8k+2.

(a, b) is a possible choice of parameters for Xo(2p) since their degrees deg,, are coprime.

p =7 mod 24

Lemma A.7. If p =24k +7 =7 mod 24, the following are n-quotients for 'o(2p)
a=[3,-3,3 —3] withdeg(a) = (p+1)/4 =6k +2.
b =[—4,8,4, 8] with deg,.(b) = (p —1)/2 = 12k + 3.

(a, b) is a possible choice of parameters for Xq(2p) since their degrees deg,, are coprime.

p =11 mod 24

Lemma A.8. /f p =24k + 11 = 11 mod 24, the following are n-quotients for ['o(2p)
a=[2,-2,2,—2] withdeg(a) =(p+1)/6 =4k +2.
b =[-4,8,4,—8] with deg, (b) = (p — 1)/2 = 12k + 5.
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p g (Xo(2p)) Xop Yop [dega (x2p), degas (¥2p)]
3 0 [5,—1,1, —5] — 1]
5 0 [3,—1,1,-3] — [1]
7 1 [3,-3,3,-3] [—4,8,4,—8] [2,3]
11 2 [2, 2,2, 2] [—4,8,4,—8] [2,5]
13 2 [-2,2,2, 2] [-2,4,2,—4] [2,3]
17 3 [1,1,—1,—1] [0, —2,8, —6] [4,7]
19 4 [1,—1,5,—5] [—4,4,4,—4] [5, 6]
23 5 [1,-1,1,-1] [—4,8,4,—8] [2,11]
29 6 [-1,1,5, —5] [4,—4, 4, —4] [7,10]
31 7 [3,-3,3,-3] [—4,8,4,—8] 8, 15]
37 8 [-2,2,2,-2] [-5,—7,7, —5] 6, 19]
41 9 [1,1,-1,—1] [0, —2,8, —6] [10, 17]
43 10 [1,—1,5,—5] [—4,4,4,—4] [11,14]
47 11 [1,-1,1,-1] [—4,8,4,—8] [4, 23]
53 12 [-1,1,5,—5] [4,—4, 4, —4] [13, 18]
59 14 [2,—2,2,—2] [—4,8,4,—8] [10, 29]
61 14 [-2,2,2, 2] [-5,—7,7, —5] [10, 31]
67 16 [1,—1,5,—5] [—4, 4,4, —4] [17,22]
71 17 [1,—1,1,-1] [—4,8,4,—8] [6, 35]
73 17 [-1,1,1,—1] [6,—2,18, —22] 6, 79]
79 19 [3,-3,3,-3] [—4,8,4,—8] [20, 39]
83 20 [2,-2,2, 2] [~4,8,4, 8] [14, 41]
89 21 [1,1,-1,—1] [0, 2,8, —6] [22,37]
97 23 [-1,1,1,—1] [7,-3,17, —21] [8,101]
101 24 [-1,1,5,—5] [4,—4, 4, —4] [25, 34]

Table A.2 — Eta quotients on Xo(2p)

(a, b) is a possible choice of parameters for Xq(2p) since their degrees deg,, are coprime.

p =13 mod 24

Lemma A.9. /f p =24k + 13 = 13 mod 24, the following are n-quotients for [o(2p)
a=[-222 2] withdeg(a)=(p—1)/6 = 4k + 2.
b =[5 —7.7,—5] with deg,(b) = (p+ 1)/2 = 12k + 7.
b=1[-2,4,2,—4] with deg,.(b) = (p — 1)/4 = 6k + 3.

(a, b) is a possible choice of parameters for Xq(2p) since their degrees deg,, are coprime.
In case p = 13 we can lower the degree of the second parameter by choosing (a, ¢).
p =17 mod 24

Lemma A.10. /f p = 24k + 17 = 17 mod 24, the following are n-quotients for I'o(2p)
a=1[1,1,-1,—1] withdeg(a) = (p — 1)/4 = 6k + 4.
b=10,-2,8,—6] with deg,.(b) = (5p —1)/12 = 10k + 7.

(a, b) is a possible choice of parameters for Xqo(2p) since their degrees deg,, are coprime.

p =19 mod 24

Lemma A.11. /f p = 24k + 19 = 19 mod 24, the following are n-quotients for I'o(2p)
a=1[1,—-1,5, —5] with deg.(a) = (p+1)/4 = 6k +5.
b=1[-4 4,4, —4] with deg(b) = (p—1)/3 =8k + 6.

