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Definition an extension LIK oflocal fields is ungamified if
[L: K] =[l:R] >TI ISINETINL

e=W2(4x) =1

Definition L/KISPTALLY HAMIfIED1fl =Rx=x2 =(((πk) =[L:k)

K LOCAL FIELD, OK VAWATONRING, IUNIFORMIZER 1=O*
& RESIDUEFIELD

Definition FILTRATON SIG OF2. 2? =11HOK

Proposition Unless ERY, eisM?Ek Vix,1
LIK IS AN EXTENSION AND G=Gal(((K)
Definition FILTRATON Of GAS GROUPS

Gi =48zG(V)8(X) -x), i +1 Wxed3 =

= SeeGl 18(X)-x1=14! XXeD =

=ker(G,Autk(R/5))
= NeGldX1 =x mod WXeDY=

:x1 =x) -x32952G/2(8),2+13
G-1 =Gal(L/k) =G Go =I(L(k).

Proposition.Git (LIK) [Gi(LIK)
·GilGit ?"let is awell defines

INJECTIVEHOMOMORPHISM
8,

, 95/TL
this does not depend on the choice of uniformizer

· G IS SOLVABLE



Definition (Hasse-Herbrand TANsiONFUNCTION)

[11 (t) =42k (e) =I
u

dx

0 [GoCLIK7:Gx(LIK)]

This notation describes
- 12 =0

&111 (2) =40x (2) =4*
j#G1 +#G2 + ..- +#Gm+(-m)#Gm+]

#GO m=2 <m+ 1

e

IiGliGl-----
(Go:G,J#GYAG------

S I I I I b 7

·-----(-1) =- 1

Remark &is continuous, piece-wiseuneate and STICTLY INCREASING
FURTIER, D (5), 8

*

frs (214rk(2) =(
- 2 min in1 (8), 2+13) - 2
#Gp8EG

Remark & IS INVERTIBLEWITH INVERSEYUR:Yik
its inverse is continuous, Plecewise linear, INCREASING
AND CONVEX

IFOE'R THEN M
=
x =Y4K(5) =M+1

#Go5 =#G1 +#G2 + .. . +#Gm +(u
-m) #Gm +1

x =9m+
1

(#G0W_#G1
---- -

#Gm
+m#Gm +1)



Definition UPPERNUMBERING G=G4c)GqM=Gu

Theorem (Herbrand) LETMILIK

10 4M1K =4uk " 4MK

11. YMIK =Yik YUK

III. UPPER NUMBERING IS ADAPTEDQUORENTS
GIH)* =GHIH Fr

(G1r =GY,H/H
Fr

IV. LOWER NUMBERING IS ADAPTEato NBGROUPS
Hn =Hn&n

Definition A BREAK IN THEUPPER NUMBERING FIATON 9Grette
-of G is defined be any vers-, dchAT

GYfGUtE KE>0

Remark iFNoel, is NOT A Break in thelower ficreation,then
GUotE=Guo JOME E,D

GMote=Guo FOR ALL OcECE. AS G15SRICTLY INCREASING

4K ([Mo, 40+E0]) =[Vo,5o +80]
some to. Here 4(p1 =50, 4 (4o+E0 =50+So
THENGY = GU0+80 AND GY =G8048 K8<80
TEN GCM. IS NOTABREAK INEUPPER flcearOn

MEN VokBYK =4(vo) =No EBEK AND

No BEK = 4Mol=to *BYKK
Theorem (Hasse-Anfi lIk finiteabelian extension with SEPARABLE

residueextenson dir ten

BY=R-1

Proof steprebuketotetotally ramifiedast
we can suppose IK totallyramifiedbecause otherwise
we can replace theGaloisgroup withthe insitu
subgroup (Because all thejumps can happen only

for m>d



L If lock is tiemaximal unramified extension of K INSIDE
Ge -> 2,TEN G4(191K) =GY(L(K) t2-1 SINCE

