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1 Topology

1.1 Product Topology

The Cartesian product space

can be considered as a topological space, with respect to the product topology of the finite discrete sets
{0,1,..., p—1}.

By the Tychonof theorem, X, is compact. It is also totally disconnected, i.e., the connected components
are points.

Let us recall that the discrete topology can be defined by a metric

1 ifa#b

0(a,b)=1—-0,p = )
(a.b) b {O ifa=»b

Several metrics compatible with the product topology on X, can be deduced form these discrete ones. For
instance, for a = (ag, a1, a2, as, ...) and a = (bg, b1, b, b3, ...) in X, we can define

d(ap, bp)
d(x,y) =sup ———=
( y) nzg pn

d’(x,y) _ Z 5(af7v bn)

n+1
n>0 p



and so on.

Although all metrics on a compact metrizable space are uniformly equivalent, they are not equally in-
teresting. We will chose the first one defined above since it will give a more faithful image of the coset
structure of Zj,.

For each integer n € N, all cosets of p"Z, in Z, should be isometric (and, in particular, have the same
diameter).

1.2 Topological Groups

Definition. A topological group is a group G equipped with a topology such that the map G x G — G
defined as (x, y) — xy ™! is continuous.

Remark. With addition, Z, is a topological group. We have indeed
dea+p'Z,, beb+p'Z, = d—-beca-b+p"Z,
for all n > 0. In other words, using the p-adic metric defined above we have
x—al, < |, =", Iy =bl, <[P, =p" = [(x—y)~(a=b)l, <p"
proving the continuity of the map (x,y) — x — y at any point (a, b).

Remark. With respect to multiplication, Z; is a topological group. There is a fundamental system of
neighborhoods of its neutral element 1 consisting of subgroups:

14 pZy 21+ p°Zp D ... 21+ p"Zy 2D ...
consists of subgroups: if a, 8 € Z,we see that (1 + p"B)~! =1+ p"B’ for some B’ € Z, and hence
a=1+p'a, b=14+p"B8 = ab ' =1 +p"a)(1+p"8)=1+p"y
for some v € Z,. Consequently,
dcall+p"Z,), beb(l+p'Z,) = abtecab H(1+p"Z,) (n>1)

and (x,y) — xy ! is continuous. It can be shown that 1+ pZ, is a subgroup of index p—1in Zx. It is also
open by definition. With respect to multiplication,all subgroups 1 + p"Z, (n > 1) are topological groups.
1.3 Topological Rings
Definition. A topological ring A is a ring equipped with a topology such that the maps

(xX,y) > x+y : AxA—=A

(xy)=x-y : AxA—=A
are continuous.

Remark. If A is a topological ring, the subgroup A* of units is not, in general, a topological group, since
x — x~1is not necessarily continuous for the induced topology. However, we can consider the embedding

x—=(x,x 1) A AXA

and give A* the initial topology: it is finer than the topology induced by A. For this topology, A* is a
topological group: the continuity of the inverse map, induced by the symmetry (x,y) — (v, x) of Ax Ais
now obvious.

Proposition 1.1. With the p-adic metric the ring Z, is a topological ring. It is a compact, complete,
metrizable space.



1.4 Inverse Limits

When a projective system (E,, ¢n)n>0 is formed of topological spaces and continuous transition maps, the
construction of the projective limit shows immediately that the projective limit (E, 9,) is a topological space
equipped with continuous maps ¥,, : E — E, having the universal property with respect to continuous maps.
We know that Z,, is an inverse limit
Z, = Iiﬂ1 7/p"Z

Proposition 1.2. /n a projective limit E = lim E,, of topological spaces, a basis of the topology is given by
—
the sets ¥,—1(U,) where n > 0 and U, is an arbitrary open set in E,,.

1.5 Metric Spaces

Both R and @, are normed fields and complete metric spaces, both are completions of Q. Since Q is dense
in both of them, they are separable.

Since we have an absolute value on Qp, we can define a metric from it by d,(x,y) = |x — y|,. As usual
we define an open ball in Q, with center a and radius r to be

B(a,r)={xe€Qp | dyax)<r}={xeQ| |a—x|,<r}
The close ball in Q, with center a and radius r is denoted by
B(a,r)={xe€Q, | la—x|, < ri
Finally, the sphere with center a and radius r is denoted by
Sar)={xeQ, | la—x[,=r}

Remark. Since
{Ix =yl [ x,y€Qp}={p"|neZ}u{o}
we only need to consider the balls of radi r = p”, where n € Z.