(a, b) is a possible choice of parameters for Xqo(2p) since their degrees deg,, are coprime.
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Lemma A.12. /f p = 24k + 23 = 23 mod 24, the following are n-quotients for I'o(2p)
a=1[1,—-11,—1] withdeg,(a) = (p+1)/12 =2k + 2.
b=[—4,8,4,—8] with deg,(b) = (p—1)/2 =12k + 11.

(a, b) is a possible choice of parameters for Xq(2p) since their degrees deg,, are coprime.

Models for Xy(3p)

We present here a table with a possible choice for the parameters on Xo(3p).

P g (Xo(3p)) X3p Y3p [dego (X3p). degus (¥3p)]
5 0 [2,-2,2 —2] [4,2,4,—10] 2, 5]

7 1 [1,1,-1,—1] [0,2,6,—8] 2, 5]
11 3 [1,-1,1,—1] [-2,8,4, —10] [2,11]
13 3 [-1,1,1, —1] [7,-1,5, —11] [2,15]
17 5 [2,-2,2, -2 [-1,7,5, —11] [6, 19]
19 5 [1,1,-1,—1] [0,—2,6,—4] 6, 11]
23 7 [1,-1,1,—1] [6,6,6,—18] 4, 45]
29 9 [2,-2,2 —2] [4,2,4,—10] [10, 31]
31 9 [1,1,-1,—1] [0,2,6,—8] [10, 23]
37 11 [-1,1,1, —1] [7,-1,5, —11] [6,43]
41 13 [2,-2,2,—2] [-1,7,5,—11] [14,47]
43 13 [1,1,-1,—1] [0,—2,6,—4] [14, 25]
47 15 [1,-1,1,—1] [6,6,6,—18] 8, 93]
53 17 [2,-2,2 —2] [4,2,4,—10] 8, 57]
59 19 [1,-1,1,—1] [-2,8, 4, —10] 10, 63]
61 19 [-1,1,1,—1] [7,-1,5, —11] [10, 71]
67 21 [1,1,-1,—1] [0, 2,6, —4] [22,39]
71 23 [1,-1,1,—1] [—6, 18, 18, —30] [12,211]
73 23 [-1,1,1,—1] [5,—1,7, —11] [12, 79]
79 25 [1,1,—1,—1] [0,2,6, —8] 26, 59]
83 27 [1,-1,1,—1] [-2,8,4,—10] [14, 89
89 29 [2,-2,2,-2] [-1,7.5 —11] 30, 103]
97 31 [-1,1,1,—1] [5,—1,7, —11] [16, 105]
101 33 [2,-2,2,-2] [4,2,4,—10] [34, 109]

Table A.3 — Eta quotients on Xq(3p)
p=1mod 12

Lemma A.13. /fp =12k + 1 =1 mod 12, the following are n-quotients for ['4(3p)
a=1[-1,1,1,—1] with deg.(a) = (p — 1)/6 = 2k.
b=1[7,-1,5,—11] with deg(b) = (7Tp—1)/6 = 14k + 1.
c=15-1,7,—11] with deg,,(c) = (13p — 1)/12 = 13k + 1.

Therefore, if p = 1 mod 12, then a choice for parameters for Xo(3p) could be (a, b) since their degrees
deg,, are coprime.

In case p = 1 mod 24 we can lower the degree of the second parameter by choosing (a, ¢) instead. If
p =13 mod 24 deg,.(a) and deg,,(c) are not coprime anymore as they are both even.

p=5mod 12

Lemma A.14. /fp =12k +5 =5 mod 12, the following are n-quotients for [o(3p)
a=[2,—-22 —2] withdeg,(a) = (p+1)/3 = 4k + 2.
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b=1[-1,7,5,—11] with deg,(b) = (7p —5)/6 = 14k + 5.
c=1[424,-10] with deg,.(c) = (13p — 5)/12 = 13k + 5.

Therefore, if p =5 mod 12, a choice of parameters for Xo(3p) could be (a, b) since their degrees deg.
are coprime.

In case p = 5 mod 24 we can lower the degree of the second parameter by choosing (a, ¢) instead. If
p =17 mod 24, or k is odd deg,,(a) and deg,,(c) are not coprime anymore as they are both even.

p=7mod 12

Lemma A.15. /fp =12k +7 =7 mod 12, the following are n-quotients for [o(3p)
a=1[1,1,-1,—1] with deg(a) = (p—1)/3 =4k + 2.
b=10,2,6,—8] with deg,,(b) = 3p—1)/4 =9k + 5.
c=10,-2,6, —4] with deg,.(c) = (13p—5)/12 =Tk + 4.

Therefore, if p =7 mod 24, a choice of parameters for Xo(3p) would be (a, b) since their degrees deg.,
are coprime.