LO

k NicoNire?Wakatie
But GO(19K) =G0(19K1 =I(19K) =413 as the extension is unramified. Then ML1K (5)=5

#

STEPUPPOSE LIKTOTALLYRAMIFIED AND REDUCET CYCLICASE

G
=G" AND G" =gute for small enough do TAT G'4"

↳the "next ramification groy"

L GIG"SOUTS IN A PRODUCTOFCYCLI

" NBGROUPS
A

G

.

nit G(G" =HxHex...xH;Hicycle

7H BETWEENTEHi'S FOR WHICH
he image of '15 NOT41}

L

F G GIG" =Hx
C'I Y

HV=CGAN=GA/=G'AA=a!"?"init
Hr+_ SG/AI-al!"?"inn ="Yan = 11

Claim #D=#Gal (UK)- [GYcn:Grann+]
LIk cyclic totally ramified extension
THIS WOULD IMPLY THATGYCn =Gyan+1) FRIO

Y(n
+1) =1 (#G0.(n+1) - #Gy - #Gz ---- - n#Gn+)
#Gn+1

N(n =
1
(#Go-4

- #G1-#G2--.--(-1) Gn+t]

↑(n+1)-*-, (n) =>Grant 1Grant



THEN #G= [Gyn:Grant] =[Go:Gra1 [Gren:y]....
=>GM(n1+=G4n+Il Hasse.Arf

Hasse. And ifthere is an integer natat &m&m+ TENGMI 1s
AN INTEGER

Proof pPoSE 4(mit, I ne NCHINAT n=4(m) n+1
Y(n) =m =Y(n+ 1)

me=> 4(n1+1 =m m + 1 =4(n+ 1)

Grcn+= Gm=Gm+= GrIntis =>Gm =Gm+1 =4(mie

Clam #G=nb [Gym:Gyan+3 =I [Go:Gyan+17n=0 [Go:Gran
Fact#G=nob [Gran:Prentis
#G =n[Gn:Gn+7 =HIGo:Gnx] Gm+=313

[Go:Gn]
-Ge) :Gelo:Gs).....amcmtcmree[Go: Gol GelNGel
=[Go:Gm)=#Go totally ramified

HASSE AREIS HEREFORE PROVINGMAT THELAST BREAKU FOR WHICH
Gr313 AND Gr11=1} USE IN AN INVALOFORM [Y(h):Y(n) + 1]

eg cyCLICOfORDER 9 Go -G1 =G2 =-. . ==(7+1
=313

xtx(x) =(8
+q(x -t)xxt

#[Go:Gy<n1+17 =[GRCo):PNCEI+1]
120

[40:Grcn [Geco:GrCE]



ASt MME WE PROVED

() ()
HASSE-ARFTHEOREM G4Cn+1) =Granite On

(1)

=>IFMISTELARGEST INTEGER FOR WHICH GFT
=>M=4(h) FOR SOME neF

(V)
=>IFMIO NIEARGEST INTER FORWHICH GFT

=>f(M) =1 (p) 8.X

Gal(LIK) =G =197 CYCLICASE ERer(N:Y-, kY

Theorem (Hilbert's theorem 90) LIk Galois. Wel*HasN1
=>IXELY JUCHAT v =x
i.e.,

*=[ker(N:Y-> KY] INIVIAL
39(x)/XIXEL*4

Proof Claim:E=H'CG, LY) ICOHOMOLOGY GROOP

Proof H'CG,Y =pemags
4:Gi y

*4(9,92) =g,(4(92))4(gi)
IS PRINCIPAL IF IT IS ONEORM 98,Xel*

G =(9) 4 ISCROSSED MAP =9(g) has norm 1

N((4(61) =2814191) =TW141611 =dGG

-Hacrign_g48" =1JEG 4(8)