Proposition 1.3. The following properties hold
e The open and close balls B(a, r) and B(a, r) are both an open and close sets in Q.
e The sphere S(a, r) is both an open and close set in Qp.

e Any point of a ball is its center, i.e., for every b € B(a,r), B(b,r) = B(a,r) (the same is true for
closed balls).

e Any two balls in Q, have non empty intersection if and only if one is contained in the other.
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Figure 1. A model for Z-

Bx,7F)= | B(x+j-7k+1,77)



Proposition 1.4. The set of all balls in Q, Is countable.
Theorem 1.5. The set Z,, is compact and the space Q,, is locally compact.

Theorem 1.6. The space Q, Is totally disconnected.
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Figure 2: Model of Z3
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Figure 3: Fractal Model for Zs.
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Figure 4. Level-2 models for Zs, Zs and Z7

2 Completions

2.1 Construction
Definition. A valued field (K, | |) is called complete if every Cauchy sequence {a,},cy in K converges to
an element a of K:

i 1an =21 =0



as usual {an},cy is Cauchy if for every € > 0 there exists N € N such that
la, — am| <€ foreveryn,m>N

From any valued field (K, | |) we get a complete value field (K, | |) by the process of completion. We
denote
C = {set of Cauchy sequences of (K, | |)}

m = {set of null-sequences of (K, | |)} = {Cauchy sequences of (K, | |) that tend to 0}

It can be easily proved that C is a ring and m is a maximal ideal. We can therefore define a field K = C/m
and we construct an embedding

K< K

a = [{a}nen]

The valuation | | is extended from K to K in the following way: if a € K is represented by the sequence
{an}pen. then |a| = nﬂrroo lan].

Lemma 2.1. The limit exists.

Proof. If a=0, then {a,},cy € m, so that a, — 0, so that |a,| — 0 and so |a] = 0 which is only reasonable.
On the other hand, if a # 0 then Lemma 2.2 says that the sequence |a,| is constant for sufficiently large n,
which means it certainly has a limit. ]

Lemma 2.2. Let {a,},cy € C. The sequence of real numbers {|ap|},cy is eventually stationary, that is,
there exits an integer N such that |a,| = |ap+1| whenever n > N.

Proof. e We know that {a,},cy is Cauchy and it does not tend to O, then there exist ¢ > 0 and N; € N
such that |a,| > ¢ > 0 for every n > Nj.

e By definition there exists N such that |x, — x| < c.
e Now N = max Ny, N> and
1Xn = Xim| < |Xn|, [Xm| < max{|xa|, [xm|} Vn,m=>N

thus, |x,| = |xm| by Lemma 2.3.

Lemma 2.3. If x| # |y|, then |x + y| = max{|x|, |y|}.

Proof. Suppose |x| > |y|, then |x+y| < |x|. On the other hand x = (x +y) — y and so |x| <
max{[x +y|. |y[} but [x| > [y[ = [x] < [x +y]. O

Proposition 2.4. The following hold

for a € K, |a| does not depend on the choice of the sequence {a,} oy defining a.

Let a€ K, |x| =0 if and only if x = 0.

(K. ||) is non-archimedean.

Forae K, |alx = |al;.



2.2 Properties

To prove that we have indeed obtained a completion we have to show that K is dense in K and that K is
complete.

Proposition 2.5. K is dense in K.

Proof. We need to show that any open ball around an element a € K contains an element of K (a constant
sequence).

Fix € > 0 and a representation {a},cy Of a. Take € < ¢; there exists N € N such that |a, — am| < €
for every n,m > N. Now we show that {ay}nen € B(a,€). We recall that a — {an} is represented by
{an — an}nen

la—an|= lim l|a, — an|
n—-+oo

and |a, — an| < € for any n > N. Thus,

la—an| = lim |a,—an| <€ <e
n—-+o00

O

Proposition 2.6. K is complete with respect to | |.