Instead, if p =19 mod 24, a choice of parameters for Xy(3p) would be (a, ¢).

p=11 mod 12

Lemma A.16. /f p = 12k + 11 = 11 mod 12, the following are n-quotients for I'o(3p)
a=1[1,-1,1,—1] withdeg,,(a) = (p+1)/6 =2k + 2.
b=16,6,6,—18] with deg,,(b) =2p — 1 =24k + 21.
¢ =1[-2,8,4,—10] with deg,,(c) = (13p — 11)/12 = 13k + 11.

If p = 11,23 mod 36 a choice of parameters for X(3p) could be (a, b) since their degrees deg., are
coprime.
In case p =11 mod 24 we can lower the degree of the second parameter by choosing (a, ¢) instead.

B Isogeny graphs

We present here some pictures of supersingular isogeny graphs.

Supersingular isogeny graphs

The following figures represent the 2 and 3 supersingular isogeny graphs over F, for p up to 71.

2 and 3 supersingular isogeny graphs over Fos

! | [ | ®
0 - 19 3 = T e

2 and 3 supersingular isogeny graphs over Fyq
v 3y =5 ¢o

2 and 3 supersingular isogeny graphs over Fs;

O e, L — 0
O 0 v ~—— O
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2 and 3 supersingular isogeny graphs over Fz;
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2 and 3 supersingular isogeny graphs over F,;
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2 and 3 supersingular isogeny graphs over F.;
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2 and 3 supersingular isogeny graphs over F,;
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8B. Isogeny graphs
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2 and 3 supersingular isogeny graphs over Fs;
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2 and 3 supersingular isogeny graphs over Fso
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2 and 3 supersingular isogeny graphs over Fg;
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2 and 3 supersingular isogeny graphs over Fg;
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2 and 3 supersingular isogeny graphs over Fy;
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Supersingular isogeny graphs with level structure

2-isogeny graphs over F4; with 4(3) and I'(3) structure

8B. Isogeny graphs

In the picture below we present the cover G, (41,1(3)) — G (41,10(3)) — G2(41,1(1)). The colors

represent the images of the map X(3) — Xo(3).
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2-isogeny graphs over F4; with I/(3) and '(3) structure

APPENDIX

We picture now the cover G, (41,T(3)) — G» (41,T}.(3)) — G2 (41,T(1)). Once again, the colors represent

the images of the map X(3) — X7 (3).
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2-isogeny graphs over F; with [((2) N T (3) structure

Following Figure 3.6, we draw below the corresponding covering graphs over Fy.

X (Mo(2)NT(3))

X (Fo(2) NE(3)) %@L{ é_)% X(r(3))
© @—8@ %
X (o(2)) X(T75(3) X (To(3))
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Oriented supersingular isogeny graphs
Orienting the supersingular isogeny graph over Fg; by Q(v/—1)

The unoriented supersingular 2-isogeny graph over Fg7; we note Fg72 = Fg7[w] where w? + 1 = 0.

3w/° "\30w
*
\_/ \

64w/ Q7w

We endow the above graph with the orientation by Ox where K = Q(+/—1) and we get the following infinite
volcano.

\ - Level 5

259



APPENDIX 8B. Isogeny graphs

Orienting the supersingular isogeny graph over Fioo by Q(v/—2)

The unoriented supersingular 2-isogeny graph over Figo; we note Fygg: = Figg[w] where w? + 2 = 0.
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Orienting the supersingular isogeny graph over ;5 by Q(v/—3)

The unoriented supersingular 2-isogeny graph over Fy13; we note Fy;5 = Fi13[w] where w? + 3 = 0.

@ w
A
® <——»@/
i | \
\/
@) = j

The orientation of the above graph by Ok (where K = Q(+/—3)) results in the following infinite volcano.

\ ; Level 5
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Orienting the supersingular isogeny graph over F73 by Q(v/—7)

The unoriented supersingular 2-isogeny graph over Fr3; we note F;32 = Fy3[w] where w? +5 = 0.

391, NE:
1w/ 50w

()
O

v

39\, /8

62w/ 23w,

We endow the above graph with the orientation by Ok where K = Q(+/—7) and we get the following infinite

volcano.
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Orienting the supersingular isogeny graph over Fi;9 by Q(v/—15)

The unoriented supersingular 2-isogeny graph over Fi49; we note Fysg: = Fi49[w] where w? + 2 = 0.
= ! o

_/

140
& > —_—
T I 2~

The orientation of the above graph by Ok (where K = Q(+/—15)) produces the following infinite volcano.
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