=>W: crossed mags-> V is a homomorphism

missurje?IFXel*has not 1 THEN 4(1) =1
↑(g) =Iliogix O r=#G_1 defines acrossed

mag noch that(g) =X



↑(eg =y(gmg)gix-gmgixgix
=gmyg4(gm) =4deorsEDMAP

2
-

(19(x) (x=(*3) =3 Principal crossed may

Yign=gi-
=>*= H'(G,(Y)

Now we can prove thetheorem (All crossed mags are principal

90SSEDMAPYL*x =4(0)d(y)
57G

IF IY SUCHTHATXO =4 ISPRINCIPAL

FieG [(x)
=

2 +4(0) =w(Y) =E4(58)18(y)=StG 9(t)
WE CAN FIND NCHAY BEGUSEEfAMILY 95:**185G}
15 UNEARLY INDEPENDENT /L.

=> 9(8)er: >
L IS NOT THEZEDOMAD

=ker (N:1Y
->kx) =(g(x)/x=x y W

=38/x=U3
WetAND Fico Vinci, Wi=tnk,

"

FIRAMON:WEWILL SNDY PLOTIENTS Vi /Wi

Proposition TIL UNIFORMIZEIFORL

a) 0:G EI, e, [t] is an 180norphism
b) ITHESPECT OLOMENTS [GiC,Vi/Wi]

Proof xSeG, WCT)/EE
xNyk(0(8)) =4+e[(0(8)) =H

+

0CT)/[(H) =1
x V2(0(8)) =vz(y+1)) - ((T1) =0 =10(8)=2-



x&15 A HONOMORPHISM
⑦(t8) 1/0(0)0(t)

-[W(π)
=
INCH). I

-

5 (ICT) /5) =W
I -(TT) [15) ~CH) [It)/i [(H)/i

=>O([8)
=

G(d) OCII mode

x& INJECTIVESuppose giCt -W = 7eeU2
i

q(gr) =0(g)=())=
=>g(44) =4 =x40k =x[ik)(r =gr=1

x&OBJECTIVEEvery element of has form is
- iSome 2GHL, it . 211

g(πi/=fig
=>FYI 18 CYCLIC

b) dei =eUY BY DefINION ofi
11

WE NPPOSETHATMERESIDUE FIELD OFK, KIS NOTTEPRIMEFIELD, Ry#p

Lemma Gm =
0=>Yi/Wm =0

1) ReIIAL Gmctm/Wm

-)WE WILL PROCEED BY DESCENDING INDUCTON ON m.
Gm=0 FOR mLADDEENOUGH

CIOIM SAME ISRUE POR EmITm, i.e., tm=Wm mx0

INDEED, AS LIKE SEPARABLE,TEN 7t, TULK (t) =1
M
=max10, -, Ui(E)3=>Fm= TOm Ym>M.

XeUm

y
=

txg(x)y2x) -...gi-(x)gi(t)
y
-

1 =t
+xg(x19x):...gi(x)git) - 1*g

-Egx ....."- (x) - 1)gi(t)



SINCExeEm mmax30,-,U2(t1)
Vi(Y-1) 0 => Ye x!. THEN

xY

&31 =y) =xy) +xx....gix).gat)
ME DENOMINAR IS

#G-1

xg() +x48(X). ... .gix).gN(t) =
=X) +x2g(x).....gix)gi(t)=1
=2 xg(x....."

-

(X)git) +x1t =y

3 =5 =x= wm =tm=tim Fr

g(y)

Now letGm=313 and assume Eiti/tme1 =0 inaWin/wewantto show Um=Tim

(Gm =313) +(Tin+1/Win+1=323) => Fin/m=317 Gr+2>tin+/Wins

Lemmo, n+1=54k (m)7 IFFin+1 /Win+ 1
=317 AND

GY(n+1) =313 => Ym/Wm =317

Proof PCn+1m wIEQUALHY =4 (m)-oR

#4(m) ='7 =4(n+1) =m OR 4cm) =n+1
PROP8/9

L/K GALOIS EXTENSION O 0 0TOTALLY RAMIFIED

0 + m - GmGmt er

Om I
V [8(),)

