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When 18/0=112+442 ? FIRST WE 'LL INVESTIGATE THE PROBLEM USING ELEMENTARY
APPROACHES FOLLOWING FERMAT , EVER ,#RANGE , LEGENDRE AND GAUSS .

Around 1640 ,
Fermat Conjectured that aprimepaanbewehtenasaarmof

tuoagoareolfancdonlylfitdrpaooeobyoneamottipleof4. Healso mode
olmllarconjed-UR.es : p=X42Y2⇐> PEI mad 8 , P=X43Y2⇐P=O,lmad3
Once more , he damned he had QFIRMNSIMOSDEMONOTRATONIB.US bothe

did not provide any .

Huoconotonthabootacentory that Euler became interested anthem questions
and provided full answer .

Healoo gave other conjectures ,
oomeovmilarto

Fermat 'd Ones ( p=X45Y2⇐p⇒ ,
a mod 207

,
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10=1142742# { 10=1 mad3Zisawokreoideermodp



A more general approach regard the study of quadratic forms ( Lagrange)
and atheory ofgenera . Unfortunately there can blue only part of the
problem and this motivated legend reto develop a theory of composition
The relation between all there Ideas was exploited by Gauss inhis QQ0101170OESART HETCAE ( he 0100 pooed X2+2742)
Going Further , requires class field theory which will give or

Theorem her
,
2 mad a positive flare free integer . there exist fine NEXT

monk and Iriedouble doch that for p th , p t disor Cfn )

D= X4h Y
'

⇐ { that 2En CHEO mod P has a solution

The main point to to find the polynomials ⇒ onTheory .

Theorem p= x442⇒ pet mad 4

Proof⇐I p =x4y2 , P ODD ⇒ pet , 3 mad4 . Suppose 10=3mod4
⇒ 3 Ex442 mad 4 .

since p odd ,
either x org moot beodd

(soy x I⇒ 3 = X
' mod 4 b

(⇐ I. RECIPROCITY - I IS A SQUARE MOD P⇐ P= I mad 4 , i . e.,
EULER ( -YP ) = C- I) ftERMAT 's LITTLETHEOREM

⇒ - I =I mod 4 ⇒ C- 1)
P- ' 12

= AF ' = I mod to
since p odd C- IIP

-"2=1 ⇒ PI = 2K ⇒ 10=412+1

(⇐ 10=1 MOdd ⇒ P - 4ktI

(x471 ) = Cx211 ) C X241) has 4k Dots In If
IFermat 's little theorem ) ⇒ Nk+1LEEIn#To
⇒ - I IS On IfCDR mad to f Fp Is FIELD .

Notice that 10=1 mad 4 Implies p 1×241 ⇒ floorofTuo SQUARES

I DESCENT IT Is Eady (Ompotations )to prove that
(X442 ) CEfWD = CXZ + YW)'t (XW-YZT

NOW suppose N .

- Q4b2 , god Cable I , 9 IN prime :q=x7y2
Then N19 Is 0100Wm of 2dgcares i
91 CNN.org/=X2d4X2b2-X4Q2-Y2Q2=CXb+QYlCXb-QY)
without too of generality Cchange a↳ -a) we can owne
9 lbX- OY ⇒ ad --b x -•y
X I X Cb -d x) = X b
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0×2 = Xb -8×2-042+042 = Xb- edged42
.
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