Sketch of the Proof. (i) a1, a»,... Cauchy sequence of elements of K. Since K < K is dense we know

that there exist a¥), a® .. € K such that
lim |a,—a™| =0
n—+oo
(i) {a(},en is a Cauchy sequence of elements in K and therefore it is an element of K, say a
(iii) We can prove that
im a,=a
n—+oo

O

2.3 Complete Fields

Theorem 2.7 (Ostrowski). Let K be a field which is complete with respect to an archimedean valuation.
Then there is an isomorphism o from K onto R or C satisfying

la| = |o(a)]° forallae K
for some fixed s € (0, 1].
We will then restrict our attention to the non-archimedean case

Theorem 2.8. If O C K, respectively O C f(,is the valuation ring of v,respectively of D, and p, respectively
P, is the maximal ideal, then one has

O/p~0/p
and.,if v is discrete, one has furthermore
O/p"~0/p"

The gist of this section is to show that, in general, many of the features of the p-adics can be easily
generalized to the case of non-archimedean complete fields.

Theorem 2.9. Let R C O be a system of representatives for k = O/p such that 0 € R, and let m € O be
a prime element . Then every x # 0 in K admits a unique representation as a convergent series

x=m"(ag + aim 4+ apm> +...)

where a; € R, ag # 0 and m € Z.



Example. In Q, we have R=0, ..., p — 1 and we have seen that we can write
x=p™(ag+ aip+ ap>+...)

Example. In the case of the rational function field k(X) and the valuation attached to the prime ideal
p = (X — a) we may take as a system of representatives the field k itself and the completion turns out to
be the ring f formal power series k((X)) consisting of Laurent series expansions

fF(X)=(X—a)"(ap+a(X—a)+a(X—-a)$+..)
Theorem 2.10. The canonical mapping © — lim O/p" is an isomorphism and an homeomorphism.
—

The goal of the talk will be to study field extensions of a complete non-archimedean field. This means
that we have to turn to the question of factoring algebraic equations.

Let K again be a field which is complete with respect to a non-archimedean valuation v. Let O be the
corresponding valuation ring with maximal ideal p and residue class field Kk = O/p.

We call a polynomial f(x) = ag + a1x + ... + apx" € O[x] primitive if f(x) # 0 mod p and

|f| = max{]ao], ..., lan|} =1
Theorem 2.11 (Hensel's Lemma). If a primitive polynomial f(x) € O[x] admits modulo p a factorization
f(x) = g(x)(x) mod p
into relatively prime polynomials g, h € k[x], then f(x) admits a factorization

f(x) = g(x)h(x)
into polynomials g, h € O|x] such that deg(g) = deg(g) and g(x) = g(x) mod p and h(x) = h(x) mod p.

Corollary 2.12. Let the field K be complete with respect to the non-archimedean valuation | |. Then, for
every irreducible polynomial f(x) = ag + aix + ... + a,x" € K|[x] such that aga, # 0, one has

|f| = max{[ao . [an|}
In particular, a, =1 and ag € O imply that f € O[x].
Theorem 2.13. Let K be complete with respect to the valuation | |. Then | | may be extended in a unique

way to a valuation of any given algebraic extension L of K. This extension is given by

la| = {/|N./k(a)|
when L /K has finite degree n. In this case L is again complete.

Sketch of the proof. Firs of all if | | is archimedean then K =R or C and the result is known.
Therefore we reduce to the non-archimedean case. Since every algebraic extension L/K is union of its
finite sub-extensions we assume that [L : K] = n is finite.

L O, = integral closure of Ok

K  Ok= valuation ring of | |

EXISTENCE It suffices to show that the formula |a| = {/|N, k(a)| defines a valuation. Clearly |a| = 0 <

a = 0 and |ab|] = |a||b| hold. The strong triangle inequality comes from the fact that O, = {a €
L | N/k(a) € Ok}

Obviously this valuation has O, as valuation ring.




UNIQUENESS Let |a|" another valuation with O] its valuation ring. Let P and P’ be the maximal ideals
of O; and O]. We show that O, C 0.

Let « € O, \ O] and let f(x) = x? + ... 4 aix + ag be the minimal polynomial of o over K. Then
ao, ..., ad—1 € Ok and a~! € P’ hence

1=—(agoia 4. +a(a ) +a(a)) P

which is a contradiction.

Thus O € O] = |a| < 1 implies la|’ <1 == the two valuation are equivalent but, since they
coincide on K, they are equal.