0 I
m+1 Zim Yet, O3 L

N
W

AT -m
D , k U/U O

W
IFR=ROR W W

0 GmH=313 0 O



Ym+1/Win+1=313 BYANJUMPRON=Y

Em,Gm/Gm+1 (in/Wily
Stint/Wm1)

=Yim/
win

15 JUSTIEGNONICAL QUOMENT MAP

Gm =Grcn+1) =313 =2Vm/Win =0

· 4(m)4'7 => n < q4k(m) <n+ 1Yux(n) < m>44k(n + 1)

WE KNOW Fin/mtcUM/2MH AND Vin+=Tm+
ROUHOWYm=tm IT NffICES OSHOW MATTEY HAVE SOME

IMAP IN U*/2+
Nyk (n+ 1) n+1

e zem jet(n):I AND AT:U2 2k

=>N(xy -1) =1 =xy
-

1eEm Ad Yuk (n+1) <-m +1
=
y=2*

=X =xy
-mod hY=tm- HY/U*

FOR Wm WE KNOW HAT Um/m (e(umt)/wm
&EN THECHEL IS CYCLIC

BUT H/U* (k,1) THIS INOTCYCLIC = IMADEOfWm
NOTMIUIAL

XeWiIY* =72-02 x=
AND we may assure yeel by modifying itwit an Element
OF YEY =112, ULCE) >0

Fazk Ya =1+

Gize(all
e

J:U/set in maximal ideal of
valuation ring OL

HUHM, > WHM Mod 1m

Claim ( (Xa7 =af(x) DND Noetm =>T-H/mt
Proof Xa-1=9(a)-Ya =1 +09(2) - (1+02) =a(9(z)-z) =

Ya Ya Ya
-ag(y) -y =a(X-1

Ya



r- (Xa-1) =V(a) +mm =Xafm

U(Xal =a (X) BECAUSE Y/Yat U!

Theorem I ARGEST INTEGER ORWHICHGrf3T3 => 4uk(M) -'

Proof (PPOSER =7 v- X:v >4(M)(r+4
M(Y(r+1) =4Y(+1) =0 =Y/w =0 =24M

& CYCLOPRIC EXTENSIONS OF Gpn =pm
& PRIMAVEPM.TH ROOT OF UNIN

G =Gal(ap(2)/ap) = (XInlY[ap(2):9p](n1 =pM(p-1)
NOW IE 0 m WEDEfINe GCUINBETIE NBROUP OF G
LOMORPHIC hecinalactivat all its elements REDUCEI
1 HODULO pr

Gal(ap(2)/kp([pr)) =G(r) AND

M =0

1 2 M14-1
P =MIP2_1

an =azpme
ARGEST INTEGER FOR WHICH GRF51}

9(pm -- 1) = #Gi
=
(#G()

-

#G(2)+----
i=1#Gp i=1 #G EP#G

-
sp-1) pM -ps -(p-1015

6 =1i=1pm
-

(p- 1) 6 =1 p-16=1

= m
-

1 c'

R ALGEBRAICALLYCLOSED FIELD, RIXD RING OF FORMAL Powel
SEES

k
=fra(k(X))) =k((x))



P(t)
=

tP*t -xe KIE) IS NOTINKEDUCIBLE

( =kT)/(P(t) =
=1547/rconunLIK GALO15

Gal(LIK) - Hon
Rettn:t,,att 2, 3

ach

1+a2

The integral closure ofRIX in his
RIXD[I] / (ecP*UPX- x)

DUI WITHUNIFORMIZE L. THERAMIFICANON INDEX OfTHIV
EXTENSION IS PREPX(

UNIT

ri(x - x) =r(x(1 -
x1 +ax))) =2102 1 +04

=>IOWS G = Hp=Go =G,qGz =31)

L
=k[t)/(tP-t-X -m)] (,m) =1

[G =G0 =

-.=Gmam +1
=313

q(m
=

=E, =m=