O

3 Analysis in Q,

In this section we will see some properties of sequences and series in Q,. Recall from the previous section
that @, is a complete metric space. Hence every Cauchy sequence converges and therefore the set of the
convergent sequences is the set of the Cauchy sequences. We will also see that we have some much better
properties in Q,, than we are used to in the real case. The first example is the characterization of the
Cauchy sequences.

Theorem 3.1. A sequence {an} ey in Qp is a Cauchy sequence (i.e. converges), if and only if

I Ja0ss = anl, =0
This is obviously not true in R. For example take a, = Y_.;_; % the n-th harmonic number. Then

lim |apt1 —as] = lim =2 = 0 but as we know the {a,} is not Cauchy.
n—-+o0o n—-+oo

n+1 —
Definition. Let the series f;’f) an bein Q,. The sum converges if the sequence of its partial sums converges

in Qp, ie.,

N
lim |Sys1—Snl,=0 where  Sy=>a,
n—-+o00
n=0
The sum converges absolutely if 3% |as|, converges in R.
As we are used to in R, convergence follows from absolute convergence by the triangle inequality.

Proposition 3.2. If the series S,°5 |as|, converges absolutely (in R), then o an, converges in Q.

Proposition 3.3. A series ZE}E an in Qp converges in Q, if and only if lim a, =0 and in this case
n

—+00

+o00
> an
n=0

< max|a
_nN| n|p
P

4 Extensions

In this chapter we discuss the question whether, and in how many ways, a valuation v of a field K can be
extended to another field L containing K.

For a complete field K and an algebraic extension L/K we have shown in Section 2 that this extension
iS unique.

Notation. We denote K the base field with valuation v. K, will be its completion with respect to v and
K, will be the algebraic closure of K,. The canonical extension of v to K, will be again denoted as v while
its unique extension to K, will be b.



Let L/K be an algebraic extension. Choosing a K-embedding 7 : L — K, we obtain by restriction of 7
to 7(L) an extension w = U o T of the valuation v to L

The mapping 7 : L — K is obviously continuous with respect to this valuation. It extends in a unique
way to a continuous K-embedding

T Ly = K,

where, in the case of an infinite extension L/K, L, does not mean the completion of L with respect to w,
but the union L = |J; L((j) of the completions L‘(U’) of all the finite sub-extensions L) of L/K. This union
will be called the localization of L with respect to w.

Lo

/

L

Ky

/

K

The canonical extension of the valuation w from L to L, is precisely the unique extension of the valuation
v from K, to the extension L, /K,. We have

L, =LK,

We saw that every K-embedding 7 : L — K, gave us an extension w = JoTowv. For every automorphism
o € Gal(K,|K,), we obtain with the composite

LT K, 25K,
a new K-embedding 7’.1t will be said to be conjugate to T over Kv.
Theorem 4.1. Let L /K be an algebraic field extension and v a valuation of K. Then one has:
(i) Every extension w of the valuation v arises as the composite w = DoT for some K-embedding T : L — K.
(ii) Two extensions U oT and U o T' are equal if and only if T and T’ are conjugate over K.
Let L = K(a) be generated by the zero of an irreducible polynomial f(x) € K[x] and let
Fx) = hH0)™ - f ()™

be the decomposition of f(x) into irreducible factors over the completion Kv The K-embeddings 7 : L — K,
are given by the zeroes 3 of f(x) which lie in K,: 7(a) =

Theorem 4.2. Suppose the extension L/K is generated by a as above Then the valuations wy, ..., Wy
extending v to L corresponds one-to-one to the irreducible factors fi, ..., f, in the decomposition of f(x)
over the completion K, .

Let L/K be again an arbitrary finite extension. We will write w|v to indicate that w is an extension of
v. The inclusions L < L, induce homomorphisms L ®x K, — L, via a® b — ab and hence a canonical
homomorphism

(p:L®KK,,—>HLw

wlv
Proposition 4.3. /f L/K is separable then L ®x K, ~ le,, L. Further
[L: K] :Z[Lw D K]

wlv

Ni/k(a) = [ [ NLosk, (@)
wlv

Trow(a) =Y Tri k(@)
wlv



If v is a non-archimedean valuation, we define the ramification index of an extension w|v by
ew = (w(L™) : v(K™))

and the inertia degree by

where \,w is the residue field of w. One obtain

Proposition 4.4. It holds

(LK =) eufy
wlv
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